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Solving algebraic equations has been historically one of the favorite topics of mathe- 


1 


maticians. While linear equations are always solvable in real numbers, not all quadratic 
equations have this property. The simplest such equation is x? + 1 = 0. Until the 18th 
century, mathematicians avoided quadratic equations that were not solvable over IR. 
Leonhard Euler broke the ice introducing the "number" A/—1 in his famous book Ele- 
ments of Algebra as“... neither nothing, nor greater than nothing, nor less than noth- 
ing ... " and observed “... notwithstanding this, these numbers present themselves to 
the mind; they exist in our imagination and we still have a sufficient idea of them; .. . 
nothing prevents us from making use of these imaginary numbers, and employing them 
in calculation". Euler denoted the number 4/—1 by i and called it the imaginary unit. 
This became one of the most useful symbols in mathematics. Using this symbol one 
defines complex numbers as z = a + bi, where a and b are real numbers. The study of 
complex numbers continues and has been enhanced in the last two and a half centuries; 
in fact, it is impossible to imagine modern mathematics without complex numbers. All 
mathematical domains make use of them in some way. This is true of other disciplines 
as well: for example, mechanics, theoretical physics, hydrodynamics, and chemistry. 
Our main goal is to introduce the reader to this fascinating subject. The book runs 
smoothly between key concepts and elementary results concerning complex numbers. 
The reader has the opportunity to learn how complex numbers can be employed in 


solving algebraic equations, and to understand the geometric interpretation of com- 


x Preface 


plex numbers and the operations involving them. The theoretical part of the book is 
augmented by rich exercises and problems of various levels of difficulty. In Chap- 
ters 3 and 4 we cover important applications in Euclidean geometry. Many geometry 
problems may be solved efficiently and elegantly using complex numbers. The wealth 
of examples we provide, the presentation of many topics in a personal manner, the 
presence of numerous original problems, and the attention to detail in the solutions to 
selected exercises and problems are only some of the key features of this book. 

Among the techniques presented, for example, are those for the real and the complex 
product of complex numbers. In complex number language, these are the analogues of 
the scalar and cross products, respectively. Employing these two products turns out to 
be efficient in solving numerous problems involving complex numbers. After covering 
this part, the reader will appreciate the use of these techniques. 

A special feature of the book is Chapter 5, an outstanding selection of genuine 
Olympiad and other important mathematical contest problems solved using the meth- 
ods already presented. 


S 


wd 
This work does not cover all aspects pertaining to complex numbers. It is not a 
complex analysis book, but rather a stepping stone in its study, which is why we have 


not used the standard notation e" for z cost + i sint, or the usual power series 


ne/mitt 


expansions. 

The book reflects the unique experience of the authors. It distills a vast mathematical 

literature, most of which is unknown to the-western public, capturing the essence of an 
ob 


abundant problem-solving culture. 


ele 


Our work is partly based on a Romanian version, Numere complexe de la Ala... Z, 
authored by D. Andrica and N. Bisboaca and published by Millennium in 2001 (see our 
reference [10]). We are preserving the title of the Romanian edition and about 3596 of 
the text. Even this 35% has been significantly improved and enhanced with up-to-date 
material. 

The targeted audience includes high school students and their teachers, undergrad- 
uates, mathematics contestants such as those training for Olympiads or the W. L. Put- 
nam Mathematical Competition, their coaches, and any person interested in essential 
mathematics. 

This book might spawn courses such as Complex Numbers and Euclidean Geom- 
etry for prospective high school teachers, giving future educators ideas about things 
they could do with their brighter students or with a math club. This would be quite a 
welcome development. 

Special thanks are given to Daniel Vácáretu, Nicolae Bisboaca, Gabriel Dospinescu, 
and Ioan Serdean for the careful proofreading of the final version of the manuscript. We 
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would also like to thank the referees who provided pertinent suggestions that directly 
contributed to the improvement of the text. 


Titu Andreescu 
Dorin Andrica 
October 2004 
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Notation 


e 
S 
5 
Z the set of integers E 
N the set of positive integers B 
Q the set of rational numbers B 
R the set of real numbers E 
R* the set of nonzero real numbers 
R? the set of pairs of real numbers 
C the set of complex numbers 
Cc the set of nonzero complex numbers 
[a, b] the set of real numbers x such that a < x <b 
(a, b) the set of real numbers x such that a « x « b 
z the conjugate of the complex number z 
Izl the modulus or absolute value of complex number z 
AB the vector AB 


(AB) the open segment determined by A and B 
[AB] the closed segment determined by A and B 
(AB the open ray of origin A that contains B 
area[F] the area of figure F 

U, the set of n™ roots of unity 


C(P;n) thecircle centered at point P with radius n 


Complex Numbers in Algebraic Form 


books 


1.1 Algebraic Representation of Complex Numbers 


1.1.1 Definition of complex numbers 


In what follows we assume that the definition and basic properties of the set of real 
oD 


numbers R are known. = 


Let us consider the set R? = R x R = {(x, y)| x, y € R}. Two elements (x1, yi) 
and (x2, y2) of R? are equal if and only if x; = x2 and yı = y2. The operations of 
addition and multiplication are defined on the set R? as follows: 


zitz2 = (a1, y1) + (ao, y2) = (x1 + x2, y1 + y2) eR? 


and 
z1:z2 = Qa, y): (X2, y2) = (x1x2 — yi ye, xiy2 + x271) € R?, 
for all zı = (x1, y1) € R? and z2 = (x2, y2) € R?. 


The element zı + z2 € R? is called the sum of z1, z2 and the element z1 - zo € R? is 
called the product of z1, z2. 


Remarks. 1) If z; = (x1, 0) € R? and z2 = (x2, 0) € R2, then z1 - z2 = (x1x2, 0). 
(2) If zı = (0, y1) € R? and z2 = (0, y2) € R?, then zı - z2 = (—y1y2, 0). 
Examples. 1) Let zı = (—5, 6) and z2 = (1, —2). Then 


zı + 22 = (—5, 6) + (1, —2) = (—4.4) 
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and 
zız2 = (—5,6)- (1, -2) = (—5 + 12, 10+ 6) = (7, 16). 


1 1 1 
(2) Let zı = (5 i) and z2 = (-5 ;) Then 
dus 1 id u 53 
= 1 1 1 1 O 1 7 
aa =e Q2 4 3) T3 EJ 


Definition. The set R?, together with the addition and multiplication operations, is 


and 


called the set of complex numbers, denoted by C. Any element z — (x, y) € C iscalled 
a complex number. 
The notation C* is used to indicate the set C \ {(0, 0)}. 


1.1.2 Properties concerning addition 


The addition of complex numbers satisfiesthe following properties: 


E 


(a) Commutative law 


ath 


I 


(= 


zı + z2 = z2 + zpfor all z1, z2 € C. 


(b) Associative law 


ram.me 


eg 


(z1 + 22) + 23 = 21 (za 23) for all z1, z2, z3 € C. 
Indeed, if z1 = (x1, y1) € C, z2 = (x2, y2) € C, za = (x3, y3) € C, then 
(z1 +22) + za = [(x1, y1) + (x2, y2)] + (x3, y3) 


= (x1 + x2, yi + y2) + (x3, y3) = (Ga + x2) + x3, On + y2) + y), 
and 
z1 + (22 + za) = (x1, y1) + [(x2, y2) + Gas, y3)] 
= (x1, yi) + x2 + x3, y2 + y3) = Gu + Go + x3), yi + Qo + y3). 
The claim holds due to the associativity of the addition of real numbers. 
(c) Additive identity There is a unique complex number 0 = (0, 0) such that 
z+0=0+z =z forall z = (x, y) e C. 


(d) Additive inverse For any complex number z = (x, y) there is a unique —z = 
(—x, —y) € C such that 
z+ (=z) = (—z)+z = 0. 
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The reader can easily prove the claims (a), (c) and (d). 
The number zı — z2 = zi + (—2Z2) is called the difference of the numbers zı and 
z2. The operation that assigns to the numbers zı and z2 the number zı — z2 is called 


subtraction and is defined by 
zi — 22 = (x1, y) — 2, y2) = (x1 — x2, y1 — y2) E C. 


1.1.3 Properties concerning multiplication 


The multiplication of complex numbers satisfies the following properties: 


(a) Commutative law 
Z1 -Z2 = z2: Z1 for all z1, z2 € C. 
(b) Associative law 
(1:22): 23 = z1 (72 z3) for all z1, z2, z3 € C. 
vi 


(c) Multiplicative identity There is a unique complex number 1 = (1,0) € C 


such that 


ath. beol 


z:1—1:z =z forall z € C. 


/ 


and 
1-z=(1,0)-@,y)=(1-x—-0-y,1-y+0-x) =, y) =z. 


(d) Multiplicative inverse For any complex number z = (x, y) € C* there is a 
unique number z^! = (x’, y) € C such that 


To find z~! = (x', y^), observe that (x, y) 4 (0,0) implies x 4 0 or y Æ 0 and 
consequently x? + y? Æ 0. 
The relation z - z7! = 1 gives (x, y) - (x’, y^) = (1, 0), or equivalently 
xx’ — yy 21 
yx! 4 xy! — 0. 
Solving this system with respect to x’ and y’, one obtains 


/ x / y 


4 1. Complex Numbers in Algebraic Form 
hence the multiplicative inverse of the complex number z — (x, y) € C* is 


1 
gia = T f 2 Cc 
z x2 + y? x2 + y? 


1 


By the commutative law we also havez ^ -z = 1. 
Two complex numbers zı = (zi, y1) € C and z = (x, y) € C* uniquely determine 


a third number called their quotient, denoted by ZL and defined by 
z 


T zaz! = a yı): : - 
z x x2 + y?' x2 +y? 


(55 tyxy —x1y + 25) 
= Penal? um 2 C. 
REY x“ +y 
Examples. 1) If z = (1, 2), then 


P i y ft 2 
?OCIEEXZUBISI-is 5] 


z (3-8 -46| (M2 
za \9+16' 9416) — X25' 25/7 


An integer power of a complex numberz € C* is defined by 


g 
21 zz Zia 


—— "o 
ntimes = 
and z” = (z7 !)™” for all integers n < 0. 
The following properties hold for all complex numbers z, z1, z2 € C* and for all 


integers m, n: 


When z = 0, we define 0" = 0 for all integers n > 0. 
e) Distributive law 


z1: (z2 + z3) = zi: zo zi: za for all z1, z2, z3 € C. 


The above properties of addition and multiplication show that the set C of all com- 


plex numbers, together with these operations, forms a field. 
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1.1.4 Complex numbers in algebraic form 


For algebraic manipulation it is not convenient to represent a complex number as an 
ordered pair. For this reason another form of writing is preferred. 

To introduce this new algebraic representation, consider the set R x {0}, together 
with the addition and multiplication operations defined on R7. The function 


f:R-> Rx {0}, f(@) =(G,0) 
is bijective and moreover, 
(x, 0) + (y, 0) = (x + y, 0) and (x, 0) - (y, 0) = (xy, 0). 


The reader will not fail to notice that the algebraic operations on R x {0} are sim- 
ilar to the operations on R; therefore we can identify the ordered pair (x, 0) with the 


number x for all x € IR. Hence we can use, by the above bijection f, the notation 


(x, 0) =x. Es 
Setting i = (0, 1) we obtain E 
| 
z= (x, y) = (x, 0) + (0,5) = 6,0) + (y, 0) - (0, 1) 
d 
= x + yi = (5,0) + 0, D: , 0) = x + iy. 


In this way we obtain 


telegram 


Proposition. Any complex number z = (x, y) can be uniquely represented in the 


form 
z=x+yi, 
where x, y are real numbers. The relation i? = —1 holds. 
The formula i? — —1 follows directly from the definition of multiplication: i? — 


i -i = (0, 1) - (0, 1) =(-1,0)=-1. 

The expression x + yi is called the algebraic representation (form) of the complex 
number z = (x, y), so we can write C = {x + yi| x € R, y € R, i? = —1). From 
now on we will denote the complex number z = (x, y) by x + iy. The real number 
x = Re(z) is called the real part of the complex number z and similarly, y = Im(z) 
is called the imaginary part of z. Complex numbers of the form iy, y € R — in other 
words, complex numbers whose real part is 0 — are called imaginary. On the other 
hand, complex numbers of the form iy, y € R* are called purely imaginary and the 
complex number i is called the imaginary unit. 


The following relations are easy to verify: 
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a) z1 = z2 if and only if Re(z); = Re(z)2 and Im(z); = Im(z)o. 

b) z € R if and only if Im(z) = 0. 

c)z € C\R if and only if Im(z) 4 0. 

Using the algebraic representation, the usual operations with complex numbers can 
be performed as follows: 


1. Addition 
Zp + z2 Gu + yt) + Go + yat) = (x1 + x2) + i + yi € C. 


It is easy to observe that the sum of two complex numbers is a complex number 
whose real (imaginary) part is the sum of the real (imaginary) parts of the given num- 
bers: 

Re(z1 + z2) = Re(z)1 + Re(z)z; 
Im(z1 + z2) = Im(z) + Im(z)2. 


2. Multiplication 


h_bool 


x2 — y132) + Gaya + x2y1)i € C. 


frat 


z|:z2 = (x1 + yii) xo + yi) = 


In other words, 


&ram.me/ 


Re(z1z2) = Re(z)i - Re(z)2 — Im(z)i - Im(z)2 


and ` 
Im(z1z2) = Im(z)i - Re(z)2 + Im(z)2 - Re(z)1. 


For a real number A and a complex number z = x + yi, 
A-z=A(x+ yi) =Ax+dAyvieC 


is the product of a real number with a complex number. The following properties are 
obvious: 

1) A(z1 + 22) = Az + Az2; 

2) Ay (A2z) = Q422)z; 

3) (Ay + à2)z = A1z  Aoz for all z, z1, z2 € C and å, A41, 40 E R. 
Actually, relations 1) and 3) are special cases of the distributive law and relation 2) 


comes from the associative law of multiplication for complex numbers. 


3. Subtraction 


zı — 22 = (x1 + yt) — G2 + y2i) = (x1 — x2) + (yı — yn)i € C. 
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That is, 
Re(z; — z2) = Re(z)1 — Re(z)a; 
Im(z;| — z2) = Im(z) — Im(z)2. 
1.1.5 Powers of the number i 


The formulas for the powers of a complex number with integer exponents are preserved 
for the algebraic form z = x + iy. Setting z = i, we obtain 


One can prove by induction that for any positive integer n, 


ian = 1; pant = i; jant2 = =f: jant3 = jf 
Hence i” € (—1, 1, —i, i) for all integers wz 0. If n is a negative integer, we have 
- 
1 


i^" — Gy" = 


e 


-.| 


) = (-i)™. 


¿105 4 j23 4 j20_ 34 jA26+1 | ASHES | 45 _ j4892 5i 4 1 = 2. 
oO 


Examples. 1) We have 


n.me/ 


el 


2) Let us solve the equation z? = 18 + 


26i, where z = x + yi and x, y are integers. 
We can write 


(x + yi = (x yi + yi) = (x? — y? + 2xyi)(x + yi) 
= (x? — say + Bx?y — y°)i = 18 + 26i. 
Using the definition of equality of complex numbers, we obtain 
x? — 3xy? = 18 
3x7y — y? = 26. 


Setting y = tx in the equality 18(3x?y — y?) = 26(x? — 3xy?), let us observe that 


x Æ O and y Æ 0 implies 18(3t — t?) = 26(1 — 31?). The last relation is equivalent to 
(3t — D) G8? — 12t — 13) = 0. 


1 
The only rational solution of this equation is t = —; hence, 


x=3, y=landz=3+i. 


l. 
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1.6 Conjugate of a complex number 


For a complex number z = x + yi the number z = x — yi is called the complex 


conjugate or the conjugate complex of z. 


are valid for all z € C. 


Proposition. 7) The relation z = Z holds if and only if z € R. 

2) For any complex number z the relation z — z holds. 

3) For any complex number z the number z - z € R is a nonnegative real number. 
4) zy +22 = zi + z» (the conjugate of a sum is the sum of the conjugates). 
5)z1:22 = Z1 - 22 (the conjugate of a product is the product of the conjugates). 


6) For any nonzero complex number z the relation zis (z)~! holds. 


Z z 
7) (=) = = z2 Æ 0 (the conjugate of a quotient is the quotient of the conju- 


8) The formulas 


zz ZZ 
Reg) = —— and Img) = —— 


h book 


Proof. 1) If z = x + yi, then the relation z = z is equivalent to x + yi = x — yi. 


Hence 2yi — 0, so y — 0 and finally z — xe R. 


( 


2) Wehavez = x— yi andi x (i= x yin 
3) Observe that z - Z= Go yDG - yo x? +y*>0. 
4) Note that 


PEN 


zi d z2 = Gi t x2) + Oi + y»i = Gd x) — (Y1 + yi 


= (x1 — yi) + (2 — y2İ) = zi + Z2. 


5) We can write 


z|:z2-— (x2 — yi y2) + iG yo + x2y1) 


= Qux» — yiy2) — iQaya + xay) = (xı — iy1)(x2 — iy) = zi: 22. 


(2)= 1, yielding 


XN |= 


1 1 - 
6) Because z- - — 1, we have (z . z) = 1, and consequently z 
Z Z 


z7) = ml. 


1 1 1 zl 
7) Observe that (=) = (a ; =) =Z (=) =]-—= Em 
z2 Z2 z2 z2 Z2 


8) From the relations 


z +z = (x + yi) + (x — yi) = 2x, 
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z—z-— (x + yi) - (x — yi) = 2yi 
it follows that 


Rez) = = and Im(z) = = 


as desired. 


The properties 4) and 5) can be easily extended to give 


n n 
4’) (x a) =% zi 
k=l k=1 
n n 
5) (ie = | [z forall x € C, k = 1,2, ...,n. 
k=1 k=1 
As a consequence of 5^) and 6) we have 


5”) (z^) = (z)" for any integers n and for any z € C. 


Comments. a) To obtain the multiplication inverse of a complex number z € C* 
one can use the following approach: 


1 Z x — yi E x y , 
= = = l. 
Zz zZ x? +y? 6 x? ty? x? + y? 
b) The complex conjugate allows us to Obtain the quotient of two complex numbers 
as follows: Š 
zzz +D- yi xxctyx»,-u» Xy. 
2 22:22 x3 + y 5 x$- y xi cy; 
o 
5-5i “© 20 
Examples. (1) Compute z = += : 
pec E 3-4i | 443i 


Solution. We can write 

 SO-45DO- 4) , 204-31) | —5 F9 i: 80 — 60i 

|^... 9— 16i? 16—9i?2 — 25 25 
ELEM 


25 
(2) Let z1, z2 € C. Prove that the number E = z1 - Z2 + Z1: z2 is areal number. 


—-3-i. 


Solution. We have 


E = z1 -Z2 +Z1 -z2 = Z1 -72 + z1 72 = E, so E ER. 
1.1.7 Modulus of a complex number 


The number |z| = y x? + y? is called the modulus or the absolute value of the complex 
number z — x 4- yi. For example, the complex numbers 
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have the moduli 
[zi] = V4? +37 — 5, |zo| = / 0? + (C32 23, les] ea = 


Proposition. The following properties are satisfied: 

(1) —|z| < Re(z) < |z| and —|z| < Im(z) < |zl. 

(2) |z| > O for all z € C. Moreover, we have |z| = 0 if and only if z = 0. 
(3) |z| = | — zl = Izl. 

(4)z-z— zl. 
(5) |z1: Z2| = |z1| - |Z2| (the modulus of a product is the product of the moduli). 
(6) |zil — |z2] < |z1 + zal < |zı| + lz2l. 

(7) z^ | = lal. z £0. 


zu [zi 
(8) |—| = — 
z2 [za 
9) |zi| — |z2l € |z1 — zal < [zi] + |zal. 


Proof. One can easily check that (1)-(4) hold. 
(5) We have |z1 - z2 = (zi- z2)01 722) = (zzz) = |zil? Iz? and 


— 


, 22 % 0 (the modulus of a quotient is the quotient of the moduli). 


consequently |z; - Z2| = |z1| - |z2|, since EE 0 for all z € C. 
(6) Observe that = 


natt 


ler zal = (Ga +22) 22) = Gi +A 2 = lal zz» Zi iz or. 


n 


i= 


Because z1-Z2 =Z]: Z2 —z|-:z2it follows that 
b. 
E 
zizo--Z1:z?—2Re(zu-2) < 2ļz1 -zo| = 2lzil-Izol. 


hence 
2 2 
la -Fzal < al lab. 
and consequently, |z1 + z2| < |z1| + |z2|, as desired. 


In order to obtain inequality on the left-hand side note that 


zal = [z1 +22 + (—z2)| < [z1 + z2| + | — z2| = |zı + 22] + zal, 


hence 
[ea |= [zal < |z1 + 22l. 
; 1 — 1 1 1 
(7) Note that the relation z - — = 1 implies |z|- |-| = 1, or |-| = —. Hence 
Zz Z z izl 
Iz 1| = Iz]. 
(8) We have 
Z1 =i zl =j [zıl 
—| = jats 121-2 | = lal kz |5 kzal eal =. 
22 Z2 Iz2] 
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(9) We can write |z1| = |zi — z2 + zal € |zi — zal + Izal so |z1 — zal = [zı] — Izal- 
On the other hand, 


Iz1— Z2| = [zı + (—22)| < Iza] + | — zal = Iza] + Izal. 


Remarks. (1) The inequality |z1 + z2| < |zi| 4- |z2| becomes an equality if and only 


if Re(zizo) = |zi||z2|. This is equivalent to zı = tz2, where ¢ is a nonnegative real 
number. 


(2) The properties 5) and 6) can be easily extended to give 


n n 
(5) Tja = [It 
k=1 k=1 


n n 
(6) | V z| < Y izl for all zz € C, k = 1,n. 
k=1 k=1 
As a consequence of(5’) and (7) we have 
(5”) |z"| = |z|” for any integer n and any complex number z. 


Problem 1. Prove the identity 


un 
'Ó 
2 52 2 2 
[zi + zal” + lzi — ze = 2zil^ + Iz2l^) 
esi 


for all complex numbers z1, z2. g 
Sey, 


a 


Solution. Using property 4 in the proposition above, we obtain 


lzi + zal? + la — zal” = (i + ED + 22) + Gi — 22) — 22) 
o 


D 
2 = = 2 2 > P 2 
—ljz^-4z-:zodzoa-:zi-dlzal,-dzit^—zi:z2—z2-zi- (zal 
2 2 
= 2(|zil^ + |z21^). 


Problem 2. Prove that if |zi| = |zo| = 1 and z1z2 Æ —1, then ae 


is a real 
14 2122 


number. 


Solution. Using again property 4 in the above proposition, we have 


2 2 _ 1 
zi: zi zi = 1 and zı = —. 
Z1 


1 
Likewise, z2 = —. Hence denoting by A the number in the problem we have 
z 


2 
1 1 
Fi Z1 + Z2 _ z m Z1 za 
1+2Z1-Z2 pee 1+ ziz2 
z 22 


so A is areal number. 
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Problem 3. Let a be a positive real number and let 


1 
Z| Sap. 
Z 


Find the minimum and maximum value of |z| when z € Ma. 


m= fee: 


1 
Zi 
Z 


i I\/ 1 2 2+2 1 
=|z+-]({z7t+t:;] =k + — OP ae 
z z Z |z| |z] 


o kÉ+e+ -2z +1 
|z]? l 


Solution. Squaring both sides of the equality a = , we get 


Hence 


4 


Izl* — Iz (a° +2 c 12 — +z? <0 


and consequently 


ig? [gem E 
p^ ` 


2 = 2 
= 2 4 E 2 4 
It follows that |z| a+ Var +4 a 5 a? + T 
2 H 2 
a+ Va? +4 Eb . —a + Ja? 44 
aS gu oce 
2 [5 2 
and the extreme values are obtained for the complex numbers in M satisfying z = —z. 


Problem 4. Prove that for any complex number z, 


led [2 —or|z? 4 1| 2 1. 


Solution. Suppose by way of contradiction that 


1 
|I +z| < — and |1 4 z2| <1. 


J/2 


Setting z = a + bi, with a, b € R yields z? = a? — D? + 2abi. We obtain 
1 
(1 +a? — Py? + 4a?b? < 1 and (1 +a)? +b? < 7 
and consequently 


(a? + b*)? + 2(a? — b?) < 0 and 2(aà? +b?) +4a +1 <0. 
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Summing these inequalities implies 


(a +b? + Qa 1)? «0, 


which is a contradiction. 


Problem 5. Prove that 


fa sueasu «asa 
2-7 Z LTZ VS 6 


for all complex numbers with |z| — 1. 


Solution. Let t = |1 + z| € [0, 2]. We have 


i? = (1+z)-(1+Z) =2+ 2Re(z), so Re(z) = 


2 


2-2 


13 


Then |l — z + Z2| = [7 — 2t?|. It suffices to find the extreme values of the function 


f:I)2]1— R, f(-:r-yIm-2n]. 
7 7 ha are 7 7 
( js Easier) =3 2 


We obtain 


as we can see from the figure below. 


ith | book 


1 


telegram.me/n 


O 7 


> 


f 75 t 
6 2 
Figure 1.1. 


Problem 6. Consider the set 


H={zeC: z=x-1l4+xi, x eR}. 


Prove that there is a unique number z € H such that |z| € |w| for all w € H. 
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Solution. Let w = y — 1+ yi, with y € R. 
It suffices to prove that there is a unique number x € R such that 
(D ex s (yo D 49° 
for all y € R. 
In other words, x is the minimum point of the function 


v 1 
FRR, fooo-merom-ier2I-:) +5, 


1 1 
h = —andz=—~+ <i. 
ence x ja Z zt 5! 


Problem 7. Let x, y, z be distinct complex numbers such that 


y-tx-c-(1—ftz, te(0,1) 


Prove that kv. 
= -= — 
[zl Wl, kigi pI Lal 
Iz= yl Iz =x] ly—x 

& 

Solution. The relation y = tx + (1 — fz is equivalent to 
c 
e 


n 


:-y-BG- 2. 


5b 
oO 
The inequality v 
— — |x 
Iz| Wl. kl |x| 
Iz — yl Iz — x| 
becomes 


Iz] — [yl = Iz] — Ix), 
and consequently 
ly) s A — lz] + tlx. 
This is the triangle inequality for 
y —(1— t)z 4 tx. 
The second inequality can be proved similarly, writing the equality 
y=tx+(1-—t)z 


as 


y-x-(l-t)(z- x). 
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1.1.8 Solving quadratic equations 


We are now able to solve the quadratic equation with real coefficients 
ax? +bx+c=0, az0 


in the case when its discriminant A — 5? — 4ac is negative. 


By completing the square, we easily get the equivalent form 


n2 eA ed 
TI 2a 4a2| ^ 


Therefore 


—b+iV/—-A —b — iy — 
— 5; nR — 5^ ^" 
2a 2a% 
Observe that the roots are conjugate complex numbers and the factorization formula 


and so x, = 


_b 


ae +bx+c =a(x — xi)(x — x2) 


holds even in the case ^ < 0. 


Let us consider now the general quadratic equation with complex coefficients 


pan 
oD 


az +bz+c=0, a#0. 


Using the same algebraic manipulation as in the case of real coefficients, we get 


PA NECI 
7[N 724) ~ 4a? | 


This is equivalent to 


or 
Qaz - b =A, 


where A = b? — 4ac is also called the discriminant of the quadratic equation. Setting 


y = 2az + b, the equation is reduced to 
y? =4=u+vi, 


where u and v are real numbers. 
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This equation has the solutions 


EN s T 
2c 2 + (sgnv) ;p 


where r = |A| and signv is the sign of the real number v. 


The roots of the initial equation are 


1 
21,2 z-Cb-cty,2). 
2a 


Observe that the relations between roots and coefficients 


b 
Zp ze ==, 
a 


as well as the factorization formula 


c 
Z172 = —, 
a 


az? + bz + c = a(z — zz — 22) 


are also preserved when the coefficients of the equation are elements of the field of 


complex numbers C. 


DO 


O 


He 


Problem 1. Solve, in complex numbers, the quadratic equation 


z —8(1— r4 

Solution. We have E 
5 5b 

A! = (4 — 4i)* — (63: 


= 


and 


63 — 16i = 0. 


r = |A'| = V 632 + 162 = 65, 


b\2 
where A! = (3 — ac. 


The equation 


y? = —63 — 16i 
65 — 63 65 + 63 
has the solution yj? = + / 2 +i / ; 


z1,2 = 4 — 4i + (1 — 8i). Hence 


je 


zı = 5 — 12i and z2 = 3 + 4i. 


— 16i) = —63 16i 


(1 — 8i). It follows that 


Problem 2. Let p and q be complex numbers with q 4 0. Prove that if the roots of the 


quadratic equation x? + px + q? — 0 have the same absolute value, then E is a real 
q 


number. 


(1999 Romanian Mathematical Olympiad — Final Round) 
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Solution. Let x; and x2 be the roots of the equation and let r = |x;| = |x2|. Then 
2 2 ES ll 
X1 c x2 X] X2 X1X2 X2X] 2 — 
a eee 24.2224 C Rex) 
q X1X2 X2. X r r r 


is a real number. Moreover, 


ri 


g = 0. 


Re(x1%2) > —|x1%2| = —r?, so 


SQ 


P. : 
Therefore — is a real number, as claimed. 


Problem 3. Let a, b, c be distinct nonzero complex numbers with |a| = |b| = |c|. 

a) Prove that if a root of the equation az? + bz + c = 0 has modulus equal to 1, 
then b? — ac. 

b) If each of the equations 


az +bz+c=0 and bz +czta=0 


90 


has a root having modulus 1, then |a — ble |b—c| =|c—al. 
5 c 1 
Solution. a) Let z1, z2 be the roots of the equation with |z;| = 1. From z2 = < - — 
= a zi 
c E 
it follows that |z2| = n "e 1. Because zi + z2 = —— and |a| = |b], we have 
a Z1 c a 
Iz1 + za? = 1. This is equivalent to S 
zs 
TENE . D 1 1 
(z1 +z2)Z1 + 22) = 1, ies (zi + z2) F + = —]. 
1 2 


We find that 
2 : bN c 
(cz .z2zuz,ie,|[—--]| =-, 


which reduces to b? — ac, as desired. 
b) As we have already seen, we have b? = ac and c? = ab. Multiplying these 


relations yields b?c? = a?bc, hence a? = bc. Therefore 
a? +b? - c? = ab 4- bc 4 ca. (1) 
Relation (1) is equivalent to 


(a — bY + (b — cy + (c - a — 0, 


(a — b}? + (b — c + 2(a — b)(b — c) + (c — a = 2(a — b)(b — c). 
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It follows that (a — cy? — (a — b)(b — c). Taking absolute values we find B? = ya, 
where a = |b — c|, B = |c — a|, y = |a — b|. In an analogous way we obtain o? = By 
and y? = off. Adding these relations yields o? + 8? + y? = ofi + By + ya, i.e., 
(a — BY? + (B — y}? + (y - o)? 2 0. Hencea = f = y. 


1.1.9 Problems 


1. Consider the complex numbers zı = (1, 2), z2 = (—2,3) and z3 = (1, —1). Com- 
pute the following complex numbers: 
a) zı +z2 +z3; Dru + z273 +2321; €) Z12223; 


Dig? 
Z Zz Z Zi tz 
d) z? +z3 +z; e) ee f 4 Z, 
Z2 £3 Z Z3 + 23 
2. Solve the equations: 
a) z + (—5, 7) = (2, —1); b) (2,3) +z = (-5, —1); 
z 
- (2,3) = (455; d) ——~ = @, 2). 
c) Z- (2,3) = (4,5) ?ÓK C13 Q ) 
3. Solve in C the equations: EI 
az+z+1=0; b-r1-0. £ 
n E 
4. Let z — (0, 1) € C. Express X z“ in terms of the positive integer n. 
k=0 d 
5. Solve the equations: S, 
a) z- (1,2) = (—1,3); b) (1, 1)- 2? = (=1,-7): 
6. Let z = (a, b) € C. Compute z?, z? and z^. 
7. Let zo = (a, b) € C. Find z € C such that z? = zo. 
8. Let z = (1, — 1). Compute z”, where n is a positive integer. 
9. Find real numbers x and y in each of the following cases: 
x-3 y-3 
a) (1 — 2i)x + (1 +2i)y=1+i; b + =i; 
ji-a at lh 5); 3 
_ 34) ,2 — m 0522 
c) (4 — 3i)x* + (3 + 2i)xy = 4y 2n + (3xy —2y*)i. 
10. Compute: 


a) (2 — i)(—3 + 2i)(5 — 4i); b) (2 — 41)(5 + 2i) + G + 4))(-6 — i); 

by fin ee * ofi. 
o (35) arl |; tla] 
3+7i 5-8i 


9313i ore 


1.1. Algebraic Representation of Complex Numbers 


11. Compute: 
a) j2000 4 1999 4 ;201 4 j82 4 j47. 


b) En =1+i +i? +i? +---+i" forn > 1; 
c)i! i2. i3... j2000. 


d) i^ ES (—i)77 ER (=i)! 4 j—100 + (=i). 
12. Solve in C the equations: 


azz-i b)z =i; co)2-2-i—. 


1 
13. Find all complex numbers z Æ 0 such that z + — € R. 
z 


14. Prove that: 
a) Ey = (2 +i v5) + (2— i5) ER; 


1947i\" /20+5i\" 
b) B= ( 9-i ) + (F=) oe 


15. Prove the following identities: d) 


ay) 
a) [zi zal? + [z2 zal? + za + zal? 8 lal? + |z217 + |z3l? + |z1 + z2 + zal? 


b) |1 + az + [z1 — z2 = (1 + le PC + |z2l?); 

e) = az = Ia = zl = 0 = [ei = 1221; 

d|lzta+tar+l-ztat z324 lzi — za + zal? + |z1 + za — zal? 
= 4(z + Iz2? + |z317). 


gram 


D 


16. Let z € C* such that <2. Prove that <2. 


1 
3 
a oe 
E 


1 
Zt 
z 


17. Find all complex numbers z such that 
Iz| = 1 and |z? 4- Z2| = 1. 
18. Find all complex numbers z such that 
Az? + 8|z|? — 8. 


19. Find all complex numbers z such that z? — z. 


20. Consider z € C with Re(z) > 1. Prove that 


1 
y 


1 3 
21. Let a, b, c be real numbers and w = — 2 + Pon Compute 


(a + bo + co?)(a + bo? + co). 
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22. Solve the equations: 
a) |z| — 2z = 3 — 4i; 
b) |z| 4-z 2 34- 4i; 
c) 2 = 2 + 11i, where z = x + yi and x, y € Z; 
d) iz? + (1 +2i)z + 1 = 0; 
e) z^ +601 + i)z? +5 + 6i = 0; 
f) 02-02? +2+1li = 0. 


23. Find all real numbers m for which the equation 
2+ (3+i)z —3z-(m+i) 20 
has at least a real root. 


24. Find all complex numbers z such that 


ZJ=(z = 2) + i) 


Be, 
Q 
is a real number. & 
| 
25. Find all complex numbers z such that [z| zz: H 

E 

26. Let z1, z2 € C be complex numbers such that |z; + z2| = V3 and 
g 
lil = [za] = 1. Compute |z zl. £ 
6b 


27. Find all positive integers n such that = 


-1+iv3\" | (-1-iv3\"_, 
z H= =2. 


28. Let n > 2 be an integer. Find the number of solutions to the equation 


29. Let z1, Z2, z3 be complex numbers with 
Izil = |Z2| = |z3| = R > 0. 


Prove that 
2 
IZ1 — Z2|- |z2 — 231 + |z3 — zıl - |z1 — zal + |z2 — zal: 1z3 — zi| < ORS. 


30. Let u, v, w, z be complex numbers such that |u| < 1, |v| = 1 and 
w= La Prove that |w| < 1 if and only if |z| < 1. 


u-z— 
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31. Let z1, z2, z3 be complex numbers such that 
zı +z2+z3=0 and jzi|-|z2| = |z3| = 1. 


Prove that 
zi +z + z =0. 


32. Consider the complex numbers z1, z2, ..., Zn with 


Izil = |z2| = +++ = |zn| =r > 0. 


Prove that the number 
(z1 + 22) 2 + £3) +++ Una + Zn) Gn + 21) 
£1 . £2 a a Zn 


E 


is real. 


33. Let z1, z2, z3 be distinct complex numbers such that 


Izil = [zal |z3| > 0. 


ol 


If z1 + 2223, Zo + 2123 and z3 + z1z2 are real numbers, prove that z1z2oz3 = 1. 
34. Let xı and x2 be the roots of the equation x? — x +1 = 0. Compute: 

a) rin + qu b) al + Hs D) xj t x5,forn e N. 
35. Factorize (in linear polynomials) the following polynomials: 

a)x'16; b)x?—27; c)x?+ 8; 2) dja? +x? 41, 


[5] 
36. Find all quadratic equations with real coefficients that have one of the following 


roots: 


TY 
a Q4 )08-i) b); c) i5! + 2780 + 354 + 4138, 
=f 


37. (Hlawka’s inequality) Prove that the following inequality 
[z1 + z2| + |z2 + z3| + lea + zıl < [zıl + |z2| lea] + [z1 + z2 + z3l 


holds for all complex numbers z1, Z2, z3. 


1.2 Geometric Interpretation of the Algebraic 
Operations 


1.2.1 Geometric interpretation of a complex number 


We have defined a complex number z = (x, y) = x + yi to be an ordered pair of 
real numbers (x, y) € R x R, so it is natural to let a complex number z = x + yi 


correspond to a point M(x, y) in the plane R x R. 
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For a formal introduction, let us consider P to be the set of points of a given plane II 
equipped with a coordinate system x Oy. Consider the bijective function o : C > P, 
9(z) = M(x, y). 

Definition. The point M (x, y) is called the geometric image of the complex number 
z=x+yi. 

The complex number z = x + yi is called the complex coordinate of the point 
M(x, y). We will use the notation M (z) to indicate that the complex coordinate of M 


is the complex number z. 


M(x, y) 


(x, y) 


telegram.me/math_books 
. 


M"Cx, =y) 
Figure 1.2. 


The geometric image of the complex conjugate z of a complex number z — x 4- yi 
is the reflection point M' (x, — y) across the x-axis of the point M (x, y) (see Fig. 1.2). 

The geometric image of the additive inverse —z of a complex number z = x + yi is 
the reflection M" (—x, — y) across the origin of the point M (x, y) (see Fig. 1.2). 

The bijective function o maps the set R onto the x-axis, which is called the real axis. 
On the other hand, the imaginary complex numbers correspond to the y-axis, which 
is called the imaginary axis. The plane II, whose points are identified with complex 
numbers, is called the complex plane. 

On the other hand, we can also identify a complex number z = x + yi with the 


vector Y = OM, where M (x, y) is the geometric image of the complex number z. 
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Figure 1.3. 


Let Vo be the set of vectors whose initial points are the origin O. Then we can define 
the bijective function 


g' :C€ — Vo, oO =0M=? =x] +y], 
N 


A 


[Hol 


where i , j are the vectors of the x-axis-and y-axis, respectively. 


ath 


1.2.2 Geometric interpretation of the modulus 
Let us consider a complex number z = x yi and the geometric image M(x, y) in the 
complex plane. The Euclidean distance om is given by the formula 

oD 


O 


= 


= 
OM = Jem — x0)? + Om — yo), 


hence OM = yx? + y? = |z| = |? |. In other words, the absolute value |z| of a 

complex number z = x + yi is the length of the segment OM or the magnitude of the 
> > 

vector v =x i +yj. 


Remarks. a) For a positive real number r, the set of complex numbers with moduli 
r corresponds in the complex plane to C(O; r), our notation for the circle C with center 
O and radius r. 

b) The complex numbers z with |z| « r correspond to the interior points of circle C; 
on the other hand, the complex numbers z with |z| > r correspond to the points in the 
exterior of circle C. 


1 v3 


5 —i,k = 1,2,3,4, are represented in the 
complex plane by four points on the unit circle centered on the origin, since 


Example. The numbers zk = 


Izil = Izal = |z3] = |zal = 1. 
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1.2.3 Geometric interpretation of the algebraic operations 


a) Addition and subtraction. Consider the complex numbers zı = x; + yii and z2 = 
X2 + y2i and the corresponding vectors Y ı = "rd +yı ri and T2 = ipd 4 »j. 


Observe that the sum of the complex numbers is 
zı z2 = (x1 t x2) + On + yi, 
and the sum of the vectors is 
Vit V2=O1¢n)T +O). 


Therefore, the sum zı + z2 corresponds to the sum V | + V ». 


A 
M(x, + x2, y1 + y2) 


M (x2, y2) 


Mi(x1, y1) 


o 


a 
e 
(æ= 
e = 
So 
=] 
pan 


3 


Figure 1.4. 
g 
Examples. 1) We have (3 + 5i) + (6 + i) = 9 + 6i; hence the geometric image of 
the sum is given in Fig. 1.5. 
n À 
M(9,6) M(-2, 5) si 


M,(6, 2) 
Figure 1.5. Figure 1.6. 


2) Observe that (6 — 2i) + (—2 4- 5i) = 4+ 3i. Therefore the geometric image of 
the sum of these two complex numbers is the point M (4, 3) (see Fig. 1.6). 
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On the other hand, the difference of the complex numbers z; and z2 is 
zı — 22 = (x1 — x) + (y1 — y5i, 
and the difference of the vectors vı and v» is 
Yi-Y-Qi-x)i +Q1-y) 7. 


Hence, the difference zı — z2 corresponds to the difference Yı — V ». 
3) We have (—3 + i) — (2 + 3i) = (—3 + i) + (2 — 3i) = —5 — 2i; hence the 
geometric image of difference of these two complex numbers is the point M(—5, —2) 


given in Fig. 1.7. 
4 4 M"Q, 4) 


M3Q, 3) 
M(5, 2) 


M,(3, -2) 


M"(-2,-3) 


M(2,-4) 


e 


Figure 1.7. Figure 1.8. 
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4) Note that (3 — 2i) — (—2 — 4i) = (3 — 2i) + (2 + 4i) = 5 + 2i, and obtain 
the point M(—2, —4) as the geometric image of the difference of these two complex 
numbers (see Fig. 1.8). 

Remark. The distance Mı (x1, y1) and M2(x2, y2) is equal to the modulus of the 
complex number zı — z2 or to the length of the vector Y ı — 7Y 2. Indeed, 


|My Mp| = zi — zal [71 — Wal = V 62 — 0? 02 — 37. 


b) Real multiples of a complex number. Consider a complex number z — x 4- iy 
and the corresponding vector v = xd + yj. If A is a real number, then the real 


multiple Az = Ax + iAy corresponds to the vector 
AW -2AxP +y]. 
Note that if A > 0 then the vectors A Y and W have the same orientation and 


Iv |2A[V |. 
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When à < 0, the vector A v" changes to the opposite orientation and | V | = —A| V |. 
Of course, if A = 0, then A V = T. 


y y 
M'(Ax, Ay) 
A0 x <0 
M(x, y) 
M(x, y) 
O x E x j 
M'(Ax, Ay) 
Figure 1.9. 
Examples. 1) We have 3(1 + 2i) = £r 6i; therefore M'(3, 6) is the geometric 
image of the product of 3 and z = 1 + 2i 5 


a 


1 


2) Observe that —2(—3 + 2i) = 6 Ai, and obtain the point M’(6, —4) as the 


-4 M'(6, —4) 


Figure 1.10. 
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1.2.4 Problems 

1. Represent the geometric images of the following complex numbers: 
zj —3-i; w2=—-44+2i; z3 = —5-— 4i; z4,—5-—i; 
z5— hl; zg— —3i; z;—2i; zg=—4. 


N 


. Find the geometric interpretation for the following equalities: 
a) (—5 + 4i) + (2 — 3i) = —3 + i; 
b) (4 — i) + (~6 + 4i) = —2 + 3i; 
c) (—3 — 2i) — (—5 + i) = 2 — 3i; 
d) (8 — i) — (5 + 3i) = 3 — 4i; 
e) 2(—4 + 2i) = —8 + 4i; 
f) —3(—1 + 2i) = 3 — 6i. 


3. Find the geometric image of the complex number z in each of the following cases: 
a) |z—2|=3; b |z+iļ|<1; c)|z—1+2iļ|>3; 
d) |z —2|— |z +2| <2; e)0 < Re(iz)< 1; f)—1 <Im(z) <1; 
z—2 1+Z fe) 
g)Re(<—) =0; m 


£ | 
4. Find the set of points P(x, y) in the complex plane such that 


z—1 


5. Let zı = 1 +i and z2 = —1-i. Find z3 € C such that triangle z1, z2, z3 is 
equilateral. z 


6. Find the geometric images of the complex numbers z such that the triangle with 


vertices at z, z? and z? is right-angled. 
7. Find the geometric images of the complex numbers z such that 


1 


Z| = 2. 
z 


2 


Complex Numbers 


in Trigonometric Form 


~~, 


2.1 Polar Representation of Complex Numbers 


e/ ngth books 


m 


2.].1 Polar coordinates in the pla 


m 


Let us consider a coordinate plane and a point M (x, y) that is not the origin. 

The real number r — Vx? + y2 is called:the polar radius of the point M. The direct 
angle t* € [0, 277) between the vector OM and the positive x-axis is called the polar 
argument of the point M. The pair (r, t*) is called the polar coordinates of the point M. 
We will write M (r, t*). Note that the function h : R x R\ {(0, 0)} — (0, oo) x [0, 27), 
h((x, y)) = (r, t*) is bijective. 

The origin O is the unique point such that r = 0; the argument t* of the origin is 
not defined. 

For any point M in the plane there is a unique intersection point P of the ray (OM 
with the unit circle centered at the origin. The point P has the same polar argument t*. 


Using the definition of the sine and cosine functions we find that 
x =rcost* and y ^ rsint*. 


Therefore, it is easy to obtain the cartesian coordinates of a point from its polar coor- 
dinates. 
Conversely, let us consider a point M (x, y). The polar radius is r = yx? + y2. To 


determine the polar argument we study the following cases: 
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A 
M(x, y) 


P(1,t*) 


» 


Figure 2.1. 


a) If x Æ 0, from tan t* = E we deduce that 
X 


* 
Il 
S 
[ei 
Ls 
$e 
+ 
a~ 
a 


on 
II 
= 
o 
3 
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where 
>Oandy>0 


« O and any y 
> Oand y < 0. 


b) If x = 0 and y Z 0, then 


e 


" 7/2, for y>0O 
37/2, for y «O0. 


Examples. |. Let us find the polar coordinates of the points Mı (2, —2), M5(—1, 0), 
M3(—2V3, —2), Ma(V3, 1), Ms, 0), Mo(—2, 2), M7(0, 1) and Mg(0, —4). 
In this case we have ri = y2? + (—2)? = 24/2; tř = arctan(—1) + 27 = 2 + 


Tr Tr 
2z = —, so Mı { 2V2, — ]. 
T 7 SO ( V2 1 


Observe that r2 = 1, t = arctan 0 + x = x, so M»(1, 7). 


3 7 7 
Wehave ry = 4,15 = arean 3 +r = 2 te = =. so Ms (4 =), 


3 
Note that r4 = 2, th = arctan e = E so M4 (2. a 
We have rs = 3, 12 = arctan 0 + 0 = 0, so Ms(3, 0). 
T 3m 3x 
We have rg = 24/2, t$ = arctan(—1) + 7 = cT +r= T so Me | 24/2, al 


T T 
Note that r7 = 1, tž = 2 so M7 (1, =): 
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3 3 
Observe that rg = 4, t = =, so Mg (1 > . 


2 7 
2. Let us find the cartesian coordinates of the points M, (2. =), M (s =) and 
M3(1, 1). 
2 1 2 3 
We have xy = 2o0s = = 2( )- Ly = 2sin = C ee 


M\(-1, V3). 


Note that x2 = 3cos—— = ——, yw = ME = E so 
3V2 3/2 
2 RAE Xu 


Observe that x3 = cos 1, y? = sin 1, so M3(cos 1, sin 1). 


2.1.2 Polar representation of a complex number 
For a complex number z = x + yi we can write the polar representation 
N 
wd 
z = r(cosiZ + i sint*), 
5 


where r € [0, oo) and ¢* € [0, 27) are the polar coordinates of the geometric image 
of z. E 


n 


The polar argument ż* of the E image of z is called the argument of z, 
denoted by arg z. The polar radius r of the geometric image of z is equal to the modulus 
of z. For z Æ 0, the modulus and argument of z are uniquely determined. 

Consider z = r(cost* + i sin t*) and left = t* + 2kz for an integer k. Then 


z —r[cos(t — 2kz) + i sin(t — 2kz)] = r(cost + i sint), 


i.e., any complex number z can be represented as z = r(cost + i sint), where r > 0 
and t € R. The set Argz = {t : t* + 2kz, k € Z} is called the extended argument of 
the complex number z. 


Therefore, two complex numbers z1, z2 Æ 0 represented as 
zı = rı (cos f + i sint) and z2 = ro(cos to + i sin t2) 


are equal if and only if rı = r2 and t; — t? = 2kz, for an integer k. 


Example 1. Let us find the polar representation of the numbers: 


a) zı = -1 —i, 
b) z2 =2 +2i, 
c) z3 = —1 +iv3, 
d) z4 = 1 — i v3 


and determine their extended argument. 
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a) As in the figure below the geometric image P|(—1, —1) lies in the third quadrant. 
Then rı = y (—1)? + (C1)? = 4/2 and 


n y T 5x 
ti = arctan — + m = arctan l + m = — +7 = —. 
X 4 4 
n 
5x 
t* = 
N 4 
-1 
Figure 2.2. 
Hence P " 
Z1 cos 4 + sin 4 
and 2 
Arg zi = DELL ke z) 
b) The point P2(2, 2) lies in the first quadrant, so we can write 
n= V2 4.22 = 2/2 and tă = arctan 1 = 
Hence 
2= 2V2 (cos ^ + isin”) 
* 4 4 
and 
T 
Argz = D 4 2kn|k € z| 
c) The point P3(—1, Vf 3) lies in the second quadrant, so 
20 


r3 = 2 and ij = arctan(—V3) + x = —7 oa n 


2 S s . 2x 
= COS: -> LSIDn-: -- 
SP 3 3 


Therefore, 
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P3(-1, V3) 
or ebeisend 3 
r3 
E 
2 
Figure 2.3. 


2x 
Arg 73 = É +2krl keZ}. 


S 


d) The point P4(1, -y 3) lies in the fourth quadrant (Fig. 2.4), so 
ET 
: 5 
r4 = 2 and t} = arctan(—V/3) + 2n = =, +2n = v 
9 
1 g 
(CX 
) 1 
UN E 
de eres : 
P4Q, -4/3) 
Figure 2.4. 
Hence 
2 5r bisi 5r 
= 2 | cos — + isin — ], 
24 3 3 
and 


5 
Arg z4 = [Ft 2emike a! 
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Example 2. Let us find the polar representation of the numbers 


a) z1 = 2i, 
b) z2 = —1, 
C) z3 — 2, 
d) z4 = —3i 


and determine their extended argument. 
a) The point Pj (0, 2) lies on the positive y-axis, so 
Hoe, Woe = 2(cos = + isin =) 
pos Nope. “= 2 2 


and 
Argzi = [5 + 2k | t ez]. 


b) The point P»(— 1, 0) lies on the negative x-axis, so 
n=l, t=, z»-cosm-isinz 


and 


htbooks 


Arg z) = (x 42k | k e Z}. 


mat 


c) The point P3(2, 0) lies on the positive-x-axis, so 


e/ 


* 
e 
i.m 


rn=2, t= = 2(cos 0 + i sin 0) 


elegra 


and 
Arg z3 = (2kzt| k € Z}. 


d) The point P4(0, —3) lies on the negative y-axis, so 
3 3 3 
r4 = 3, ga =, a =2 (cos +i sin ) 


and 3 
Arg z4 = [5 nl ke z}. 


Remark. The following formulas should be memorized: 


; T . X 
1 = cos0 +i sin 0; i= cos z tiisin; 


"- i 3r .. 3x 
—1l=cosz +isinz; a GOS as RESU 


Problem 1. Find the polar representation of the complex number 


z = l +cosa +isina, a € (0,27). 


2.1. Polar Representation of Complex Numbers 35 


Solution. The modulus is 


lz| = Ja + cosa)? + sin? a = /2(1 + cosa) = ,/4 cos? 5 = 2 [cos $ . 


The argument of z is determined as follows: 


a) If a € (0, z), then 5 € (o. =) and the point P(1 + cosa, sina) lies on the first 


quadrant. Hence 
x sina a a 
t“ = arctan ————— = arctan (tan z) =-, 
1+ cosa 2 2 


and in this case 


22 *( Z tiisin?) 
z= cos 5 cosy Lmg : 


b) If a € (a, 27), then 5 € (5. x) and the point P(1 + cosa, sina) lies on the 
fourth quadrant. Hence 


"= arctan (tn 2) e 25 4 -r 420 - 44H 
2 92 2 
and E 
a as .. (a 
z= -2c08 5 (cos (2 x) +isin(S 2)). 
c) Ifa = x, then z = 0. E 


(s 


Problem 2. Find all complex numbers z s. h that |z| = 1 and 


eo 


Solution. Let z = cos x + i sin x, x € [0, 27). Then 
o +I 
Iz? 


= |cos2x + i sin 2x + cos2x — i sin2x| 


Z 


= 2| cos 2x| 


hence 


1 1 
cos 2x = — or cos 2x = ——. 
2 2 


1 
If cos 2x = y then 
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1 
If cos2x — T7 then 


T 20 4r Sr 
X$— op MSD MHD B5 
3 3 3 3 
Hence there are eight solutions 
zy cos xę tisinx,, k=1,2,...,8. 


2.1.3 Operations with complex numbers in polar representation 
1. Multiplication 


Proposition. Suppose that 


zı = rı (cos f + i sin t1) and z2 = r2 (cos h + i sin t). 


Then z 
ziz2 = rir2(cos(ti E12) + i sin(ti + £2)). (1) 

| 

Proof. Indeed, S 


Z1Z2 = rjra(cost, + isin t1) (cos t2 + i sin t2) 


~ 


im.nye 


= rır2((cos tj cos t5 — sin tı sin t + i (sint, cos f? + sin f» cos ty )) 


We 
OL 


e 


= rira (cos(ti + t2) + i sin(t + t2)). 


Remarks. a) We find again that |z1z2| = |zil - |z2l. 
b) We have arg(z1z2) = arg zı + arg z2 — 2kzr, where 


k= 0, for argzı +argz2 < 27, 
7 1, for argzı +argz2 > 27. 


c) Also we can write Arg (zjz2) = {arg z1 + argza + 2kz : k € Z}. 
d) Formula (1) can be extended to n > 2 complex numbers. If zz = rg (cos ty + 
i sin tg), k =1,...,n, then 


Z122::: Zn = F1r2 + Fa (cos(ti +t +--+ + tn) + isini E f2 +: ta)). 


The proof by induction is immediate. This formula can be written as 


n 


fle = Ir (m Y. (2) 
k=1 k=1 k=1 


k=1 
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Example. Let zı = 1 — i and z2 = V3 +i. Then 


= /2 ey ie ct = 2 (cos = + isin =) 
= Eu qug pane = ETE. 2 
a 4 4 J' 9 6 6 


= 2A/2 | cos Par +isin DE dE 
4122 = z 6 1 6 


23 23 
= 23 (cos + isin). 
2. The power of a complex number 


Proposition. (De Moivre!) For z = r(cost +i sint) and n € N, we have 


z” = r” (cosnt +i sinnt). 


Proof. Apply formula (2) for z = z1 = zo = - -+ = Zn to obtain 
MA 
E 
z” —r.r---r(cos(t +t 4---4- t) J- isin(t +t+---+1)) 
—— - Saa —— L e 
n times n times n times 


I 


Es 
= r" (cos nÉ. i sinnt). 


Remarks. a) We find again that |z"| = [z|". 

b) If r = 1, then (cost + i sint)" = cost +isinnt. 
[5| 

c) We can write Arg z" = {nargz+ 2kzt : k € Z}. 


Example. Let us compute (1 + i)!0. 


T 


37 


(3) 


The polar representation of 1 + i is 4/2 (cos z + isin =). Applying de Moivre’s 


4 
formula we obtain 


(1 + i)1000 — (/2) 1000 (cos 10007 Pim 10007) 
= 2° (cos 2507 + i sin 2507) = 2°. 
Problem. Prove that 
sin 5t = l6sin? t — 20 sin? t + 5sint; 


cos 5t = 16 cos? t — 20 cos? t + 5cost. 


1 Abraham de Moivre (1667-1754), French mathematician, a pioneer in probability theory and trigonom- 


etry. 
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Solution. Using de Moivre's theorem to expand (cost + i sint)’, then using the 
binomial theorem, we have 


cos 5t + i sin 5t = cos? t + 5i cos? t sint + 10i? cos? t sin? f 
+ 10i? cos? t sin? t + 5i* cos t sinf t + i? sin? f. 
Hence 
T ARIS 3 2 2,42 
cos 5t + i sin 5t = cos” t — 10 cos” t(1 — cos* f) + 5cost(1 — cos* t) 
+ i(sint(1 — sin? t? sint — 10(1 — sin? t) sin? t + sir? f). 
Simple algebraic manipulation leads to the desired result. 


3. Division 


Proposition. Suppose that 


Nn 
ay) 
zı = rı (cos ti +i sin t2), g = ra(cos to + i sin h) Æ 0. 
Pa 
| 
Then = 
Z1 ri e - 

— = —[cos(t1 — &) + i sin(tj — t2)]. 

z2 r2 Q 


Proof. We have 


Z1 rı (cos tı + i sin t1) 
Z2 r2 (cos t2 + i sin t2) B 
ri(cost; +i sint,)(cos t2 — i sin t2) 


e 


teleeram.m 


ra(cos? t» + sin? t2) 


ri : i "e 2 
= —[(cos t1 cos t; + sin t; sin f2) + i (sin t; cost» — sin h cos t4)] 
r2 


=le =e isin =. 
r2 


Z1 


£2 


Remarks. a) We have again 


rj |zal’ 
b) We can write Arg (3) = (argzi — argzo + 2km: k € Z}; 
z2 


c) For zı = 1 and z2 = z, 


=z! = oai + i sin(—t)); 
Z r 


d) De Moivre’s formula also holds for negative integer exponents n, i.e., we have 


z” = r"(cosnt + i sinnt). 
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Problem. Compute 
cbe S RE" 
(0 Caci 3m c 


Solution. We can write 
10 
10 In 5 To... 
4 4) ( 6 6 ) 
(4/2) (cos @ + isin ) 2 COS + sin 


4 Ag VIO 
210 | cos d +isin Bid 
3 3 


350 35x 5 
29 (cos F i sin in 3") (co os ŽE + isin ZE) 


407 407 
210 1 
m 3 pen 3 z) 


5 


Z = 


5a, , 55x 
cos EN +: sin — 
- or “Hox E 2d fu 
cos —— +isin— 4 
3 3 O 
2.1.4 Geometric interpretation of multiplication 
Consider the complex numbers E 
[5 


zı = rı (cos tř + i sin tř), = zo = ro(cost? + i sint?) 


sram.m 


and their geometric images Mı (r1, t1), iota, t5). Let Pj, Po be the intersection 
points of the circle C(O; 1) with the rays (OM, and (OM). Construct the point 
P3 € C(O; 1) with the polar argument tf + £j and choose the point M3 € (O P3 
such that OM3 = OM, - OM». Let z3 be the complex coordinate of M3. The point 
Ma(rirz2, tf + £5) is the geometric image of the product z1 - z2. 


Let A be the geometric image of the complex number 1. Because 


O M3 OM) : O M3 OM) 


OM, 1” `” OM; OA 


and M30 M5 = AOM 1, it follows that triangles OAM, and O M2 M3 are similar. 
p ' ; Zz 
In order to construct the geometric image of the quotient, note that the image of = 
22 
is Mj. 


2.1.5 Problems 

1. Find the polar coordinates for the following points, given their cartesian coordinates: 
a) Mi(—3, 3); b) Ma&(-443, —4; c) M3(0, —5); 
d) M4(—2,—1); e) Ms(4, —2). 
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M3 4 M5 


Figure 2.5. 


2. Find the cartesian coordinates for the following points, given their polar coordinates: 


w 


a) Pi (2 =); b) P (4 2n ES e) iQ, x); 
, 3 * T 5 E e , ^, 


d) P4(3, =x); e) Ps (1. Z); f) ns =) 


. Express arg(z) and arg(—z) in terms of árg(z). 
o 


4. Find the geometric images for the complex numbers z in each of the following cases: 


a) |Z) =2; bi-iz2 olz-i&s5* 
oD 


T m 
dja <argz<—; ej)argz> o eH argz < 53 
x T Y 


JT 
g) arg(—z) € ( e h) [z --1-- i| <3and0 < argz < =. 


5. Find polar representations for the following complex numbers: 
; 1 v3 1 43 
a) zi = 6 + 6i 3; b) z2 = -tip c) z3 = m mx 
d)z 29—9i/3; e)z4—3-—2i; f)zg— —4i. 
6. Find polar representations for the following complex numbers: 
a)zı = cosa — i sina, a € [0,2z); 
b) z2 = sina + i(1 + cosa), a € [0, 27x); 
c) z3 = cosa + sina + i (sina — cosa), a € [0, 27); 
d) z4 = l — cosa + i sina, a € [0, 27x). 
7. Compute the following products using the polar representation of a complex num- 
ber: 


2 2 
c) —2i - (—4 + 44/31) - +3); d)3-(1— i)(—5 + 5i). 


a) (; - :3 (-343)Q43-2i; b) (d +i)(—2 — 2i) - i; 
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Verify your results using the algebraic form. 
8. Find |z|, arg z, Arg z, arg Z, arg(—z) for 
a)z—(1—i)(646);  b) z= (7 —7V3i)(-1 — i). 
9. Find |z| and arg z for 
) QV/3-20* — Qi 
a)z-— : ; 
d-i) Q4/3 — 2i)8 
(-1+i)4 1 
b)z = ; 
(V3 —i)!0 (2/3 + 2i) 
c) z = (1 + iv3)" + (1 — i v3)". 


10. Prove that de Moivre’s formula holds for negative integer exponents. 


11. Compute: 
a) (1 — cosa + i sina)" fora € [0, 27) andn € N; 


1 
E o3. 


2.2 Then Roots of Unity: 


2.2. Defining the n'^ roots of a complex number 


books 


ath 


B 


Consider a positive integer n > 2 and a complex number zo Æ 0. As in the field of real 


/1 


numbers, the equation 


Z^" = (1) 


is used for defining the n" roots of number zo. Hence we call any solution Z of the 
h 


agm.me 
© 
Il 
o 


equation (1) an n™ root of the complex number zo. 


Theorem. Let zy = r(cost* + i sint*) be a complex number with r > 0 and t* € 
[0, 27r). 


The number zo has n distinct n" roots, given by the formulas 
t*-2km | x) 
— — — + isin ———— |. 
n n 
k —0,L...,n— I. 
Proof. We use the polar representation of the complex number Z with the extended 
argument 
Z = p(cos o + i sin Q). 


By definition, we have Z” = zo or equivalently 
p" (cos ng +i sinng) = r(cost* + i sint*). 


t* 
We obtain p” = r and ng = t*4-2kz fork € Z; hence p = 2/r and gy = —--k-— 
n n 
for k € Z. 
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So far the roots of equation (1) are 


Ze = 4r (cos ok + i sin gy) fork € Z. 


Now observe that 0 < go < @1 < --- < Pn-1 < 2x, so the numbers gy, k € 
{0, 1,...,n — 1}, are reduced arguments, i.e., p% = q,. Until now we had n distinct 
roots of zo: 


Zo, Zi, .... Zn-1- 
Consider some integer k and let r € (0, 1,..., 5 — 1} be the residue of k modulo n. 
Then k = nq +r for q € Z, and 
t* T * 27 
gk = — + (nq d r)— = — +r— + 2qn = 9, -2qm. 
n n n n 


It is clear that Z; = Z,. Hence 


{Zk : ke Zy = (Zo. Ze) Zn—1}- 


5 
In other words, there are exactly n distinct n" roots of zo, as claimed. 


The geometric images of the n'^ roots of a complex number zo Z 0 are the vertices 
of a regular n-gon inscribed in a circle with center at the origin and radius 2/r. 

To prove this, denote Mo, M1, ..., M, the points with complex coordinates Zo, 
Zi, ..., Zn—1. Because OM, = |Z| = or for k € (0,1,...,n — 1}, it follows that 
the points M; lie on the circle C(O; U/r)-On the other hand, the measure of the arc 
MMe is equal to 


t* + 2(k + 1)r — (t*+2kr) 2x 
arg Zkķ+1 — arg Zk = = ; 


n n 
for all k € (0, 1,..., n — 2} and the remaining arc M51 Mo is 
20 20 
=2n — (n — 1) 
n n 


Because all of the arcs MoMi, M,Mo,...,Mn—1Mo are equal, the polygon 
MoM, --- Mn—1 is regular. 

Example. Let us find the third roots of the number z = 1 + i and represent them in 
the complex plane. 

The polar representation of z = 1 + i is 


z= V2 (cos 7. + isin). 


2.2. The n" Roots of Unity — 43 


The cube roots of the number z are 


T 27 T 27 
Zp = 42 Hoe) +isin( hk |), k=0,1,2, 
k V s (5, + Dens z) 


or, in explicit form, 


Zo = V2 (cos = +i sin ©), 
3 3 
Zi = Vi (cos ŽE + isin Z) 


i 17 17 
Z= Va (cos TE + isin). 


Using polar coordinates, the geometric images of the numbers Zo, Z1, Z2 are 


3 17 


The resulting equilateral triangle MoM1Ms is shown in the following figure: 


M, 


» 


M, 


Figure 2.6. 


2.22 The n” roots of unity 


The roots of the equation Z” — 1 = 0 are called the n” roots of unity. Since 1 = 
cos 0 + i sin 0, from the formulas for the n" roots of a complex number we derive that 


the n™ roots of unity are 


2kn . . 2kmr 
Ek = COS +isin , ke€(0,1,2,...,n— 1}. 
n n 


Explicitly, we have 
£o = cos 0 + i sin0 = 1; 
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2x .. 20 
£1 = cos — + sin — = €; 
n n 
An 2. 4x 2 
£9 = cos — + sin — = €^; 
n n 


2(n—1 2(n—1 
Eni ocu uf a us mg 
n n 


The set (1, e, &2,..., ely is denoted by U,,. Observe that the set U, is generated 
by the element e, i.e., the elements of U, are the powers of e. 

As stated before, the geometric images of the n" roots of unity are the vertices of a 
regular polygon with n sides inscribed in the unit circle with one of the vertices at 1. 

We take a brief look at some particular values of n. 

i) For n = 2, the equation Z? — 1 = 0 has the roots —1 and 1, which are the square 


roots of unity. 
ii) For n = 3, the cube roots of unity, i.e; the roots of equation Z? — 1 = 0 are given 


(010) 


by e 
2kn «Dkr 
Bp = cos C + i sing AUR € {0, 1,2). 
Hence = 
zi B an (a 2m — D o. 
£o = 1, £1 = cos 3 een 3 5 E =€ 
and E 
m |. Ait 1 v3 3 
€2 = COS — + Ir sin = l — 
3 3 2 2 


They form an equilateral triangle inscribed in the circle C(O; 1) as in the figure 


below. 


e? 


Figure 2.7. 
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iii) For n = 4, the fourth roots of unity are 


2kz .. 2kx 
ep = cos E ESI dob = 0,1,2,3, 


In explicit form, we have 


ee T 2. T : 
£o = cos0+isinO = 1; =e eS =i; 


D. 3x, 3x ; 
£2) = cos mt + isinm = —1 and £3 = cos — + isin — = —i. 


Observe that U4 = (l,i, i?, i?) = (Li, —1, —i). The geometric images of the 


fourth roots of unity are the vertices of a square inscribed in the circle C(O; 1). 


ay 


i 


eeram.me/math books 


D. 
=i 


Figure 2.8. 


The root & € U, is called primitive if for all positive integer m < n we have 
g #1. 


Proposition 1. a) If n|q, then any root of Z” — 1 = 0 is a root of Z1 — 1 = 0. 
b) The common roots of Z" — | = 0 and Z” — | = O are the roots of Z4 —120, 
where d = gcd(m, n), i.e., Um N Un = Ug. 
mm 2km | . 2km 
c) The primitive roots of Z" — 1 = 0 are €k = cos —— +i sin ——, where0 < k < 
m m 
m and gcd(k, m) — 1. 


Proof. a) If q = pn, then Z4 — 1 = (Z")P — 1 = (Z" — 1((Z(?-Un +... + Z^ E ]) 
and the conclusion follows. 
. pr .. 2pm ; 2qn 
b) Consider £p = cos —— + i sin — a root of Z" — 1 = 0 and Eg = cos — + 
m m n 


2qn 
i sin fZ a root of Z” — 1 = 0. Since lepl = leg | = 1, we have £p = EG if and only 
n 
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: , .. 2px 2qm . e 
if arge, = arg 8}, ie. — = —— + 2rz for some integer r. The last relation is 
m n 
equivalent to E E r, that is, pn — qm — rmn. 
m n 


On the other hand we have m = m'd and n = n'd, where gcd(m', n’) = 1. From the 
relation pn — qm = rmn we find n'p — m'q = rm'n'd. Hence m'|n' p, so m'|p. That 
is, p = p'm' for some positive integer p' and 
2pz  2p'mmz  2p'x 


= and e? = 1. 
m'd d P 


arg Ep = 


Conversely, since d|m and d|n (from property a), any root of Z4 — | = 0 is a root 
of Z” — 1 = O and Z” — 1 = 0. 

c) First we will find the smallest positive integer p such that ep = 1. From the 
2kpr 

m 


relation ep = | it follows that = 2K'n for some positive integer K'. That is, 


k 
P =i € Z. Consider d = gcd(k, m) and k = k'd, m = m'd, where gcd(K', m^) = 1. 
m vi 
k' pd k E 
We obtain 7 = ae € Z. Since k’ and m' are relatively primes, we get m'|p. 
m m | 


Therefore, the smallest positive integer p-with ep = lis p = m'. Substituting in the 


relation m = m'd, it follows that p = = Where d = gcd(k, m). 
o 


If ex is a primitive root of unity, then from relation D = l, p = ————,it 
iz gcd(k, m) 


ra 


follows that p = m, i.e., ged(k, m) = l. 5 


le! 


Remark. From Proposition 1.b) one obtains that the equations Z" — 1 — 0 and 
Z” — 1 = O have the unique common root 1 if and only if gcd(m, n) = 1. 


Proposition 2. /f € € U, is a primitive root of unity, then the roots of the equation 


z” — 1 = Oare e, e *!,... e *"-.. where r is an arbitrary positive integer. 


Proof. Let r be a positive integer and consider h € (0, 1, ..., n—1). Then (e^ ^^)" = 
(e")'t* = 1, i.e., £^ *^ is a root of Z” — 1 = 0. 

We need only prove that £”, e’+!,..., £^*"-1 are distinct. Assume by way of con- 
tradiction that for r +h, Æ r + h2 and hy > ho, we have e^"! = +2, Then 
el tha (ghi _ 1) = 0. But e^*^ Æ 0 implies &"7^? = 1. Taking into account that 


hj — h» < n and e is a primitive root of Z” — 1 = 0, we get a contradiction. 


Proposition 3. Let £0, €1, ..., £41 be the n" roots of unity. For any positive integer 
k the following relation holds: 


=j i 
Set - n, if n|k, 


J 0, otherwise. 
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. 20 . 20 : Wm . 
Proof. Consider ¢ = cos — + i sin —. Then & € U, is a primitive root of unity, 


? — ] if and only if nln. Assume that n does not divides k. We have 


n—1 n—1 n—1 kyn nyk 
| 1-65" 1-6") 
Ec k kyj — M = 
2 = Le) 2i. Poep age S 


j-0 j=0 


hence € 


If n|k, then k = qn for some positive integer g, and we obtain 


n n—1 


n—1 -1 n—1 
Sar ein 
j=0 =0 j=0 j=0 


j 


2x . 2g 
Proposition 4. Let p be a prime number and let € = cos — + isin —. If 
p p 
a0, d1, ..., ap—1 are nonzero integers, the relation 
ao d- a18 +--+ ape” | =0 
holds if and only if ag = a1 = --- = ap-1. 
un 
Proof. If ag = a, = +++ = ap—1, then the above relation is clearly true. 
e 


Conversely, define the polynomials f, g Z[X]by f = a14-a1 X 4--- capa XP 
and g = 1 + X +--+ X?-!. If the polynomials f, g have common zeros, then 
gcd( f, g) divides g. But it is well known {for example by Eisenstein’s irreducibility 
criterion) that g is irreducible over Z. Hence gcd(f, g) = g, so g|f and we obtain 


g = kf for some nonzero integer k, i.e., aj — a1 = +++ = a1. 
bh 


Problem 1. Find the number of ordered pairs (a, b) of real numbers such that (a + 
bi)??? — a — bi. ~ 


(American Mathematics Contest 12A, 2002, Problem 24) 


Solution. Let z = a + bi, Z = a — bi, and |z| = Va? + D?. The given relation 
becomes z??? = Z. Note that 


2002 2002 = 
up lee = z| = el 
from which it follows that 
2001 
Iz(lz = 1) = 0. 
Hence |z| = 0, and (a,b) = (0,0), or |z| = 1. In the case |z| = 1, we have 
7:200 — Z, which is equivalent to 22005 = Z-z = |z|? = 1. Since the equation 


27003 — 1 has 2003 distinct solutions, there are altogether 1 + 2003 = 2004 ordered 
pairs that meet the required conditions. 

Problem 2. Two regular polygons are inscribed in the same circle. The first polygon 
has 1982 sides and the second has 2973 sides. If the polygons have any common ver- 


tices, how many such vertices will there be? 


48 2. Complex Numbers in Trigonometric Form 


Solution. The number of common vertices is given by the number of common roots 
of 7/29? — | = 0 and z??? — | = 0. Applying Proposition 1.b), the desired number is 
d = gcd(1982, 2973) = 991. 


Problem 3. Let £ € Un be a primitive root of unity and let z be a complex number such 


that |z — ek < lforallk 2 0,1,...,n — 1. Prove that z = 0. 
Solution. From the given condition it follows that (z — e*)(z — &*) < 1, yielding 
Iz? < z(e) - ze; k 20,1,..., n — 1. By summing these relations we obtain 
n-1l n—1 
nk? (Se es e 20 
k=0 k=0 
Thus z = 0. 
Problem 4. Let PoP; --+ Pn—1 be a regular polygon inscribed in a circle of radius 1. 
Prove that: 
a) PoP, - PoP2-++ PoPn-1 = n; n 
mm. 2x . n— Dr ná 
b) sin — sin +++ sin = s 
n n n 2nd 
emo. 3x . Qn-Dx d 
c) sin — sin +++ sin = =, 
2n 2n 2n 201 
Solution. a) Without loss of generality We may assume that the vertices of the poly- 
gon are the geometric images of the n™ foots of unity, and Py = 1. Consider the 
S 2 2 
polynomial f = z” — 1 = (z — 1) (z — €) - 59 (z — &”7!), where £ = cos T +i sin E 
e n n 
Then it 1s clear that = 
n= f'(l)=(1—e)(1—27)---(l—e""!). 
Taking the modulus of each side, the desired result follows. 
b) We have 
k 2kz .. 2kr _ o kn .. kx kr 
1—e* = 1 — cos i sin = 2sin 2i sin cos 
n n n n n 
. kr ( . kr =) 
= 2sin sin i cos : 
n n n 
k . kx i ; St ; 
hence |1 — £*| = 2 sin —,k = 1,2, ...,n — 1, and the desired trigonometric identity 
n 


follows from a). 
c) Consider the regular polygon Qo Q1 - -- Q2n-1 inscribed in the same circle whose 


vertices are the geometric images of the (2n)" roots of unity. According to a), 


Q0Q1 - Qo0Q2--: QoQ2n-1 = 2n. 
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Now taking into account that Qo Q2--- Q4» is also a regular polygon, we deduce 
from a) that 


Q0Q2 - Q0Q4--- Q0Q2n-2 — n. 


Combining the last two relations yields 


QoQ1* Q0Q3--- Q0Q2n-1 = 2. 


A similar computation to the one in b) leads to 


Qk — 1x 


QoQ»x-1 = 2sin ; 
2n 


and the desired result follows. , , 
m T 
Let n be a positive integer and let ¢, = cos — + i sin —. The n"'-cyclotomic 
n n 
polynomial is defined by 
60-2 Lb œ- e. 
1<kSn-1 
ged(len)=I 
| 
Clearly the degree of $, is (n), where ọ is the Euler *totient" function. n is a 
monic polynomial with integer coefficients and is irreducible over Q. The first sixteen 


v 


cyclotomic polynomials are given below: £ 
óQ)-x-1 z 
pa) 2x1 pb 
p(x) 2x? xl E 
gax) 2x? +1 


$s(x) —x^ vx 4x7 43x41 
pax) =x°-x+1 
$1 (x) sey). ag ag? dg oa d 
pax) 2 x* 41 
$o(x) 2 x8 +x? 1 
pox) 2x* =x? x?— x 1 
$u(x) = x! x? p x8 4-.-4e41 
$i2(x) 2 x* - x? +1 
$13) 2 xP +x! ox p. txt] 
dui) = xf — xf + xt- x? ee ae 
$15(X) = x8 — x! 4x9 = xt x — x41 
iex) = x8 +1 

The following properties of cyclotomic polynomials are well known: 


1) If q > 1 is an odd integer, then $2, (x) = $4 (—x). 
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2) If n > 1, then 


én (1) = p. whenn is a power of a prime p, 
n x 


1, otherwise. 


The next problem extends the trigonometric identity in Problem 4.b). 


Problem 5. The following identities hold: 
kr 1 


a) I] sin — whenever n is not a power of a prime; 


1<k<n-1 200 
ged(k,n)=1 
e(n) 
kr (-l 2 Pats 
b) — = ———., for all odd positive integers n. 
A 29(n) 
1<k<n-1 
ged(k,n)=1 


Solution. a) As we have seen in Problem 4.b), 


k . kr ( . km . kr 2 kr kr .. k 
]— £2, = 2sin sin i cos = — sin cos + i sin — 
n n n, i n n n 
Re 
We have e 
| 
E 2. kx kn 
1=¢,(1) = I] (1— ek) = &§ sin (cos +isin ) 
1<k<n-1 1<k= n—-1 L n n n 
ged(k,n)=1 gedtd,n)=1 
29) kr B n n 
— I] sin — cos ol PEE non) 
i E n 
br mr 
29) kx on) 
= on I] sin Fa (-1 2 $ 
(—1) 2 I<k<n-1 


gcd(k,n)—1 


where we have used the fact that o (n) is even, and also the well-known relation 


1 
k = =ng(n). 
gcd(k,n)=1 
The conclusion follows. 
b) We have 
2k 2k k k k 
1+ ef = 1+ cos LZ + i sin £Z = 2 cos? — 4+ 2i sin — cos ~~ 
n n n n n 


kr kr z ka 
= 2cos — [cos — + isin— |, k=0,l,...,n—1. 
n n n 
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Because n is odd, from the relation $5,(x) = $4(—1) it follows that $,(—1) = 
$o4 (1) = 1. Then 


1-écD- [[ a- [[ ase» 


1xkzxn-1l 1<k<n-1 
ged(k,n)=1 gcd(k,n)—1 
dr) kr kr |... kn 
= (-1) I] 2 cos — | cos — + i sin — 
1<k<n-1 n B n 
ged(k,n)=1 


1<k<n—-1 2 2 


gcd(k,n)=1 


k 
= (ry I] cos =- (cos am +isin ew) 
n 


in) kr 
—(—1)23 290 | | cos —, 
1<k<n-1 n 

ged(k,n)=1 


yielding the desired identity. 


books 


2.2.3 Binomial equations 


| 
A binomial equation is an equation of the-form Z” + a = 0, where a € C* and n > 2 
is an integer. B 


/n 


Solving for Z means finding the n™ roots of the complex number —a. This is in fact 
a simple polynomial equation of degree newith complex coefficients. From the well- 
known fundamental theorem of algebra it follows that it has exactly n complex roots, 
and it is obvious that the roots are distinct. 

Example. 1) Let us find the roots of Z? + 8 = 0. 


We have —8 = 8(cosz + i sin 7), so the roots are 
2k 2k 
z =2(cos 5 ij isnt -). k € (0,1,2). 


2) Let us solve the equation Z6— Z73(1+i)+i=0. 
Observe that the equation is equivalent to 


(Z? -1)\(Z?-i)=0. 


Solving for Z the binomial equations Z? — 1 = 0 and Z? — i = 0, we obtain the 


solutions 
2km . . 2km 
Ek = COS 3 -Fisin 3 for k € (0, 1, 2} 


and 


VIA TX 
— + 2kr — + 2kr 
Z, = cos 2— +isin 2 g— fork e {0,1,2}. 
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2.2.4 Problems 


1. Find the square roots of the following complex numbers: 
1 i 
az=l+i; b)z=i; c)z= —= + —=; 
V2 42 
d) z= —2(1 +iv3);, e)z=7—24i. 
. Find the cube roots of the following complex numbers: 


a)z = —i; b)z—-275 c)z-2-2i 


d) ME 
ind ee 


N 


3 
Ex e)z = 18 + 26i. 
. Find the fourth roots of the following complex numbers: 
a)z=2-iV12; b)z=V3+4+i; c)z-i; 
d)z = —2i; e)z=—74+ 24i. 


w 


4. Find the fifth, sixth, seventh, eighth, and twefth roots of the complex numbers given 
above. 


5. Let Un = (69, £1, E2, ..., En—1}. Prove that: 
a) £j -ek € Un, forall j,k € {0, 1,...,8 — 1}; 
b) £;! € Un, for all j € {0, 1, ...,n — 


Go 


N 


. Solve the equations: 
a)z>—125=0; b)zł+ 16 = 0; 
c) z? +64i =0; d)i-27-0. 


ram.me/math-b 


- 


. Solve the equations: 
a) 
a) z’ — 2izf — iz? —2=0; b)2°4+B3+i-1=0; 
c) (2 — 3i)zf +1 +5i=0; d)z!? +(-2+ D2 — 2i = 0. 


. Solve the equation 


o 
e 


e 


z*-5(z— (-z-1. 
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Complex Numbers and Geometry 


1 books 


3.1 Some Simple Geometric Notions and Properties 
3.1.1 The distance between two points 


Suppose that the complex numbers z1 and have the geometric images M; and M». 
oD 
Then the distance between the points Mj ánd M» is given by 


MM» = |zı — zl. 
The distance function d : C x C — [0, oo) is defined by 


d(zi, 22) = |z1 — zal. 
and it satisfies the following properties: 
a) (positiveness and nondegeneration): 
d(Z1, z2) = 0 for all z1, z2 € C; 
d(zi, z2) = 0 if and only if z1 = z2. 
b) (symmetry): 
d(Z1, 22) = d (22, z1) for all z1, z2 € C. 


c) (triangle inequality): 


d(zi, 22) € d(z1, za) + d(z3, z2) for all z1, z2, z3 € C. 
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To justify c) let us observe that 


|z1 — zal = I(z1 — 23) + (z3 — z2)| < |z1 — 23) + |z3 — zal, 


from the modulus property. Equality holds if and only if there is a positive real number 
k such that 


z3 — z1 = k(z2 — 23). 


3.1.2 Segments, rays and lines 


Let A and B be two distinct points with complex coordinates a and b. We say that the 
point M with complex coordinate z is between the points A and B if z Æ a, z + b and 
the following relation holds: 


la — z| + |z — b| = la — bj. 


We use the notation A — M — B. 

The set (AB) = (M : A — M — Bj iscalled the open segment determined by the 
points A and B. The set [AB] — (AB)U (A, B} represents the closed segment defined 
by the points A and B. 

Theorem 1. Suppose A(a) and B(b) 
ments are equivalent: 

1) M € (AB); 

2) there is a positive real number k such that z—a-k(b-—zy 

3) there is a real number t € (0, 1) such that z = (1 — t)a + tb, where z is the 
complex coordinate of M. 


b 


two distinct points. The following state- 


am.me/Ñath_ 


Proof. We first prove that 1) and 2) are equivalent. Indeed, we have M € (AB) if and 
only if |a — z| + |z — b| = |a — b|. That is, d (a, z) + d (z, b) = d (a, b), or equivalently 
there is a real k > O such that z — a = k(b — 2). 


t 
To prove that 2) < 3), sett = n € (0,1) ork = rper > 0. Then we have 


+1 
1 k 
z— a = k(b — z) if and only if z = ha" ea a Hep que 


we are done. 


The set (AB = {M| A— M— Bor A— B — M} is called the open ray with endpoint 
A that contains B. 


Theorem 2. Suppose A(a) and B(b) are two distinct points. The following state- 
ments are equivalent: 

1) M € (AB; 

2) there is a positive real number t such that z = (1 — t)a + tb, where z is the 


complex coordinate of M; 
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3) arg(z — a) = arg(b — a); 
z—a 

4) -— e R*, 

F vin 


Proof. It suffices to prove that 1) > 2) > 3) > 4) => 1). 
1) = 2). Since M € (AB we have A — M — B or A — B — M. There are numbers 
t, 1 € (0, 1) such that 


z= (l—t)a+tborb = (1 — Da + 1z. 
1 
In the first case we are done; for the second case set t = D hence 
z — tb — (t — l)a = (1— t)a + tb, 


as claimed. 
2) => 3) From z = (1 — f)a + tb, t > 0 we obtain 


A 


k 


po 


z—a = t(b> a), t » 0. 
| 
Hence E 
arg(z — a) 2 arg(b — a). 
3) => 4). The relation S 
28 
z—a D 
arg b = arg(z — a) — arg(b — a) + 2kz for some k € Z 
—a 
; : Z—a s z—a " 
implies arg b = 2kz,k € Z. Since arg b € [0, 27), it follows that k = 0 and 
arg : = = 0. Thus - 2 € R*, as desired. 


4) => 1). Lett = — e R*. Hence 
—a 


z—a-dt(b—a) -(1—t)a- tb, t>0. 


If t € (0, D, then M € (AB) C (AB. 


Ift = 1, then z = b and M = B c (AB. Finally, if t > 1 then, setting / = 
(0, 1), we have 


~| = 


b —iz- (0 — Da. 


It follows that A — B — M and M € (AB. 
The proof is now complete. 
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Theorem 3. Suppose A(a) and B(b) are two distinct points. The following state- 
ments are equivalent: 


1) M (z) lies on the line AB. 
Z—a 


ab EP 
3) There is a real number t such that z = (1 — t)a + tb. 
dj cm erem um 
b—a b-a 
z x 1 
5)!a a 1|=0. 
b b 1 


Proof. To obtain the equivalences 1) < 2) < 3) observe that for a point C such 
that C — A — B the line AB is the union (AB U {A} U (AC. Then apply Theorem 2. 
Next we prove the equivalences 2) << 4) & 5). 


Indeed, we have L— € R if and only if dei m (=). 
a MA 


b—a 


cae © n 
. £—a z—a . O|lz—a z-—a ! 
That is, == , OF, equivalently, — _ | =O, so we obtain that 
b-a b-—a &|b-a b-a 
2) is equivalent to 4). = 
Moreover, we have P 
z 
zz l S z—a z—a 0 
a āū l|-Oifandonlyif | a a. d|e9 
E oO pe 
b b 1 = b—a b—a 0 


The last relation is equivalent to 


z—a 


Z=% |o, 
b—a b-a 


so we obtain that 4) is equivalent to 5), and we are done. 


Problem 1. Let z1, z2, z3 be complex numbers such that |z1| = |z2| = |z3| = R and 
z2 Æ z3. Prove that 


1 
min |az? + (1 — a)z3 — zil = ——lzi — zal: |z1 — zal. 
acm 2R 


(Romanian Mathematical Olympiad — Final Round, 1984) 


Solution. Let z = az2 + (1 — a)z3, a € R and consider the points A1, A2, A3, A of 
complex coordinates z|, 22, 23, Z, respectively. From the hypothesis it follows that the 
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circumcenter of triangle A; A2A3 is the origin of the complex plane. Notice that point 


A lies on the line A2 A5, so A1A = |z — zı | is greater than or equal to the altitude A; B 
of the triangle A; A2A3. 


Aj 


Ag A3 


Figure 3.1. 
It suffices to prove that E 
5 
1 el 1 
ALB = sa la — zalla = z3| = 254142: A143. 


S 2R 
Indeed, since R is the circumradius of the triangle A ,A2A3, we have 


21/8 : Aaa: A3A1 
Ab B 2area[ A1 A2 A3] u E] AR E A142 . A3A| 


A343 © A2Å3 2R 


as claimed. 


3.1.3 Dividing a segment into a given ratio 


Consider two distinct points A(a) and B(b). A point M (z) on the line AB divides the 
segments AB into the ratio k € R \ {1} if the following vectorial relation holds: 


MÀ =k- MB. 
In terms of complex numbers this relation can be written as 
a—z = k(b — z) or (1 — k)z = a — kb. 


Hence, we obtain 
| a-—kb 
z= A 
Observe that for k < 0 the point M lies on the line segment joining the points A and 


B.Ifk € (0, 1), then M € (AB \ [AB]. Finally, if k > 1, then M € (BA \ [AB]. 
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As a consequence, note that for k = —1 we obtain that the coordinate of the mid- 


; P a+b 
point of segment [A B] is given by zy = 


Example. Let A(a), B(b), C(c) be noncollinear points in the complex plane. Then 
the midpoint M of segment [AB] has the complex coordinate zy = are The cen- 
troid G of triangle ABC divides the median [CM] into 2 : 1 internally, hence its 
complex coordinate is given by k = —2, i.e., 
c+2zmM at+b+c 

DRY cup 


ZG = 


3.1.4 Measure of an angle 


Recall that a triangle is oriented if an ordering of its vertices is specified. It is posi- 
tively or directly oriented if the vertices are oriented counterclockwise. Otherwise, we 
say that the triangle is negatively oriented. Consider two distinct points Mı (z1) and 
M»(z2), other than the origin of a complex plane. The angle M10 Mb is oriented if the 
points M, and M» are ordered Sonnenlay wisg (Fig. 3.2 below). 


Proposition. The K of the directly oriented angle 


Mi 1,OM> equals arg = — E 
Proof. We consider He following two cáses. 

[5 

A S 

y M, & 

5b 

E 

g 


Mi 


Figure 3.2. 


a) If the triangle M; O M» is negatively oriented (Fig. 3.2), then 
M\OM> = xOM> — xOM, = arg z2 — arg zı = arg m 
£l 
b) If the triangle M; O M» is positively oriented (Fig. 3.3), then 


MOM = 27 — MOM; = 27 ag. 
Z1 
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since the triangle M» O M, is negatively oriented. Thus 


MOM = 2x — arg a 27 (m arg 2) = arg = 
£2 Z1 Z1 


as claimed. 


Mi 
M, 


^j 
Kl 


S 


@oks 


Figure 3.3. 


[z 


nath b 


Remark. The result also holds if the points O, Mi, Mo are collinear. 
Examples. a) Suppose that zı = 1 +i and z2 = —1 + i. Then (see Fig. 3.4) 


a _-i+i_ (EIEDQ-D |. 
z è i144 8 2 d 


So 


—— 2T ——— . 3x 
MjOM» = argi = 2 and M50 M, = arg(—i) = DE 


M,(-1 +i) M,(1+i 


ay f 


Figure 3.4. 
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A 


* M, (i) 


ALY 


WEITE 


Figure 3.5. 


1 
b) Suppose that zı = i and z2 = 1. Then = = — = —i, so (see Fig. 3.5) 
Z1 i 


—T—— i 3x —T—— . T 
Mı0M = arg(—i) = 5 and M20 M, = arg(i) = PE 


Theorem. Consider three distinct points Mı (z1), Mo(z2) and M3(z3). 
Z3 — Z1 


. Lem 
The measure of the oriented angle Mz Mı M3 is arg ; 
N Z2 — Z1 


4 . . 

Proof. The translation with the vector =Z1 maps the points Mı, M2, M3 into the 
points O, M5, M}, with complex coordinates O, z2 — z1, z3 — Z1. Moreover, we have 
MM; M3 = M50 M}. By the previous result, we obtain 

= 
oO 


22 E a z3-—z 
MOM; = arg 2— 


z20—2 


: In 
as claimed. 2 
oO 


Example. Suppose that zı = 4 + 3i, z2 = 4 4- 7i, z3 = 8 + 7i. Then 


zoži O 4i i—i) Is 


3-2 4+4 2 s 
SO 
M3MiM Rd 
= ar = — 
3 Mı Ma g 2 4 
and 


= 2 : Tr 
MM, M3 = arg Iri = arg(1— i) = Eu 


Remark. Using polar representation, from the above result we have 
Z3 — Z1 E £3 — Z1 
cos | arg +z sin {| arg ) 
£o — Z2 = Z1 


(cos MoM, Ms +isin M3 MM3). 


Z3 — Z1 


Z3 — Z1 


£2 — Zi Z2 — Z1 


Z3 — 21 


Z2 — Zl 
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3.1.5 Angle between two lines 


Consider four distinct points M; (zi), i € (1, 2, 3, 4). The measure of the angle deter- 


23 — 2] 24 — 22 : 
3 . The proof is 


mined by the lines Mı M3 and M5 M, equals arg 
. . . . .544— Z2 ! Z3 — Z1 
obtained following the same ideas as in the previous subsection. 


3.1.6 Rotation of a point 


Consider an angle o and the complex number given by 
€ = cosa + ising. 


Let z = r (cos t + i sin t) be a complex number and M its geometric image. 
Form the product ze = r(cos(t + o) + i sin(t + @)) and let us observe that |ze| = r 
and 


arg(ze) = arg z + a. 


It follows that the geometric image M' of ze is the rotation of M with respect to the 
wd 


origin by the angle a. = 
“i 
$y 
M'(ze) 
M(z) 
O i 


Figure 3.6. 


Now we have all the ingredients to establish the following result: 


Proposition. Suppose that the point C is the rotation of B with respect to A by the 
angle a. 
If a, b, c are the coordinates of the points A, B, C, respectively, then 


c =a + (b — a)e, where € = cosa + i sina. 


Proof. 'The translation with vector —a maps the points A, B, C into the points 
O, B', C', with complex coordinates O, b — a, c — a, respectively (see Fig. 3.7). The 
point C’ is the image of B’ under rotation about the origin through the angle o, so 


c—a = (b —a)e,orc = a + (b — a)e, as desired. 
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Figure 3.7. 


We will call the formula in the above proposition the rotation formula. 
Problem 1. Let ABCD and BNM K be two nonoverlapping squares and let E be the 
midpoint of AN. If point F is the foot ofthe perpendicular from B to the line CK, 


prove that points E, F, B are collinear. 


ath 


Solution. Consider the complex plane With origin at F and the axis CK and FB, 
where F B is the imaginary axis. g 
Let c, k, bi be the complex coordinate& of points C, K, B with c, k, b € R. The 


rotation with center B through the angle 9 = = maps point C to A, so A has the 


n 


complex coordinate a = b(1— i) + ci. Similarly, point N is obtained by rotating point 
TL 
K around B through the angle 0 — 73 and its complex coordinate is 


n 2 b( 4 i) —ki. 


The midpoint E of segment AN has the complex coordinate 


a+n pac 
— l, 
2 2 


e= 


so E lies on the line F B, as desired. 

Problem 2. On the sides AB, BC, CD, DA of quadrilateral ABC D, and exterior 
to the quadrilateral, we construct squares of centers O1, O2, Os, O4, respectively. 
Prove that 

0103 L 0204 and 0103 = 0204. 


Solution. Let ABM M', BCNN', CDP P' and DAQ Q' be the constructed squares 
with centers O1, O», O5, O4, respectively. 
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Denote by a lowercase letter the coordinate of each of the points denoted by an 
uppercase letter, i.e., o; is the coordinate of Oj, etc. 
T 
Point M is obtained from point A by a rotation about B through the angle 0 — y 


hence m = b + (a — b)i. Likewise, 
n=c+(b-c)i, p=d+(c—d)i and q =a + (d — a)i. 


It follows that 
a+m a+b+(a-—b)i b+c+(b-o)i 
02 = ————É————, 


0, = = : 


2 2 2 
c - d 4 (c — d)i d 4- a 4 (d — a)i 
= ——————— ——— and o4 = ——————————. 
2 2 
Then . 
03 — 01 c+d—a—b+i(ec—d—a+b) | ciR* 
— = -—I I , 
04—02  a-ctd—b-—c-di(ld—a-—b-4c) 
so O; 03 L 0204. Moreover, E 
MEC. £|- il =l; 
04 — 02| = 
hence O1 O5 = 0204, as desired. Ë 
o 


Problem 3. In the exterior of the triangle-A BC we construct triangles ABR, BCP, 
and C AQ such that S 
m(PBC) = m(CAQ) = 45°, 
[5] 
m(BC P) = m(QCA) = 30°, 


and 
m(ABR) = m(RAB) = 15°. 


K 


A E N 
Figure 3.8. 
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M' M 
Figure 3.9. 


Prove that 


m(QRP) = 90%and RQ = RP. 


ath b 


3 


Solution. Consider the complex plane with origin at point R and let M be the foot 
O 
of the perpendicular from P to the line BE. 


E 
4A 5 2 
R 
B C 
P 
Figure 3.10. 


Denote by a lowercase letter the coordinate of a point denoted by an uppercase letter. 


MC 
From M P = MB and MP = A/3 it follows that 


PM as ana e =iV3, 
b—m p-m 
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hence 
c 4- 3b b—c. 


p — + L. 
"uds Taya 


ct v3 a—c. 
= i. 
I3. 3 


Point B is obtained from point A by a rotation about R through an angle 0 = 150°, 


J/3. 1, 
is) 


Simple algebraic manipulations show that E i € iR*, hence QR L PR. Moreover, 


Likewise, 


So 


q 
|p| = lig| = |ql, so RP = RQ and we are done. 


3.2 Conditions for Collinearity, Orthogonality and 
Concyclicity 


ooks 


Eb 


In this section we consider four distinct points M; (zi), i € (1, 2, 3, 4}. 


th 


Proposition 1. The points Mi, M», M3 are collinear if and only if 


3-4 € R*. 
z2— i: 
Proof. The collinearity E the points M 1, Mo, M3 is ee to MM, M3 € 
(0, x}. It follows that ag —À € € (6, 7T) or equivalently < t € R*, as 
claimed. TS lis 


Proposition 2. The lines Mj M» and M3 Mz are orthogonal if and only if 
as € iR*. 
Z3 — Z4 


3 
Proof. We have Mj M> 1 MaMa if and only if (Mi M», M3M4) € Iz >|. This 


e x 3x — 
is equivalent to arg ii ; . We obtain ee € iR*. 
Z3 — Z4 2 2 Z3 — Z4 
Remark. Suppose that M) = M4. Then Mı M L M3M)z if and only if e € 
2325 


iR*. 
Examples. 1) Consider the points Mı (2— i), Mo(—14-2i), M3(—2— i), Ma4(14-2i). 

Simple algebraic manipulation shows that 
aco 


= i, hence Mı Mz L M3 M4. 
Z3 — £4 
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2) Consider the points M1(2 — i), Mo(—1 + 2i), M3(1 + 2i), Ma(—2 — i). Then we 


"A — 
17772 L Li hence Mı M L M3M4. 
£3 — Z4 
Problem 1. Let z1, z2, z3 be the coordinates of vertices A, B, C of a triangle. If w1 = 


have 


Z1 — Z2 and w? = za — Z1, prove that A = 90° if and only if Re(w, - W2) = 0. 


Solution. We have A = 90° if and only if ea R, which is equivalent to 
23— Zl 
zs. € IR, i.e., Re (=) = 0. The last relation is equivalent to Re E =) = 
—w2 —w2 —|w2| 


0, i.e., Re(w, - w2) = 0, as desired. 
Proposition 3. The distinct points Mi(zi1), M2(z2), M3(z3), Ma(z4) are concyclic 
or collinear if and only if 


21343 4384 


k= R*. 


Z| —Z2 Z|— Z4 
Proof. Assume that the points are collinear. We can arrange four points on a circle in 
(4 — 1)! = 3! = 6 different ways. Consider the case when Mi, M2, M3, M4 are given 
in this order. Then M1, M5, M3, M4 are concyclic if and only if 


© 
Mı MM3 + MıM4M3 € (37, 7}. 
That is, E 
arg ane + arg! 2 (37, 7} 
Z1 — 22 £3 — 24 
We obtain E 
arg =e arg = (37, m}, 
Z1— 22 seg — z4 
i.e., k < 0. 


For any other arrangements of the four points the proof is similar. Note that k > 0 


in three cases and k < O in the other three. 


The number k is called the cross ratio of the four points Mi(z1), M2(z2), M3(z3) 
and M4(za). 
Remarks. 1) The points Mi, M2, M3, Ma are collinear if and only if 
Z3 — Z2 


Z3 — Z4 
€ R* and 
z1— 22 Z1 — 24 


€ R*. 


2) The points Mı, M2, M3, M4 are concyclic if and only if 


Z3 — 22 Z3 — Z4 
k= 


R*, but 4— 2 ¢ Rand 2 


: + ZR. 
Zi — £2 Z1 — Z4 £1 — £2 Z1 — Z4 


Examples. 1) The geometric images of the complex numbers 1, i, —1, —i are con- 
—j-i -1+i 


DEAS Indeed, we have the cross ratio k — i-i : i = —] e R* and clearly 
—i i 
—1- -l1 +i 
R and R 
1— -g 1+i 
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2) The points Mi (2 — i), Mo (3 — 2i), M3(—1 + 2i) and M4(—2 + 3i) are collinear. 


—4+4i 1— —4+4 
nadie es eR a aa ene 
-l+i 4-4i -1+i 
Problem 2. Find all complex numbers z such that the points of complex coordinates 


z, 27, 2°, 24 — in this order — are the vertices of a cyclic quadrilateral. 


Solution. If the points of complex coordinates z, z, z, z^ — in this order — are the 
vertices of a cyclic quadrilateral, then 
z2 -z . z2 eg 


* 
24 7 ER. 


I= KRK 


It follows that 
1 2 1 
20$ LN de ei (e+ ) R*. 
Z Z 


We obtain z + i ER, iez + 1 =z7+ i Hence (z — 2 (|z|? — 1) = 0, hence z e R 
or |z| = 1. v 


S 


3 4 


If z € R, then the points of complex coordinates z, z2, z?, z^ are collinear, hence it 
| 


is left to consider the case |z| — 1. 


Let f = argz € [0,27z). We prov 


ath tok 


/ 


that the points of complex coordinates 
2 3 qe 7 e ee Š 20 An 
z, z^, Z°, Z lie in this order on the unit circle if and only if t 0, 3 U 3" 2z |. 
Indeed, S 
a) Ift € (o. 5) then 0 < t < 2t <3t@ At < 27 or 
oO 


grar 


0 < argz < argz? < arg z? < argz? < 2. 
-T 20 
b) Ift e 2' 3 , then O < 4t — 2m < t < 2t < 3t < 2z or 
0 < argz^ < argz < argz? < argz? < 27. 
2x 
c)lIfte ERU , then O < 3t — 2z < t < At — 2z « 2t < 2x or 


0 < argz? < argz < argz^ < arg z’. 


In the same manner we can analyze the case t € [z, 27). 


To conclude, the complex numbers satisfying the desired property are 


"E ] 20 4r 
z = cost + i sinżź, witht 0, 3 U EDU 3 
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3.3 Similar Triangles 


Consider six points Aı (a1), A2(a2), A3(a3), B1(b1), B2(b2), B3(b3) in the complex 
plane. We say that the triangles A; A2 A35 and B, B5 B5 are similar if the angle at Ax is 
equal to the angle at By, k € (1, 2, 3). 


Proposition 1. The triangles A} A2A3 and B, B» Bs are similar, having the same 


orientation, if and only if 
ar—a, by—bi 


= . 1 
a3 — a, b3 — bı a) 
f ., A142 Bı B2 
Proof. We have AA1A42A43 ^ ABıB2B3 if and only if = and 
A143 Bı B3 
ea n = b, —b = 
A3A,A2 = B3B, B». This is equivalent to jar = a| = |b2 d Bo = 
ja} — a|  |b3 — bil a3 — a] 


2—4,  b2—bı 


b a 
. We obtain = . 
b3 — bı a3 — ad] b3 — by 


Remarks. 1) The condition (1) is equivalent to 


A 


e 
— 
— 


W 
Il 
e 


ST" S 
[^] 


bi 


> 
N 


S 

Es] 

N 
3e/math bool 


2) The triangles A1(0), A2(1), A3 Qi) and Bı (0), Bo(—i), B3(—2) are similar, but 
opposite oriented. In this case the condition, (1) is not satisfied. Indeed, 
O 


m-a 1-0 1ĒĮb-b_ -i-0 i 


A= à 2—0 2” Bp -2-0 X 


Proposition 2. The triangles A1 A2A3 and Bı B2B3 are similar, having opposite 
orientation, if and only if 
a-a by — by 


a3 — a} i b3 — bi 
Proof. Reflection across the x-axis maps the points Bj, B2, B3 into the points 


Mi(b1), Mo(b2), M3(b3). The triangles Bı B5 B3 and Mı M5 M3 are similar and have 
opposite orientation, hence triangles Aj A2A3 and Mı M» M3 are similar with the same 


orientation. The conclusion follows from the previous proposition. 


Problem 1. On sides AB, BC, CA ofatriangle ABC we draw similar triangles ADB, 
BEC, CFA, having the same orientation. Prove that triangles ABC and DEF have 
the same centroid. 

Solution. Denote by a lowercase letter the coordinate of a point denoted by an up- 


percase letter. 
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Triangles ADB, BEC, CFA are similar with the same orientation, hence 


d-a geb ft. 
b—a c—b a—c 


and consequently 
d=a+(b-a)z, e=b+(c—b)z, f=ct+(a-c)z. 
Then 
dt+e+f atbte 
3-79 "' 
so triangles ABC and DEF have the same centroid. 


Problem 2. Let M, N, P be the midpoints of sides AB, BC, CA of triangle ABC. 
On the perpendicular bisectors of segments [AB], [BC], [CA] points C', A', B' are 


chosen inside the triangle such that 


MC' NA PB’ 


AB BC | CA 
Prove that ABC and A' B'C' have the same centroid. 


Solution. Note that from 


AB CA 


E 

a 
ing matl 

"v 

€ 


it follows that tan(C' AB) = tan(A BC) —tan(B/CA). Hence triangles AC'B, BA'C, 
C B' A are similar and we can proceed as ifthe previous problem. 
Problem 3. Let ABO be an equilateral triangle with center S and let A' B'O be an- 
other equilateral triangle with the same orientation and S # A', S # B'. Consider M 
and N the midpoints of the segments A' B and AB'. 
Prove that triangles SB'M and SA'N are similar. 
(30^ IMO — Shortlist) 


Solution. Let R be the circumradius of the triangle ABO and let 


I a . 2x 
€ = cos — +i sin —. 
3 3 


Consider the complex plane with origin at point S such that point O lies on the positive 
real axis. Then the coordinates of points O, A, B are R, Re, Re?, respectively. 
Let R + z be the coordinate of point B’, so R — ze is the coordinate of point A’. It 
follows that the midpoints M, N have the coordinates 
L ZB HZA Re? + R — ze R(e* + 1) — ze 


KNEE MS 2 E 2 
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À 


2 2 
and 
cy Ata SReBRREÉE RG*D*: Ee’ tz 
MM. NN 2 e 2 — 
RZ 
EN CE Roz 
2 g -2e ` 
Now we have S 


ZB’ — ZS 5b ZA! — ZS 


if and only if 
R+z — K-ze 


The last relation is equivalent to € - € = 1, ie. |e|? = 1. Hence the triangles $B/M 


and SA'N are similar, with opposite orientation. 


3.4 Equilateral Triangles 


Proposition 1. Suppose z1, z2, z3 are the coordinates of the vertices of the triangle 
A1424A3. The following statements are equivalent: 
a) A142A3 is an equilateral triangle; 
b) |zi — za| = |z2 — zal = |z3 — zıl; 
c) ep + Z3 + Z3 = 2122 + Z223 + Z321; 
JTT, 
Z3 — £2 £z] — 22 
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1 1 1 

€) + + = 0, where Z= zitz tz, 
Z=% 2-22 z—23 3 
2 2 2x .. 20 

f) (z1 + €22 + &^za)(z1 + &^za + €23) = 0, where € = cos ES +isin EE 

1 1 1 
giz z2 z3 |=0. 

Z2 Z3 Zl 


Proof. The triangle A; A243 is equilateral if and only if A;A2A3 is similar with 


same orientation with A2A3A1, or 


1 1 1 
Zz Z2 z3 | =0, 
Z2 Z3 ZI 
thus a) & g). 
Computing the determinant we obtain 

11 1 42 
Q 
0—|z zz |S 

| 
22 23 Zi |8 


e 


1 


= 2122 + 2023 + z% — (z1 + z3 + z3) 


= —(z1 + ez2 + %23) (Z1 + £72 623), 


ora 


hence g) & c) e f). eb 
Simple algebraic manipulation shows that d) = c). Since a) < b) is obvious, we 
leave for the reader to prove that a) < e). 


The next results bring some refinements to this issue. 


e 


Proposition 2. Let z1, z2, z3 be the coordinates of the vertices A,, A», Aa of a pos- 
itively oriented triangle. The following statements are equivalent. 
a) A142A3 is an equilateral triangle; 
T 


T Ww 
b) za — z1 = €(Z2 — z1), where £ = cos 3 +isin 3° 


5 5 
C) Z2 — Z1 = €(z3 — 21), where £ = cos PE +isin i 
2 2m  .. 2x 
d) zı +€z2 + &^za = 0, Where E= ED PES. 
Proof. A1 A2 A3 is equilateral and positively oriented if and only if A3 is obtained 


from A» by rotation about A, through an angle of z That is, 


T 2. m 
23 = 21 + (cos > +isin =) (22 — 21), 


hence a) & b). 
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4 


A2 


A1 


Figure 3.12. 


5 
The rotation about A; through an angle of = maps A3 into A». Similar considera- 
tions show that a) & c). 
To prove that b) < d), observe that b) is equivalent to 


; MES E afl V3 1 v3 
b’) z3 = z+ RA @=<) =] il zı + ai z2. Hence 


e/mat 


Z1 +62 +6723 =Z + (- 


Nile 
mm 
IS 
— 
N 
© 
+ 
| 
NI =| 
| 
WS 
x 
N 
o 


Il 
5 
+ 
l 
ntetegram- 
+ 
— 
N 
N 


ae 


1 X3 1 V3 ME 
T 5 5 ; 5 Zit atta |2 


orb) e d). 


Proposition 3. Let z1, z2, z3 be the coordinates of the vertices A1, A2, As of a neg- 
atively oriented triangle. 

The following statements are equivalent: 

a) A142A3 is an equilateral triangle; 


5m  .. 5m 
b) z3 — z1 = €(22 — z1), where £ = cos = +isin Ex 


To .mn 
€) Z2 — z1 = €(za — z1), where £ = cos 5 +isin 3 


20 20 
d) zy +822 + £z3 = 0, where & = cos z + isin F 
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Proof. Equilateral triangle A; A2 A3 is negatively oriented if and only if Aj; A3A2 is a 
positively oriented equilateral triangle. The rest follows from the previous proposition. 


Proposition 4. Let z1, z2, z3 be the coordinates of the vertices of equilateral triangle 
A,A2A3. Consider the statements: 
1) A, A2A3 is an equilateral triangle; 


2)z1:22— 272: 23 = Z3^ ZF 
3) zt = z2:z3 and z% = Z1 ` z3. 
Then 2) = 1),3) => I) and2) & 3). 


Proof. 2) — 1). Taking the modulus of the terms in the given relation we obtain 


3| = |z3l + zil, 


NI 


Izil- [Za] = |z2lļ - 


or equivalently 


Izil - la] = |zal - Iz3| = Iz3l - zal. 


This implies nd 
[s 
[e] 
r = [zl =ļ|z2| = zs 
E =. 
and E 
» FF. «Br «4. rP 
a= > 2278 —, WH. 
zu 22 23 
Returning to the given relation we have= 
[ss] 
Z1 Z» z3 
md NE 
722 B a 


or 
2 2 2 
ZÍ = 2223, 225 = 2321, 23 = Z122. 
Summing up these relations yields 


2 2 2 
Z1 + 29 + 23 = 2122 + 2223 + 2321, 


so triangle A; A2 A3 is equilateral. 
Observe that we have also proved that 2) = 3) and that the arguments are re- 


versible; hence 2) <> 3). As a consequence, 3) = 1) and we are done. 


Problem 1. Let z1, z2, z3 be nonzero complex coordinates of the vertices of the triangle 
A1424Aa3. If zi = 2223 and z3 = 2123, show that triangle A, A2 A3 is equilateral. 


Solution. Multiplying the relations ra = 2273 and %5 = z1z3 yields B =z 12223, 
and consequently z1z2 = B Thus 


zi + z F zi = 2122 + 2223 + Z371, 


so triangle A1 A2A3 is equilateral, by Proposition 1 in this section. 
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Problem 2. Let z1, 22, z3 be the coordinates of the vertices of triangle A, A2A3. If 
izil = [zal = |z3| and zı + zo + z3 = 0, prove that triangle A, A2 A3 is equilateral. 


Solution. The following identity holds for any complex numbers zı and z2 (see 
Problem 1 in Subsection 1.1.7): 


lzi = zal? + lai + zal = 2a + |z21). (1) 
From zı + zo + z3 = 0 it follows that z1 + z2 = —z3, so |z1 + Z2| = |z3|. Using 
the relations |zi| = |z2| = |z3| and (1) we get |zi — zal? = 3]z;|*. Analogously, we 


find the relations |z2 — z3|? = 3|zil? and |z3 — z1|* = 3|zil?. Therefore |z; — z2| = 
|z2 — z3| = |z3 — zıl, i.e., triangle A; A243 is equilateral. 
1 


1 1 
Alternative solution 1. If we pass to conjugates, then we obtain — + — + — =0. 
zl z2 z3 


Combining this with the hypothesis yields zi + 25 + 24 = 2122 + 2273 + 2321 = 0, 
from which the desired conclusion follows by Proposition 1. 


Alternative solution 2. Taking into acéount the hypotheses |zı| = |z2| = |z3| it 
follows that we can consider the complex plane with its origin at the circumcenter of 
triangle Aj A2A3. Then, the coordinate of orthocenter H is zy = z1 + z2 + z3 = 0 = 
zo. Hence H — O, and triangle A1A2A5 ds equilateral. 

Problem 3. In the exterior of triangle-ABC three positively oriented equilateral 
triangles AC' B, BA'C and C B'A are cofistructed. Prove that the centroids of these 
triangles are the vertices of an equilateral-triangle. 

[5| 


= 


(Napoleon’s problem) 


Solution. 


Figure 3.13. 


Let a, b, c be the coordinates of vertices A, B, C, respectively. 
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Using Proposition 2, we have 
a-cce-cbs? 20, b-ca'e- ce? 20, co ls ac? — 0, (1) 


where a’, b’, c' are the coordinates of points A’, B’, C’. 
The centroids of triangles A'BC, AB'C, ABC' have the coordinates 


Hn 1 / dd 1 F 1 1 / 
a =e +b-+c), b Sere +c), c er io PER 
respectively. We have to check that c” + ae + be? = 0. Indeed, 


3(c" +a"e - be?) = (a -- b - c) + (a! +b + oe + (ath +c)e7 
= (b -- ale -- ce?) + (c + b'e +ae?)e + (a + c'e + be?)e? = 0. 


Problem 4. On the sides of the triangle ABC we draw three regular n-gons, external 


to the triangle. Find all values of n for which the centers of the n-gons are the vertices 


of an equilateral triangle. 


Bks 


Ikan Mathematical Olympiad 1990 — Shortlist) 


€ 


5 

Solution. Let Ao, Bo, Co be the centers of the regular n-gons constructed externally 
on the sides BC, CA, AB, respectively. E: 
Bo 


ram.me/ma 


Co 


deg 
e 


Ao 
Figure 3.14. 


n" 2 
The angles ACoB, B AoC, ABoC have the measures of a Let 
n 


2m .,. 2x 
€ = cos — +1 Sin — 
n n 
and denote by a, b, c, ao, bo, co the coordinates of the points A, B, C, Ao, Bo, Co, re- 


spectively. 
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Using the rotation formula, we obtain 
a — co + (b — coe; 


b = ag + (c — ag)e&; 
c = bg + (a — bo)e. 


Thus 
b—ce C— dé a — be 
a) = —— —, 0 = 

l—e 


1—-e' ^ l-e’ 
Triangle Ao BoC is equilateral if and only if 


ag + b? + G = agbo + boco + coao. 
Substituting the above values of ao, bo, co we obtain 


(b — ce)? + (c — ae)? + (a — bey? 


S 


A 


= (b — c&)(c — ae) + (c — aĝ (a — be) + (a — be)(c — ae). 


This is equivalent to 


ath. bal 


[s 


(L+ e+ EPa — b)? FE- 0)" + (c — a! — 0. 


2 . Wn 2x . 
It follows that 1 + € + £^ = 0, i.e., — "CE and we get n — 3. Therefore n — 3 is 


1 


Y 


[s 


M 


e 


the only value with the desired property. 


teleg 


3.5 Some Analytic Geometry in the Complex Plane 


3.5.1 Equation of a line 


Proposition 1. The equation of a line in the complex plane is 
a@-z+az+f=0, 


where a € C*, 8 € Randz=x+iyeC. 


Proof. The equation of a line in the cartesian plane is 
Ax t By - C 20, 


and 


where A, B, C € Rand A? + B? Æ 0. If we set z = x + iy, then x = p 


z—z 
= . Thus, 
TI 33 
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or equivalently 


(At Bi A — Bi 
Z 2 Tz +C=0. 


Leta = 


" 
L e C* and 8 = C ER. Then 


a@-z+az+f=0, 


as claimed. 


If a = a, then B = 0 and we have a vertical line. If a Z o, then we define the 


angular coefficient of the line as 


l. 


A ata a+ 


Proposition 2. Consider the lines dı and dz with equations 


æi -Z+ajez+ pi =0 


O 


and = 
a Z+ar=z+ fo =0, 
respectively. p 
Then the lines dı and d» are: = 
01 2 S 
1) parallel if and only if — = —; E 
a 02 o 
, „AlL QE 
2) perpendicular if and only if — + — = 0; 
02? a2 
a [7 
3) concurrent if and only if 2 z m 
a a 


Braap dy Weed isan oily On m eee CCP OLLI Ee 


o, —01 a2 — 2 ” 
= = Qi 2 
SO A201 = {a2 and we get — = —. 
a a2 
2) We have dı L d» if and only if mjmz = —1. That is, a2@ + 62025 = 0, or 
a Q2 
—+—=0. 
a a2 


3) The lines dı and d» are concurrent if and only if mı 4 m2. This condition yields 
Œl a2 


1 0 
The results for angular coefficient correspond to the properties of slope. 
The ratio mg = — 2 is called the complex angular coefficient of the line d of equa- 
a 
tion 


a@-zta-z+fp=0. 
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3.5.2 Equation of a line determined by two points 


Proposition. The equation of a line determined by the points P\(z1) and P2(z2) is 


zj Zz il 
z2 z% 1/=0. 
z z il 


Proof. The equation of a line determined by the points Pj (x1, y1) and P2(x2, y2) in 
the cartesian plane is 
xi yı 1 
x0 y 1/=0. 
x y» l1 


Using complex numbers we have 


Zp+ zi. Ziz 1 
2 2i 
z2- 22 ze m 1 leo 
2 di 
Z+Zz az 1 
2 2i 
if and only if : 
oD 
ztzi 2-7 1 
1 bE poe 
g 2t72 2-72 1)=0 
Laz z—z | 
That is, 
za zl 
z2 Zz 1|=0, 
z z 1 
as desired. 


Remarks. 1) The points Mi (zi), M2(z2), M3 (z3) are collinear if and only if 


z zl 
z z 1/=0. 
z3 Z3 ] 


2) The complex angular coefficient of a line determined by the points with coordi- 


nates zı and z» is 
| 22721 


m-—-m 
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Indeed, the equation is 


zi zZ l1 
z2 Z l |=0 e zizactzoz zzi — 222 — X1z — 2271 = 0 
3 z3 1 


& z(z2— 21) — z(za — Z1) + 2122 — zaz| = 0. 


Using the definition of the complex angular coefficient we obtain 


3.5.3 The area of a triangle 


Theorem. The area of triangle A; Az A3 whose vertices have coordinates z|, Z2, z3 is 


equal to the absolute value of the number 


IE 
q| 2 2 1. (1) 
£4 ms 1 


O 
Proof. Using cartesian coordinates, the: area of a triangle with vertices (xi, y1), 


(x2, y2), (xa, y3) is equal to the absolute value of the determinant 


1 xp yx 1 
A=- 1 
2 X2 y2 
X3 y3 l 
Since 
Zk + Zk Zk — Zk 
Xp = ; = , k=1,2,3 
k 2 Yk 2i 
we obtain 
atm z-zl "ES z l 
A=— Z 2-7 l|=-— z 1 
8 are Z= £25 Ji Z2 iu 
zad 23 23-7 l za z3 1 
TES z l1 
ZS z ll 
1| 2 2 
z3 Z3 1 


as claimed. 
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It is easy to see that for positively oriented triangle A1; A2A3 with vertices with 
coordinates z1, z2, 23 the following inequality holds: 


-lz z1'»9Q 


Corollary. The area of a directly oriented triangle A1A2A3 whose vertices have 
coordinates Z1, Z2, za ls 


1 
area[ A; A2A3] = 2 Im(zizo + zoza + zaz1). (2) 


Proof. The determinant in the above theorem is 


z zl BY, 
[e] 

z2 Z2 l |= (2172 + Z2Z8+ Z371 — Z273 — Z123 — Z271) 
€ | 
z3 z3 l T= 
[ss] 
g 
Ex 
= 


= [(ziz2 + 2273 + z3z E- (z1Z2 + 2273 + zax1)] 


elegra 


= 2i Im(z1Z2 + 2273 + 2321) = —2i Im(zi1zo + Z2z3 + zaz1). 


Replacing this value in (1), the desired formula follows. 


We will see that formula (2) can be extended to a convex directly oriented polygon 
A A2--- An (see Section 4.3). 


Problem 1. Consider the triangle A, A2 A3 and the points Mı, M», M3 situated on lines 
A2A3, A143, A145, respectively. Assume that Mı, M», M3 divide segments [A2A3], 
[A4341], [A142] into ratios X1, A2, 43, respectively. Then 


area[M, M2 M3] u 1 —A1A24A3 (3) 
area[AiA243] — (1 — A) (1 — A2)(1 — A3) 


Solution. The coordinates of the points M1, M», M3 are 
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Applying formula (2) we find that 


1 
area[ Mi Mo M3] = 2 Im(mim» + mama + mam) 


" 1 [2 — À1a3)(a3 — Àoai) | (43 — 22aj) (a1 — 23a2) 
2 (1 — Aj)(1 — A2) (1 — Az). — A3) 


(a1 — A3a2)(a2 — m 
(1 — A33) — A1) 


1 | ] — 412243 
= — Im 
2 (1 — Aj)(1 — à2)(1 — A3) 


(Gaz + a203 + a0) | 


1 — A1A2A3 
E area[ A1 A243]. 
(1 — A) — A2)(1 — A3) 


Remark. From formula (3) we derive the well-known theorem of Menelaus: The 
points Mı, M2, M3 are collinear if and only if à1à2à3 = l, ie., 
„5 
| 
MiA? MoAs MsAi _ 
MiAs MoAj M345 


le] 


Problem 2. Let a,b,c be the coordinates-of the vertices A, B, C of a triangle. It is 


known that |a| = |b| = |c| = 1 and tit there exists a € (o. z) such that a + 
b cosa +csina = 0. Prove that E 
14-42 


] « area[ABC] < z“ 


(Romanian Mathematical Olympiad — Final Round, 2003) 


Solution. Observe that 


1 = Ja? = |b cosa + c sina|? 
= (bcosa + csina)(bcosa + c sino) 


= |b]? cos? æ + Ic? sin? a + (bc + bc) sina cosa 


be +c 


=1+ cosa sina. 


It follows that b? + c? = 0, hence b = tic. Applying formula (2) we obtain 
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1 = 
area[ABC] = 5l Im(ab 4- bc 4- ca)| 


1 — = 
= 5 | tml bcosa —Csina)b+ bc — c(b cosa + csina)]| 


1 = 
E cosa — sina — bcsino — bc cosa + bc)| 


1 = 1 - 
= 5! Im[bc — (sina + coso)bc]| = 5l Im[(1 + sino + cos a)bc]| 
1 


= 1 
= jd + sino + cosa)| Im(bc)| = jd + sina + cos œ)| Im(cicc)| 


1 1 
= —(1+ sing + cosq@)|Im(+i)| = 3d + sina + cosa) 


E 


ZELLE = 5 (n sin (o 7)). 


4 
x zx 3 2 1 
Taking into account that — < œ + a < 2 we get that se < sin (a + Z) < land 
the conclusion follows. = 


3.5.4 Equation of a line determined by a point and a direction 


Proposition 1. Let d : az+a-z+ B = be a line and let Po(zo) be a point. The 
equation of a line parallel to d and passing through point Po is 
[5] 


~ o 
z — zo = ——(Z — zo). 
o 


Proof. Using cartesian coordinates, the line parallel to d and passing through point 
Po (xo, yo) has the equation 


Using complex numbers the equation takes the form 


z—z co <0 _ e+e z--z zo+zo 
2i 2i  a-a\ 2 2 ` 


This is equivalent to (a — @)(z — zo — Z + zo) = (œ + @)(z + Z — zo — Z0), or 


[94 
a(z — zo) = —@(Z — zo). We obtain z — zo = ——(z — zo). 
[94 


Proposition 2. Let d : az+a-z+ B = 0 bea line and let Po(zo) be a point. The line 


a 
passing through point Po and perpendicular to d has the equation z — zo = — (Z — zo). 
a 
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Proof. Using cartesian coordinates, the line passing through point Po and perpen- 
dicular to d has the equation 


loa ur ) 
= . X X 
y= y0 1 at 9 
Then we obtain 
z=% Z70720 _ a-a@/(z+Z zo+zo 
2i 2i ia te 2 2 ` 
That is, (o + @)(z — zo — Z + zo) = —(a — a)(z — zo + Z — zo) or 


(z — zo)(a -- à +a — a) = (z — zg)(-a +u or a 4- an). 


We obtain a(z — zo) = «(z — Zo) and z — zo = ZZ- Zo). 


3.5.5 The foot of a perpendicular from a point to a line 


Proposition. Let Po(zo) be a point and letd : oz + œz + B = 0 be a line. The foot of 
the perpendicular from Po to d has the coordinate 
fa) 


Aa 
| O20: zo — f 
B =2a 
: i : E» 
Proof. The point z is the solution of the system 
g 
@-Z+a-Z+B = 0, 
a(z — zo)-= a(z — zo). 


The first equation gives 


Substituting in the second equation yields 


az—azy = —az-— pB-—au-zp. 
Hence = 
_ azo — &Z0 — B 
2a , 
as claimed. 


3.5.6 Distance from a point to a line 


Proposition. The distance from a point Po(zo) to a line d : a@-Z7Z+a-z+f8 — 0, 


o € C* is equal to 


— lezo-d @- B+ f| 


D 
2Va-a 
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Proof. Using the previous result, we can write 


&œzo — Q - Zo — p 
2a 


D = 


_ |—@z0 — uzo — B 
E 2a 


. la-zotazot+ |  lazo+azo+ £l 


2|a| 2 / ord 
3.6 The Circle 


3.6.1 Equation of a circle 

Proposition. The equation of a circle in the complex plane is 
z-Zta-z+a-z7+6=0, 

where a € C and B € R. 


Proof. The equation of a circle in the cartesian plane is 
NA 


© 
x? + y? +mx& ny + p =0, 


23-2 E- 
m+n En 
m,n, p € R, p < ——— E 
_4 _ Er 
; ZZ LZ E 
Setting x — T and y — s te obtain 
! qd 
Zz ae Z 
3 = 
zl +m spn + p= 
i 2 wa» 
Or 
z4 man gel 0 
z-zcz Zz = 
2 2 
m — ni : : M 
Take o = € C and $ = p € R in the above equation and the claim is 
proved. 


Note that the radius of the circle is equal to 


m? m 


r= og P Vok: 
Then the equation is equivalent to 
(Fo) a) =r’. 


Setting 


3.6. The Circle 85 


the equation of the circle with center at y and radius r is 
c-y)-ycr. 


Problem. Let z1, zo, 23 be the coordinates of the vertices of triangle A, A2 A3. The 


coordinate zo of the circumcenter of triangle A, A2 A3 is 


1 1 1 
Z1 z2 Z3 
Izal? zl? Iz? 
zo = , (1) 
1 1 1 
Zi Z2 23 
Zi 72 Z3 


Solution. The equation of the line passing through P (zo) which is perpendicular to 


the line A; A» can be written in the form 


zz — 22) + (1 — 22) Seo — 22) + zo(a — 22). Q) 

Applying this formula for the midpoints ofthe sides [A2 A5], [A1 A3] and for the lines 
A2A3, A1 A3, we find the equations S 
E 


— cu £d B 2 2 
z(z2 — z3) + z(z2 —z3) = |zal^ — |z3| 


n 


= 


— eo eS e 2 2 
z(z3 — Z1) + z(za 1) = zal — qz. 


oD 


e 


By eliminating Z from these two equations; it follows that 


z[(z2 — 23) + (za — z1)(z2 — za)] 


= (z1 z3Xlzl? — Izsl?) + (2 — z3Xdzal? — Izil, 


hence 
1 1 1 1 1 1 
Z| Z 22 23 /= Z1 Z2 Z3 
z x oum la dz? Iz? 


and the desired formula follows. 


Remark. We can write this formula in the following equivalent form: 


2121 (z2 — za) + zoza(z3 — Z1) + zaza(z1 — z2) 
"E , (3) 
1 1 1 
Z Z2 Z3 


Zi 22 Z3 
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3.6.2 The power of a point with respect to a circle 

Proposition. Consider a point Po(zo) and a circle with equation 
z-zta-z+a-z7+fh=0, 


fora € C and B ER. 
The power of Po with respect to the circle is 


p (zo) = zo: Zo + azo + a - zo + B. 


Proof. Let O(—a) be the center of the circle. The power of Po with respect to the 
circle of radius r is defined by o(zo) = OP? — r°. [n this case we obtain 


p(zo) = OP - r= Izo tal? — r? = zo- Zo + azo + azo + e — ox + B 


= 29: Z0 + azo + @- zo + Ê, 


as claimed. g 
= 
Given two circles of equations e 
— 
| 
es 
z-Zctay-zt+a;-z7+6,;=0 and z-7+a2-72+07-7+ fo. = 0, 
m 


ie 
where a, 02 € C, fi, Bo € R, their radial axis is the locus of points having equal 
powers with respect to the circles. If P (z) s a point of this locus, then 


pan 
oD 


zozfcouzcoy zc Pi Ez: 7 +a +a: z+ fr, 
or equivalently (a; — a@2)z + (aj — a2)z + B1 — f» = 0, which is the equation of a 
line. 
3.6.3 Angle between two circles 
The angle between two circles with equations 
z-Z+a,-z7z+0,-7+ fi =0 
and 
z-Zta2-z2+02-Z7+P.=0, a,a.€C, Bi, 2ER, 


is the angle 0 determined by the tangents to the circles at a common point. 


Proposition. The following formula 


B1 + B2 — (oio + aon) 
2rir2 


cos = 


holds. 
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^ 
LT 
e 


Figu 


[sl 
a 
~~ 
(I 
= 
~ 
o 
a 
e 
m] 
a 


pu 


Proof. Let T be a common point and lét O1(—a1), O»(—a2) be the centers of the 
bD 


circles. : 
The angle 0 is equal to OT Os Ort — TO hence 


ele 


Ir? +r — 0103| 


cos@ = |cos ÕIT 02| = s 
rir 


_ loa — fi + ea — Bo — [o — aal 


2r\r2 


. |eiar +2072 — Bi — B2 — aja — o0 + aoo + a9] 
2rir2 


_ [Bi B2 — (eia + aro?) 
B 2rjra , 


as claimed. 


Note that the circles are orthogonal if and only if 


bi + Bo = a1a5 + aon. 
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Problem 1. Let a, b be real numbers such that |b| « 2a?. Prove that the set of points 
with coordinates z such that 
I2 —a?| = |2az + b| 


is the union of two orthogonal circles. 


Solution. The relation 
Iz — a?| = |2az + b| 


is equivalent to 
|z? — a?? = |2az + bl’, i.e., 


(22 — aD (Z —@) = (2az + b)Qaz + b). 
We can rewrite the last relation as 
Izl* — a?(z? -- z2) - a^ = 4a?|z|? + 2ab(z 4- z) +d’, ie., 


Izl — a? +2)? — lel? + ad = Ada? + 2ab( 4 2) +B. 


IS 


DOO 


Hence 


He 


| , 
lzl^ — 2a?|zP? -- a* = a? (z £7) + 2ab(z +z) +b’, i.e., 


(Iz? — a7)? faz +2) +d)’. 
It follows that = 


z-z— a? 2 a(z +72) +b of? -Z-a = —a(z +Z) — b. 


geram.r 


tel 


This is equivalent to 
(z —a)(z — a) = 2a? + bor (z - az 4- a) = 2a? — b. 


Finally 
lz — a|? = 2a? + b or |z + a? = 2a? — b. (1) 


Since |b| < 2a?, it follows that 2a? + b > 0 and 2a” — b 0. Hence the relations 
(1) are equivalent to 


Iz — a| = y 2a? + b or |z + a| = y 2a? — b. 


Therefore, the points with coordinates z that satisfy |z? — a?| = |2az + b| lie on 


two circles of centers Cy and C5, whose coordinates a and —a, and with radii Ry = 


4/2a? + b and R} = 4/2a? — b. Furthermore, 


C1C2 = 4a? = (V 2a? + b + (2a? — b = R2 + R2, 


hence the circles are orthogonal, as claimed. 


4 


More on Complex Numbers 
and Geometry 


books 


| 
4.1 The Real Product of Two Complex Numbers 


The concept of the scalar product of two Vectors is well known. In what follows we 
will introduce this concept for complex nümbers. We will see that in many situations 
use of this product simplifies the solution to the problem considerably. 


Let a and b be two complex numbers. — 


Definition. We call the real product of complex numbers a and b the number given 
by 


1 
a-b= 


= 5 (ab + ab). 


It is easy to see that 
— 1. & 
a-b= gab tab) = GP, 


hence a - b is areal number, which justifies the name of this product. 
The following properties are easy to verify. 


Proposition 1. For all complex numbers a, b, c, z the following relations hold: 
l)a-a = |a". 

2)a -b — b- a; (the real product is commutative). 

3) a- (b+c) =a-b+a-c; (the real product is distributive with respect to addition). 
4) (aa) -b = a(a- b) =a - (ab) for all a € R. 
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5)a.b = Oif and only if OA l1 OB, where A has coordinate a and B has 
coordinate b. 

6) (az) - (bz) = |z|? (a - b). 

Remark. Suppose that A and B are points with coordinates a and b. Then the real 
product a - b is equal to the power of the origin with respect to the circle of diameter 
AB. 

a+b "e M 
Indeed, let M = be the midpoint of [A B], hence the center of this circle, and 


letr = ~AB = -ja — b| be the radius of this circle. The power of the origin with 
respect to the circle is 


a+b? geb 
OM? -r = ; 
(a+b)\@+b) (a—b)\@—b)  ab-4ba 
= 4 4 al A 
as claimed. r 


Proposition 2. Suppose that A(a), Bb), C(c) and D(d) are four distinct points. 
The following statements are equivalent: E 

1)AB L CD; 

2) (b—a)-(c—d) = 0; 

3) pres € iR* (or, equivalently, Re( S -) = 0). 

d-—c dc 

Proof. Take points M(b — a) and N(@— c) such that OABM and OCDN are 
parallelograms. Then we have AB L CD if and only if OM L ON. Thatis,m-n = 
(b — a) - (d — c) = 0, using property 5) of the real product. 


S 
n.me/mat 


The equivalence 2) <> 3) follows immediately from the definition of the real 


product. 


Proposition 3. The circumcenter of triangle ABC is at the origin of the complex 
plane. If a, b, c are the coordinates of vertices A, B, C, then the orthocenter H has 
the coordinate h =a +b +c. 

Proof. Using the real product of the complex numbers, the equations of the altitudes 
AA', BB', CC' of the triangle are 


AA':(z—a)-(b—c) 20, BB':(z—b)-(c—a) 20, CC':(z—c):(a —b) = 0. 


We will show that the point with coordinate h = a + b + c lies on all three altitudes. 
Indeed, we have (h — a) - (b — c) = O if and only if (b + c) - (b — c) = 0. The last 
relation is equivalent to b - b — c- c = 0, or |b|? = |c|?. Similarly, H € BB’ and 


H € CC', and we are done. 
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Remark. If the numbers a, b, c, o, h are the coordinates of the vertices of triangle 
ABC, the circumcenter O and the orthocenter H of the triangle, then = a+b+c—2o. 

Indeed, taking A’ diametrically opposite A in the circumcircle of triangle ABC, the 
quadrilateral H B A'C is a parallelogram. If (M) = HA’ N BC, then 


b ' 20 — 
= =e a d ie zy=a+b+ acm 


Problem 1. Let ABC D be a convex quadrilateral. Prove that 


ZM 


AB? + CD? = AD? + BC? 


if and only if AC L BD. 


Solution. Using the properties of the real product of complex numbers, we have 
AB? + CD? = BC + DA’ 


if and only if 


ooks 


A 


(b — a) - (b — a) + (d — c) (d — c) &(c — b) -(c - b) + (a — d) - (a — d). 


E = 


That is, 


a 


npe/mat 


a-b+c-d=b-c+d-a 


and finally 


e 


(c — a)- 


tef&gram 
| 
= 
— 
II 
e 


or, equivalently, AC L B D, as required. 


Problem 2. Let M, N, P, Q, R, S be the midpoints of the sides AB, BC, CD, DE, 
EF, FA ofa hexagon. Prove that 


RN? = MQ? + PS? 


if and only if MQ L PS. 
(Romanian Mathematical Olympiad — Final Round, 1994) 


Solution. Let a, b, c, d, e, f be the coordinates of the vertices of the hexagon. The 
points M, N, P, Q, R, S have the coordinates 


a+b b+c c+d 

m = , n = , p= , 
2 2 2 

d+e e+f fta 

q= $ r= n sz , 
2 2 2 


respectively. 
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Figure 4.1. 


Using the properties of the real product of complex numbers, we have 
RN? = MQ? + PS? 


if and only if 
(e+ f -b- o (e+ f -b-o) 


m 


— (dce—a-b)-(dcce-a—b)& (f +a—c—d)-(f+a-—c—d). 
That is, 


(d J-e—a —b)- 
hence MQ 1 PS, as claimed. 


+a—c—d)=0; 


n.me/faath_b 


c 


Problem 3. Let A; A2--- An be a regular:polygon inscribed in a circle of center O 
and radius R. Prove that for all points M dn the plane the following relation holds: 
[5] 


n 
XO MA? = n(OM? + R°). 
k=1 


Solution. Consider the complex plane with origin at point O and let Reg be the 
coordinate of vertex Ag, where e; are the n'"-roots of unity, k = 1,...,n. Let m be 
the coordinate of M. 

Using the properties of the real product of the complex numbers, we have 


n 


X MA = Xon — Rex) - (m — Rex) 
k=1 


k=1 


n 
= Y m.m -2Re «m + Rey - £k) 
k=1 
n 


n 
=ni = 2R()> 23 am Rye? 
k=1 


k=1 
=n: OM? - nR? 2 n(OM? + RP), 
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n 
since 5 Ek = 0. 
k=1 
Remark. If M lies on the circumcircle of the polygon, then 
n 
XOMA = 2nR?. 
k=1 
Problem 4. Let O be the circumcenter of the triangle ABC, let D be the midpoint of 
the segment AB, and let E is the centroid of triangle AC D. Prove that lines C D and 


OE are perpendicular if and only if AB = AC. 
(Balkan Mathematical Olympiad, 1985) 


Solution. Let O be the origin of the complex plane and let a, b, c, d, e be the coor- 


dinates of points A, B, C, D, E, respectively. Then 
a+c+d 3a 4- b -4- 2c 
= z ] 


a+b 
d= de= 

z ade 3 
Using the real product of complex numbers, if R is the circumradius of triangle 


ABC, then 
a-a=b-bec-c=R’. 


Lines CD and DE are perpendicular if and only if (d — c) - e = 0 That is, 
(a +b — 2c) - (Ša +b + 2c) — 0. 


oD 


1 


e 


The last relation is equivalent to D 
3a-a+a-b+2a-c+3a-b+b-b+2b-c—6a-c—2b-c—4c-c=0, 
that is, 
a-b=a-c. 
On the other hand, AB = AC is equivalent to 
— al. 


|b — a? = je 


That is, 
(b — a)- (b — a) = (c — a) - (c — a) 


or 
b-b—2a-b+a-a=c-c—2a-c+a-a, 


hence 
a-b-—a-c. 


The relations (1) and (2) show that C D L OE if and only if AB = AC 


(1) 


94 4. More on Complex Numbers and Geometry 


Problem 5. Let a, b, c be distinct complex numbers such that |a| = |b| = |c| and 
|b--c— a| 2 lal. 
Prove that b + c = 0. 


Solution. Let A, B, C be the geometric images of the complex numbers a, b, c, 
respectively. Choose the circumcenter of triangle ABC as the origin of the complex 
plane and denote by R the circumradius of triangle ABC. Then 


aa = bb — cc = R’, 
and using the real product of the complex numbers, we have 


|b + c — a| = |a| if and only if |b + c — al? = |al’. 


That is, 
(b+c—a)-(b+c—a)=|a’, i.e., 
lal? + |b|? + cl? +2b -£ — 2a - c —2a-b = Ja}. 
We obtain » 
2(R?+b-c—a-t¢—a-b) 20, ie, 
a-a+b-c—@-c—a-b=0. 


It follows that (a — b) - (a — c) = 0, hence AB L AC, i.e., BAC = 90°. Therefore, 
[BC] is the diameter of the circumcircle of triangle ABC,sob+c=0. 

[5| 
Problem 6. Let E, F, G, H be the midpoints of sides AB, BC, CD, DA of the convex 
quadrilateral A BC D. Prove that lines AB and C D are perpendicular if and only if 


BC? + AD? = (EG? + FH’). 


Solution. Denote by a lowercase letter the coordinate of a point denoted by an up- 
percase letter. Then 
a+b . b+c c+d , at? 


e= , kae , = , 2 


2 2 2 


Using the real product of the complex numbers, the relation 
BC? + AD? = (EG? + FH’) 


becomes 
(c — b) - (c — b) + (d — a) - (d — a) 
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1 1 
re eee a a b—c):(a+d—b-c). 


This is equivalent to 


c-c+b-b+d-d+a-a—2b-c—2a-d 
=a:at+b-b+c-c+d-d—2a-c—2b-d, 
or 
a-d+b-c=a-c+b-d. 
The last relation shows that (a — b) - (d — c) = O if and only if AB L CD, as 


desired. 
Problem 7. Let G be the centroid of triangle ABC and let A1, B1, C1 be the midpoints 
of sides BC, CA, AB, respectively. Prove that 


MA? + MB? + MC? + 9MG? = 4(MAj + MB? + MC?) 


N 
for all points M in the plane. E 
5 
Solution. Denote by a lowercase letter the coordinate of a point denoted by an up- 
percase letter. Then E 
a+b+c b ccc cca a+b 
g-—————, a= z b= , q= . 
3 26 2 2 

Using the real product of the complex numbers, we have 

D 


MA? + MB? + MC? +9MG? 
= (m — a)- (m — a) t- (m — b) - (m — b) t- (m — c) - (m — c) 


at+b+c at+b+c 
+9(m 3 [m 3 


= 12|m|* — 8(a +b +c) -m -2(lal? + |b|? + Ic?) + 2a-b -2b - c 4- 2c. a. 


On the other hand, 


4(M At + MB? + MC?) 
( =) b+c ( +e) 
—A4||m [m Tim-— 
2 2 2 
cca a+b a+b 
m — Tm m 
2 2 2 


= 12|m|* — 8(a +b + c) -m + (la|? + [b]? + Ic?) + 2a-b + 2b-c+2c-a, 


so we are done. 
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Remark. The following generalization can be proved similarly. 

Let A145 - An bea polygon with the centroid G and let A;; be the midpoint of the 
segment [A; Aj], i < j,i, j € (1, 2, ..., n). 

Then 
n 
(n—-2) MAg +n’ MG? 2 AM MAT, 
k= 


1 i<j 


for all points M in the plane. A nice generalization is given in Theorem 5, Section 4.11. 


4.2 The Complex Product of Two Complex Numbers 


The cross product of two vectors is a central concept in vector algebra, with numerous 
applications in various branches of mathematics and science. In what follows we adapt 
this product to complex numbers. The reader will see that this new interpretation has 
multiple advantages in solving problems involving area or collinearity. 


Let a and b be two complex numbers. 


Definition. The complex number 


th "books 


—— 


axb ab — ab) 


is called the complex product of the numbers a and b. 
Note that s 


1 


IY 


1 


— | a = l 
axXbtaxh= ab Rab) kabab) e 


y 
i=) 


so Re(a x b) = 0, which justifies the definition of this product. 

The following properties are easy to verify: 

Proposition 1. Suppose that a, b, c are complex numbers. Then: 

l)a x b = O ifand only if a = 0 or b = 0 ora = Ab, where X is a real number. 

2)a x b = —b x a; (the complex product is anticommutative). 

3)ax(b+c)=axb+a x c (the complex product is distributive with respect to 
addition). 

4) a(a x b) = (aa) x b =a x (ab), for all real numbers a. 

5) If A(a) and B(b) are distinct points other than the origin, then a x b = 0 if and 
only if O, A, B are collinear. 


Remarks. a) Suppose A(a) and B(b) are distinct points in the complex plane, dif- 


ferent from the origin. 
The complex product of the numbers a and b has the following useful geometric 


interpretation: 


2i - area[AO B], if triangle O AB is positively oriented; 


axb= 
—2i-area[AOB], if triangle OAB is negatively oriented. 
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À 


> 


Figure 4.2. 


Indeed, if triangle OAB is positively (directly) oriented, then 
b\ lal 
-Ibl + Io | — ) — 
a} |b| 


b b 1 = 
a|? — | = -(@b —ab) = a x b. 
a 2 


In the other case, note that triangle OBÀ is positively oriented, hence 
— 


2i - area[OAB] = i - OA- OB - sin AOB) 


b 
= i|a| - |b| - sin | arg — 
a 


I 
cy 


ll 
hbeks 


e 


2i -area[OBA] £b x a = —a x b. 


AY 


e 
M 


b) Suppose A(a), B(b), C(c) are three points in the complex plane. 
The complex product allows us to obtain the following useful formula for the area 


of the triangle ABC: 


1 
5; ° xb+bxc+cxa), 
i 
if triangle ABC is positively oriented; 
area[ABC] = 
1 
=z xb+bxc+cxa), 
i 


if triangle ABC is negatively oriented. 
Moreover, simple algebraic manipulation shows that 
1 = 
area[ ABC] = 2 Im(ab + bc + ca) 


if triangle ABC is directly (positively) oriented. 
To prove the above formula, translate points A, B, C with vector —c. The images 


of A, B, C are points A’, B', O with coordinates a — c, b — c, 0, respectively. Trian- 
gles ABC and A'B'O are congruent with the same orientation. If ABC is positively 
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oriented, then 


area[A BC] = area[O A'B'] = > ((a — c) x (b—c)) 


Eus c) x b — (a iude educ y absit 
2i 2i 


1 1 
xil. cxe DAG LOR ee Ie Cobos d 
i i 
as claimed. 
The other situation can be similarly solved. 


Proposition 2. Suppose A(a), B(b) and C(c) are distinct points. The following 
statements are equivalent: 

1) Points A, B, C are collinear. 

2) (b—a) x (c—a) = 0. 

3)axb+bxc+cxa=0. 


ks 


[e 


Proof. Points A, B, C are collinear if and only if area[ABC] = 0, ie, a x b +b x 
€ +c x a = O. The last equation can be written in the form (b — a) x (c — a) = 0. 


Proposition 3. Let A(a), B(b), C(c), D(d) be four points, no three of which are 
collinear. Then AB||C D if and only if (b £a) x (d—c)z0. 
Proof. Choose the points M (m) and N (a) such that OABM and OCDN are paral- 
bb 


lelograms; then m = b — a andn =d — 
[5] 
Lines AB and CD are parallel if and only if points O, M, N are collinear. Using 


property 5, this is equivalent to 0 = m x n = (b — a) x (d — c). 


Problem 1. Points D and E lie on sides AB and AC of the triangle ABC such that 


AD AE 3 
AB AC 4 
Consider points E' and D' on the rays (BE and (CD such that EE' — 3BE and 
DD’ = 3CD. Prove that: 
1) points D', A, E' are collinear; 
2) AD! = AE’. 
a+3b — at3c 


Solution. The points D, E, D', E' have the coordinates: d = T` e= E 


e = 4e — 3b = a + 3c — 3b and d' = 4d — 3c 2 a 4- 3b — 3c, 


respectively. 
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D' A E' 


Figure 4.3. 


1) Since 
(a — d^) x (e' — d') = (3c — 3b) x (6c — 6b) = 18(c — b) x (c — b) = 0, 


using Proposition 2 it follows that the points D', A, E' are collinear. 
wd 


2) Note that = 
AD! _ &- d'| 1 
D'E |&-d'| 2 
so A is the midpoint of segment D'E’. — 


e 


i 


Problem 2. Let ABC DE be a convex pentagon and let M, N, P, Q, X, Y be the mid- 
points of the segments BC, CD, DE, EA-MP, N Q, respectively. 

Prove that XY || AB. E 
Solution. Let a, b, c, d, e bethe coordinates of vertices A, B, C, D, E, respectively. 


E 
P 
Q D 
A 
Y N 
B M C 
Figure 4.4. 


Points M, N, P, Q, X, Y have the coordinates 


b+c c+d d+e 
m = , n = , p= , 
2 2 2 
eta b+c+d+e c+d+e+a 
q = r A oes SS 
2: 4 4 
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respectively. Then 


hence 


0-1) x 6-4) = -$6 4) x 6-2) - 0. 


From Proposition 3 it follows that XY || AB. 


4.3 The Area of a Convex Polygon 


We say that the convex polygon A14» a An is directly (or positively) oriented if 
for any point M situated in the interiorof the polygon the triangles MA, Ax+1, 


k = 1,2, ...,n, are directly oriented, where A444 = A1. 
= 
Theorem. Consider a directly oriented-convex polygon A442 --- A, with vertices 


with coordinates a4, a2, ..., an. Then 


egram.n 


1 — 
area[Ai A2: An] = 5 Im(@jay++ maz +--+ + Gotan + Gay). 


Proof. We use induction on n. The base case n = 3 was proved above using the 


complex product. Suppose that the claim holds for n = k and note that 


area[ A, A2 ire Ak Aja] = area[ A, A2 ENa Ax] + area[ A; Ag+1A1] 


1 1 
EL. Im(ajao + a2a3 +--+ + akiak + aka) + 5 Im(azak+ı + ayia, + arak) 


1 
=53 Im(aja» + a2a3 + - -- + ak-1ak + akak44 + 44141) 


1 1 
+ 2 Im(aya; + arag) = 5 Im(aja2 + 4203 + +++ + Gag + 4141), 


since Im(azaı + ajag) = 0. 
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Alternative proof. Choose a point M in the interior of the polygon. Applying the 
formula (2) in Subsection 3.5.3 we have 


n 
area[A1 A2- +- An] = Y area[ M Ar Asi] 


k=1 
1 n 
=53 2 Im(zay + akak44 + e412) 
k=1 
1 n 1 n 
= 52, mrar) + 7 9 Ima + acra) 

k=1 k=1 

1 n 1 n n 1 n 
= jm (Soe. + zim (s +2355] =3 (Eaa) ] 
k=1 k=1 j=l = 


since for any complex numbers z, w the relation Im(zw + zw) = 0 holds. 


Remark. From the above formula it follows that the points A; (a1), A»(a2), ..., 


An (an) are collinear if and only if 


voks 


C 


Im(@a2 + G2a3 + -- a Gn—14n + āna) = 0. 


Problem 1. Let PoPj--- P4, be the polygon whose vertices have coordinates 
1-8, e"—! and let Q0Q1--- Qn-1 be the polygon whose vertices have coordinates 


E 2 2 
1,1+8,..., 1e t. 0 gh, where &= cos — + i sin Z. Find the ratio of the 
$ n n 


H 


areas of these polygons. Ts 
Solution. Consider a, = 1+e+--- nm k-—0,1,...,n — 1, and observe that 
1 n—l 1 n—1l (gl —1 g^? = 
area --- Qn-1] = z Im ak — Im . 
[QoQ---Q-10 = 5 (Saan) 7 > a y 


1 n-l 
= I — (k+l _ sk+2 1 
2e — IP n| Xe ee 


1 1 
= ——_ Ime = ———n sin — 
app e TM uL Sn 
n mE: T n x 
= 7 2sin — cos — = —cotan—, 
8 sin? — n n 4 n 


n—1 n—1 
since ven =0 and 2 eT? — Q. 


On the other hand, it is clear that 


n. 2x T T 
area[ Pp P| --- P, 1| = narea[P9O Pj] = —sin — = n sin — cos —. 
2 n n n 
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We obtain 
. at T 
area[ Po P1 - -- P4 Inm zi 
[PoPi +++ Pal jt = Asin L. (1) 
area[Q9Q1--- Qn-1] —cotan— " 
4 n 
Remark. We have Q,Qj41 = |ae41 — ag| = le*t!| = 1, and Py Py, = |e*t! — 
b 1 ud 
e] = Jefe DI = lll — e| = |1 — e| = 2sin Ž, k = 0,1,..., n — 1. It follows 
n 
that 
Pk Pa 


nsu Peine 
Ox Qk41 n 


That is, the polygons PoP, --- Pa—1 and QoQi--- Qn—1 are similar and the result 
in (1) follows. 
Problem 2. Let A1 A2--- An (n > 5) be a convex polygon and let By be the midpoint 
of the segment [Az Ak+ı], k = 1,2,...,n, where Any, = Aj. Then the following 
inequality holds: 


books 


areal B1 B? --- Bn] =p area[A;A2--- Aj]. 


Solution. Let aj and by be the coordinates of points Ag and By, k = 1,2,...,n. It 
is clear that the polygon Bı B2--- Bn is cónvex and if we assume that A; A2--- An is 
positively oriented, then B, B5 - -- B, also has this property. Choose as the origin O of 
the complex plane a point situated in the interior of polygon A; A2--- An. 


1 
We have by = z +ak+ı), k = 1, 2 ...,n, and 


1 n — 1 n _ 
area[ By B2 --- Bn] = 2 Im (X Fi = Im XC + aki) (ak+1 + ak+2) 
k=1 k=1 


1 n 1 n 1 n 
=3 Im (X max + 8 Im (X nai) + 8 Im (X ma] 
k=1 k=1 


k=1 


1 1 n 
= garea[Ai A2: ++ An] + z Im (X ma] 


k=1 
s [A1A x (kay 2) 
= —area M(apag+ 
2 142° kak--2 
1 
= gareal Ai Ao se Az] HD OA, - OAga2 sin AO Ago 
8 1 


> —area[A1A4» --- Ay]. 


Nile 
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We have used the relations 
n n 
Im p sin = Im (x anas) = 2area[A1 A2 An], 
k=1 k=1 


and sin Ay O Aj42 > 0,k = 1,2, ..., n, where Ag42 = A3. 


4.4 Intersecting Cevians and Some Important Points 
in a Triangle 
Proposition 1. Consider the points A', B’, C' on the sides BC, CA, AB of the triangle 
ABC such that AA’, B B', CC’ intersect at point Q and let 
BA p CB m AC n 


AC n BA p CB m 


If a,b,c are the coordinates of points A, B, C, respectively, then the coordinate of 


point Q is 7 
ma nb + pc 


mA n+p 
. = b+ + 
Proof. The coordinates of A’, B’, C' aréa’ = E pe b = Ee and c/ = 
As n+p m+p 
ma + nb . IM . ma 4- nb + pc 
— — —— , respectively. Let Q be the point with coordinate q = ————————. We 
m+n g m+n+p 


rar 


prove that AA’, BB’, CC’ meet at Q. 
o 
The points A, Q, A' are collinear if and only if (q — a) x (a' — a) = O. This is 


— ) (mee ) 
—————— -a] x | ——— -a}=0 
m+n-+p n+p 


or (nb + pc — (n+ p)a) x (nb + pc — (n+ p)a) = 0, which is clear by definition of 


equivalent to 


the complex product. 


Likewise, Q lies on lines BB’ and CC’, so the proof is complete. 


Some important points in a triangle. 1) If Q — G, the centroid of the triangle 
ABC, we have m — n — p — 1. Then we obtain again that the coordinate of G is 
at+b+c 
—z 

2) Suppose that the lengths of the sides of triangle ABC are BC = a, CA = p, 
AB = y. If Q = I, the incenter of triangle ABC, then, using the known result 


ZG = 


concerning the angle bisector, it follows that m = o, n = f, p = y. Therefore the 
coordinate of J is 
_a@a+pb+yec_ 1 


= aa+ Bb + yc], 
a+BPt+y Zs! p yc] 
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1 
where s = ~(a+6+y). 
3) If Q = H, the orthocenter of the triangle ABC, we easily obtain the relations 


BA’ | tanC CB' | tanA AC' | tanB 
A'C tanB' B'A tanC' C'B tanA’ 


It follows that m = tan A, n = tan B, p = tan C, and the coordinate of H is given 


by 
a (tan A)a + (tan B)b + (tan C)c 


tan A + tan B + tanC 
Remark. The above formula can also be extended to the limiting case when the 
triangle ABC is a right triangle. Indeed, assume that A — Z. Then tan A — +00 
zd (tan B)b + (tan C)c tan B + tanC 


tan A , tan A 
orthocenter of triangle A BC is the vertex A. 


4) The Gergonne! point J is the intersection of the cevians AA’, BB’, CC’, where 
A’, B', C’ are the points of tangency of thé incircle to the sides BC, CA, AB, respec- 


> 0. In this case zy = a, i.e., the 


O 


tively. Then 


-Ó 
-Ó 


BA' s-y CB’ 
A'C 1? BA 
s—B 

oD 


and the coordinate zz is obtained from the-same proposition, where 


Q 
> 
E 
a 

l 

D 


=| | 
Q 
w& 


ram.ntb/math bo 
ta 


S— 


a 
l 
< 


rea d rgb t ryc 


ZJ = 
To d rgry 


Here rg, rg, ry denote the radii of the three excircles of triangle. It is not difficult to 


show that the following formulas hold: 


1 
where K = area[ABC] and s = 5 t y). 
5) The Lemoine? point K is the intersection of the symmedians of the triangle (the 


symmedian is the reflection of the bisector across the median). Using the notation from 


lJoseph-Diaz Gergonne (1771—1859), French mathematician, founded the journal Annales de Mathéma- 


tiques Pures et Appliquées in 1810. 
2Emile Michel Hyacinthe Lemoine (1840-1912), French mathematician, made important contributions 


to geometry. 
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the proposition we obtain 
BA y? CB c? Ac p 
AC B? BA y? CB o 


It follows that 
o?2a + B?b 4- y?c 


a2 + p? + y? j 
6) The Nagel? point N is the intersection of the cevians AA’, BB’, CC’, where 


Lk = 


A’, B', C' are the points of tangency of the excircles with the sides BC, CA, AB, 
respectively. Then 


BA s-y CB' s—a AC) s—f 


AC s—g' B'A s-y CB s-a’ 


and the proposition mentioned before gives the coordinate zy of the Nagel point N, 


_ G-oact(G-Bbr(s-y) 1 
ZN = (s — a) -- (s — B) - (s — y) G6 aa + (s — B)b + (s — y)c] 
Y 
2 E 


a 
=(1-“)a+ (1 

s 
Problem. Let o, D, y be the lengths of sides BC, CA, AB of triangle ABC and 
suppose a < p < y. If points O, I, H ‘are the circumcenter, the incenter and the 


= 
+ 


ath_books 
|» 


orthocenter of the triangle ABC, respectively. Prove that 


oD 


EN 
areal OTH] = sg; oF B)(B-y)(y —a). 


where r is the inradius of ABC. 
Solution. Consider triangle ABC, directly oriented in the complex plane centered 


at point O. 
Using the complex product and the coordinates of J and H, we have 


[eee Po t ve 


b 
nora UN +0)] 


1 
area[ OI H] = z! x h) = 
i 


“i= E E E T 


~ Asi 
= xl — B)- area[O AB] + (B — y) - area[O BC] + (y — a) - area[OC A]] 
S 
L2 R?sin2C R?sin2A R? sin2B 
-z[e-0———— + 6-1) +o -0 ] 


3Christian Heinrich von Nagel (1803-1882), German mathematician. His contributions to triangle ge- 


ometry were included in the book The Development of Modern Triangle Geometry [13]. 
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R? 


= a, e — B)sin2C + (B — y)sin2A + (y — a) sin2B] 


1 
mue BB- y)(y — o), 
» 


as desired. 


4.5 The Nine-Point Circle of Euler 


Given a triangle A BC, choose its circumcenter O to be the origin of the complex plane 
and let a, b, c be the coordinates of the vertices A, B, C. We have seen in Section 2.22, 
Proposition 3, that the coordinate of the orthocenter H is zg =a +b +c. 

Let us denote by A1, B1, Cı the midpoints of sides BC, CA, AB, by A’, B', C' 
the feet of the altitudes and by A", B", C" the midpoints of segments AH, BH, CH, 


respectively. 


Figure 4.5. 


It is clear that for the points A1, B1, Cy, A", B", C" we have the following coordi- 


nates: 
1 


1 1 
ZA = 5 t e), ZB, = 5€ t9 ZC, = zat), 


1 1 1 
za" =a + (b+), myr=b+ (+a), zœ =c+ 5 @+ bd). 


It is not so easy to find the coordinates of A’, B’, C’. 


Proposition 1. Consider the point X (x) in the plane of triangle ABC. Let P be the 
projection of X onto line BC. Then the coordinate of P is given by 


a ee ree 
p=5\% RI” c 


where R is the circumradius of triangle ABC. 
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Proof. Using the complex product and the real product we can write the equations 
of lines BC and X P as follows: 


BC : (z — b) x (c — b) = 0, 


XP :(z—x)-(c—b)=0. 


The coordinate p of P satisfies both equations; hence we have 
(p—b)x(c—b)-0 and (p—x)-(c—b)=0. 


These equations are equivalent to 


(p — b)(€ — b) -(p-b)c-b)-0 


and 
(p —x)(€—b) + (p — x)(c — b) = 0. 


N 


A. 


Adding the above relations we find g 
- 
(2p — b — xY(c — b4 (b — xy(c — b) = 0. 


It follows that 


e 


telleeram.me/m 


1 bc. | - 1 be _ 
=> b+x mi b) =5 x x5 Bde ; 


From the above Proposition 1, the coordinates of A’, B’, C’ are 


1 bca 
4 = 5 atbtc——-], 


o1 nom cab 
B= 5 a [6 RZ à 
o1 "mm abc 
Zc = 5 a C ml 


Theorem 2. (The nine-point circle.) In any triangle ABC the points A1, By, C1, A’, 
B', C', A", B", C" are all on the same circle, whose center is at the midpoint of the 


segment O H, and the radius is one-half of the circumcircle. 
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Proof. Denote by Os the midpoint of the segment O H . Using our initial assumption, 
it follows that zo, = 2M + b + c). Also we have |a| = |b| = |c| = R, where R is the 
circumradius of triangle ABC. 


1 1 1 
Observe that OgA1 = |z4, — zo4| = 5lal = jh: and also O9 B, = O9C, = 58 


1 1 
We can write Oo A" = |z” — Zool = 5 lal = j^ and also Oo B" = O9C" = PLE 
The distance Oo A' is also not difficult to compute: 


1 bca 1 
OA’ = |ZA' ^ Zol = |= a+b+e- 2 — -(a+b+c) 
? 2 R2 2 
1 1 R? 1 
= —;l|bca| = — lallblice| = — = = 
2R? 2R? 2R2 2 


1 
Similarly, we get OgB/ = OC’ = 2 Therefore OgA, = OgB, = O9C, = 


i 1 
Og A! = O9B' = OoC! = 09A" = Oo BE = OgC" = aR and the desired property 


S 


00 


b 


follows. 


Wh 


Theorem 3. 1) (Euler* line of a triangle:) In any triangle ABC the points O, G, H 


are collinear. 


3e/n 


2) (Nagel line of a triangle.) In any triangle ABC the points I, G, N are collinear. 
Proof. 1) If the circumcenter O is the origin of the complex plane, we have zo = 0, 
1 = 
zg = >(a +b + c),zg =a +b + c. Hence these points are collinear by Proposition 
2 in Section 2.22. B 


1 
2) We haves; = uL 54 2-4:0—-ühdeorandzwc (1-=)a+ 
2s 2s 2s 3 S 


( — £) b+ (1 — Z) c and we can write ZN = 3zg — 2zj. 
s sS 


Applying the result mentioned above and properties of the complex product we 


obtain (zg — z1) X (zN — zi) = (za — zi) x [3(za — z7)] = 0; hence the points 


I, H, N are collinear. 


Remark. Note that NG = 2GI, hence the triangles OGI and HGN are similar. 
It follows that the lines OJ and NH are parallel and we have the following basic 
configuration of triangle ABC (in Figure 4.6): 


^Leonhard Euler (1707—1783), one of the most important mathematicians, created a good deal of anal- 
ysis, and revised almost all the branches of pure mathematics which were then known, adding proofs, and 
arranging the whole in a consistent form. Euler wrote an immense number of memoirs on all kinds of math- 
ematical subjects. We recommend William Dunham's book Euler. The Master of Us All (The Mathematical 


Association of America, 1999) for more details concerning Euler's contributions to mathematics. 
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Figure 4.6. 


If Gs is the midpoint of segment [Z N], then its coordinate is 


1 (B t Y) (y +a) (a + B) 
= — = e b P 
2G, = 4G + zw) 4sB As E oes 


| 
The point Gs is called the Spiecker point of triangle ABC and it is easy to verify 
that it is the incenter of the medial trianglé-A 1 By Cy. 
O 


Problem 1. Consider a point M on the circumcircle of the triangle ABC. Prove that 
the nine-point centers of the triangles MBC, MCA, M AB are the vertices of a trian- 


oD 


= 


[5] 
Solution. Let A’, B’, C’ be the nine-point centers of the triangles MBC, MCD, 
MAB, respectively. Take the origin of the complex plane to be at the circumcenter of 


gle similar to triangle ABC. 


triangle ABC. Denote by a lowercase letter the coordinate of the point denoted by an 


uppercase letter. Then 


, m+b+c , mt+ct+a , mt+at+b 
a = —2_, b m ——— Cc = ———— : 
2 2 2 
since M lies on the circumcircle of triangle ABC. Then 


b-—a a-b b-a 


c—-a a-c c-a’ 
and hence triangles A' B'C' and ABC are similar. 
Problem 2. Show that triangle ABC is a right triangle if and only if its circumcircle 
and its nine-point circle are tangent. 
Solution. Take the origin of the complex plane to be at circumcenter O of triangle 


ABC and denote by a, b, c the coordinates of vertices A, B, C, respectively. Then the 
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circumcircle of triangle A BC is tangent to the nine-point circle of triangle ABC if and 
2 


i R rA i ï R : 2 2 
only if O O9 = 5 This is equivalent to O O3 = E that is, |a + b + c|^ = R*. 


Using properties of the real product, we have 


jla +b+c? = (a+b+c):(a+b+o) =a? +b 40 42@-b4+ b<c+ e.a) 
=3R? +2(a-b+b-c+c-a)=3R? + OR? —&? + OR? — 6 +2R y^ 
= 9R? — (o? + B+ y?), 


where a, B, y are the lengths of the sides of triangle A BC. We have used the formulas 
2 2 2 
y 


a-b = R*— —,b-c = R — eer = R — B. ie ey d 
from the definition of the real product of complex numbers (see also the lemma in 
Subsection 4.6.2). 

Therefore, o? + 8? + y? = 8R?, which is the same as sin? A + sin? B + sin? C = 2. 
We can write the last relation as 1 — cos 2A + 1 — cos 2B + 1 — cos 2C = 4. This is 
equivalent to 2 cos(A + B)cos(A — B) 4-2 cos? C = 0, i.e., 4cos A cos B cos C = 0, 
and the desired conclusion follows. S 
Problem 3. Let ABCD be a cyclic quadrilateral and let Eq, Ey, Ec, Eq be the nine- 
point centers of triangles BCD, CDA, DAB, ABC, respectively. Prove that the lines 
AEg, BEp, CE., DE, are concurrent. B 


bo 


Solution. Take the origin of the complex plane to be the center O of the circumcircle 
of ABCD. Then the coordinates of the niné-point centers are 
[5] 


1 1 = 1 1 
eq = 5 tet) ep = 5€ dta), ec = 5; tetb, ed = 4«tbto. 
We have AE, : z = ka + (1 —k)eg, k € R, and the analogous equations for the 
1 
lines B Ep, CE, DEg. Observe that the point with coordinate 34 +b + c+ d) lies 


1 
on all of the four lines (k = 3): and we are done. 


4.6 Some Important Distances in a Triangle 
4.6.1] Fundamental invariants of a triangle 


1 
Consider the triangle ABC with sides a, B, y, the semiperimeter s = z cT B-cy) 


the inradius r and the circumradius R. The numbers s, r, R are called the fundamental 


invariants of triangle ABC. 


Theorem 1. The sides a, B, y are the roots of the cubic equation 


P — 2st? + (s? tru ARr)t —4sRr — O0. 


4.6. Some Important Distances in a Triangle 


Proof. Let us prove that o satisfies the equation. We have 


A 
A A COS — 
a = 2R sin A = 4R sin — cos — and s — a = rcotan— = r—3À2., 
2 2 . A 
sin — 
2 
hence 
A — A 
cos? — = eG =e) and sin? — = ==, 
2 ARr 2 AR(s — a) 


A A 
From the formula cos? v + sin? p — ], it follows that 


a(s — a) ar 21 
4Rr 4R(s—a) 


111 


That is, à? — 2so? + (s? +r? +4Rr)a — 4s Rr = 0. We can show analogously that 


P and y are roots of the above equation. 


oks 


From the above theorem, by using the: 


Q 


b 


cients, it follows that a 
a+ B Ey =2s, 
P 
o + By + ya = s?+7r°+4Rr, 


o 


apy 24s Rr. 
8 
Corollary 2. In any triangle ABC, the following formulas hold: 
a? + B? +y? = 2(s* — r? — 4Rr), 
a? + B? + y? = 2s(s? — 3r? — 6Rr). 


Proof. We have 


elations between the roots and the coeffi- 


o? -- B 4 y? = (o - B 4c yY — 2(oB + By + ya) = 4s? — 2(? +r? +4Rr) 


= 25? — 2r? — 8Rr = 2(s? — r°? — ARr). 


In order to prove the second identity, we can write 


o? + B? +y? = (a B - yo? - B? - y? - af — By — yo) + 3ofy 


= 2525? — 2r? — 8Rr — s? — r? — ARr) + 125 Rr = 2s(s? — 3r? — 6Rr). 


112 4. More on Complex Numbers and Geometry 


4.6.2 The distance OJ 


Assume that the circumcenter O of the triangle ABC is the origin of the complex plane 


and let a, b, c be the coordinates of the vertices A, B, C, respectively. 
Lemma. The real products a - b, b- c, c - a are given by 
2 2 2 
Y 2 Q 2 B 
boa Ra, b-c = R — —, -a = R^— —. 
a 5 c 7 c-a 5 


Proof. Using the properties of the real product we have 


y? = |a — b? = (a—b)- (a — b) = à? — 2a - b — b? = 2R* — 2a - b, 


and the first formula follows. 


Theorem 4. (Euler) The following formula holds: 


OĽP = R —2Rr. 


an 


A 


Proof. The coordinate of the incenter is given by 


HOA D TAM 
a a: aa ha 
Eo 
so we can write d 
ot p x y a B y 
OP = |z? = b b 
lza (ža É fi) (Zaf + že) 


1 1 
= Gar + B+ VR’ +275 (afa b. 


cyc 
Using the lemma above we find that 
2 


1 2 
OP = —(@? +B? ym + — ap( rR- +) 
4s? 4s? m 2 


1 2p2 | 2 2 1 
=e rer haa apy =R — Faaby(a t By) 


where the well-known formulas 


K 
po un 
AK RY 


are used. Here K is the area of triangle ABC. 
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Corollary 5. (Euler's inequality.) In any triangle ABC the following inequality 
holds: 
R » 2r. 


We have equality if and only if the triangle ABC is equilateral. 


Proof. From Theorem 4 we have Or = R(R — 2r) > 0, hence R > 2r. The 
equality R — 2r = 0 holds if and only if OI? = 0, i.e., O = I. Therefore triangle 
ABC is equilateral. 


4.6.3 The distance ON 
Theorem 6. /f N is the Nagel point of triangle ABC, then 


ON = R —2r. 


Proof. The coordinate of the Nagel point of the triangle is given by 


ev= (i-a (£- o (- 2)e 


ks 


OO 


Therefore 


ON? = zy = zy zw =P?) (1 - 


cyc 


n.md/math b 
“|R 
iu ll 

+ 
N 
Lom 
— 
| 
| 
p eed 
EUN 
— 
| 

| 
p c 

a 

> 


á a+Bt+y\? a BN 5 
PESE series 
_ p2 a 2_ p 
=R "3 *) (1 f) y= E 


To calculate E we note that 


g-Y(i- E)r- i Depa 


cyc cyc cyc cyc 
1 2a y 1 apy K 
2 2 2 3 
— = — 2, = ee = ER 8—— *— 
dy — 22s VE s die + d T 4K s 
yc cyc cyc cyc 
1 
2 3 
== J a^ + - J a` + 8Rr. 
cyc S yc 


Applying the formula in Corollary 2, we conclude that 


E = —2(s* — r? — 4Rr) + 2(s* — 3r? — 6Rr) + 8Rr = —Ar? + ARr. 
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Hence ON? = R? — E = R? -ARr + 4r? = (R— 2r)? and the desired formula is 
proved by Euler’s inequality. 


Theorem 7. (Feuerbach?) In any triangle the incircle and the nine-point circle of 
Euler are tangent. 


Proof. Using the configuration in Section 4.5 we observe that 


1 GI GO» 


2 GN CO SUC 


Figure 4.7. 


egrang me/math 
z 


a 


Therefore triangles GJ Og and GNO are similar. It follows that the Lu I Oo and 
1 
ON are parallel and Z O9 = = 7 ON. Applying Theorem 6 we get I Oo = jq - 2r) = 


a r = Ro — r, hence the incircle is tangent to the nine-point circle. 


The point of tangency of these two circles is denoted by ọ and is called the Feuer- 
bach point of triangle. 


4.6.4 The distance OH 
Theorem 8. /f H is the orthocenter of triangle ABC, then 


OH? = 9R? + 2r? + 8Rr — 2s?. 


Proof. Assuming that the circumcenter O is the origin of the complex plane, the 
coordinate of H is 


zug — act bcc. 


5Karl Wilhelm Feuerbach (1800-1834), German geometer, published the result of Theorem 7 in 1822. 
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Using the real product we can write 


OH? = |zyl? 2 zu zg = (a b c) (a b c) 
— ja? +2 ab 2 38? +2) a-b. 
cyc cyc 
Applying the formulas in the lemma (p. 112) and then the first formula in Corol- 


lary 2, we obtain 


2 
OH? = 38? e 2) (R? - T) =9R? — (g? 4 g2 4. y2) 


cyc 


= 9R? —2(s? — r? - ARr) = 9R? + 2r? + 8Rr — 2s”. 
Corollary 9. The following formulas hold: 
2 8 2 
1) 0G? = R? + a gro 2 
9 1 1 
2) 002 = gk + 2 +2Rr — 3 


Corollary 10. /n any triangle ABC the 


hy.books 


equality 


Ey? < 9R? 


Q 
to 
+ 
D 
m 
n efmat 


is true. Equality holds if and only if the triangle is equilateral. 
Eb 


4.7 Distance between Two-Points in the Plane of a 
Triangle 
4.7.] Barycentric coordinates 


Consider a triangle ABC and let a, B, y be the lengths of sides BC, CA, AB, respec- 
tively. 

Proposition 1. Let a,b,c be the coordinates of vertices A, B,C and let P be a 
point in the plane of triangle. If zp is the coordinate of P, then there exist unique real 


numbers Ha, Ub, He such that 
ZP = Haa + pb + ucc and ua + up + Me = 1. 


Proof. Assume that P is in the interior of triangle ABC and consider the point A’ 


, PA A'B 
such that AP N BC = (A'). Let kı = ——, ky = — and observe that 
PA’ A'C 
a kizy b + koc 
ZP ——————, ZA = . 


1+k, 1+ko 
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Hence in this case we can write 


1 kı 


kık2 


ZP 


Moreover, if we consider 


1 kı 


Pe Oc ey 


we have 


ky 


Hc = 


= a+ b+ c. 
1+k (1+ Ki) (1 +k) (1 +k1)C + K2) 


kiko 
(1+ ki) + ko) 


kiko 


Ha + Ub + ke = 


(1 -F Ki) (1 +k) 


+ 
1+ki Qk) +k) 
_ +h +k+ kik, 


(1 + ky) C1 + ko) 


We proceed in an analogous way in the case when the point P is situated in the 


exterior of triangle ABC. 


N 


If the point P is situated on the support fine of a side of triangle ABC (i.e., the line 


determined by two vertices) | 
= b+ k 
ie? COR. 
PB 
where k = —. 
PC 


eg 


ram.me/hath bc 
© 
& 
+ 


oO 
The real numbers ua, Ub, Hc are called the absolute barycentric coordinates of P 


with respect to the triangle ABC. 


The signs of numbers Ha, Ub, Ue depend on the regions of the plane where the point 


P is situated. Triangle ABC determines seven such regions. 


Figure 4.8. 


In the next table we give the signs of ua, Ub, Me: 
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1 |u |m [1v |v | vi | vo 
Baj-|t|*t|*|-|-| + 
pp | + + + + 
Me|+}+]—-]-]-|+ | + 


4.7.2 Distance between two points in barycentric coordinates 


In what follows, in order to simplify the formulas, we will use the symbol called “cyclic 


sum." That is, 3^ f (x1, X2, ... , Xn), the sum of terms considered in the cyclic order. 
cyc 
The most important example for our purposes is 


YFG, x2, x3) = f 0. x2, 23) + f G2, x3, x1) + f (X3, x1, 22). 
cyc 
Theorem 2. Jn the plane of triangle ABC consider the points P, and P» with coor- 
dinates zp, and z p,, respectively. If zp, — oa + Byb + yke, where ot, Pk, yy are real 
numbers such that o + By + yk = 1, k =J, 2, then 


A 


P, P2 = — Y (a3 o) (f — B0y?. 


cyc 


me/m 


Proof. Choose the origin of the complex plane at the circumcenter O of the triangle 


ABC. Using properties of the real product;we have 
oO 
Pi P} = |zp, — ze, ^ = |œ — ài)a + (Bo — Bib + (2 — Nel? 


= ) oa — aia «a +2) (% — a1) (Bo — Ba -b 


cyc cyc 
2 p2 2 Y 
= Ye capta +23 oa - ada - A(R e) 
= R?(œ + Bo + ya — @1 — Bi — Y — 3 (e — o) — Boy? 
cyc 
=- (0m — a1)($ - By’, 
cyc 


since à, + B1 + y1 — ao + Bo 4 yo — 1. 
Theorem 3. The points A1, A2, B1, B2, C1, C» are situated on the sides BC, CA, 
AB of triangle ABC such that lines AA,, BBj, CC, meet at point P; and lines 
A A5, B B5, CC» meet at point P». If 
BA, _ Pk CB, my AC, nk 
AC nk’ BA Pk CB om’ 
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where my, ny, py are nonzero real numbers, k = 1,2, and S, = mg+ng + py, k = 1, 2, 
then 


1 
P,P? = gg SS apes Yos Zrno’ | 
1*2 cyc cyc cyc 
Proof. The coordinates of points P; and P» are 
mga 4 nyb + pee 


ZP, = , k=1,2. 
* my d ny + pk 


It follows that in this case the absolute barycentric coordinates of points P, and P» 
are given by 


Mk Mk Nk Nk 
Ak E = $ Pk = = » 
mk +nk+ pk Sk met+net+ pk Sk 

Vk = Pk = Pk k = 1, 2. 


metngt+ pk Sk’ 
Substituting in the formula in Theorem 2 we find 


o 
n) ny P2 Pid 2 
& $ S/N% Si 


a E ina — Sani) (Sip — S5 p1)o? 


2 cyc x 
= 2 2 D Sinz p + Sjm pes $182 p2 + na pi)lo? 
s T cye Ò 
g 
1 
Soga $182 Y (ni p2 + pinz)o? —$2 X mpo? - 8 Yoni pia? 
Si 57 cyc cyc cyc 


and the desired formula follows. 


Corollary 4. For any real numbers a, By, yk with oy + Bk + yk = 1, k = 1,2, the 
following inequality holds: 


$ (a2 — a1) (B2 — By? < 0, 


cyc 


with equality if and only if a, = a2, B1 = B», y1 = yo. 
Corollary 5. For any nonzero real numbers mx, ny, pk, k = 1,2, with Sy = my + 
nk + py, k = 1,2, the lengths of sides a, D, y of triangle ABC satisfy the inequality 


$1 S5 
po pina)? = $ mp + L3 june 


cyc cyc cyc 
2 mj m» nj n» 
with equality if and only if z2 =—, = : 
nj Pı po mj m» 
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Applications. 1) Let us use the formula in Theorem 3 to compute the distance GT, 


where G is the centroid and / is the incenter of the triangle. 


We have m, = nj = pj = l and m» = o, n» = p, p» = y; hence 


$j >) mie. S= m; 2o B y = 2s; 


cyc cyc 


$ íp nope? = (B+ y)o? + (y 008? + (@ + Dy? 
cyc 
= (a + B + y)(a + By + ya) — 3aBy = 2s(s? +r? + Ar R) — 12sRr 
= 25?  2sr? — As Rr. 


On the other hand, 


Y mpa? = o? By  B'yo + yop = apy (a + B+ y) = 8s? Rr 


cyc 


and 


Soni pier =a + PÉ y? = 2s? — 2r? — 8Rr. 


cyc i 


S 


Then 


5r? — 16Rr). 


he/math bc 


1 
GP = ~(s* 

9 
2) Let us prove that in any triangle A B C^with sides a, £, y, the following inequality 
holds: h 
X Qa - B-y)@B-a-y)y? <0. 


cyc 


veram 


te 


In the inequality in Corollary 4 we consider the points P} = G and P» = I. Then 
a, = Bj = yi = z and o» = a po = P, y- L and the above inequality 
follows. We have equality if and only if Pi = Pz; that is, G = 7, so the triangle is 


equilateral. 


4.8 The Area of a Triangle in Barycentric Coordinates 


Consider the triangle ABC with a, b, c the coordinates of its vertices, respectively. Let 
a, D, y be the lengths of sides BC, CA and AB. 

Theorem 1. Let Pj(zp;), j = 1, 2, 3, be three points in the plane of triangle ABC 
with zp, = aja + Bjb + yjc, where æj, Bj, yj are the barycentric coordinates of P. 
If the triangles ABC and P, P5 P3 have the same orientation, then 


a Bi n 
—-|o bo yr 
a3 B3 ya 


area[ Pı P» P4] 
area[A BC] 
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Proof. Suppose that the triangles ABC and P; P» P3 are positively oriented. If O 
denotes the origin of the complex plane, then using the complex product we can write 


2i area[ P1 O P2] = zp, x zp, = (aja + Bib + yic) x (ooa + Bab + y2c) 


= (a1 B2 — a2 Bi )a x b + (Biy2 — Boyi)b x c + (Quioo — yoai)e x a 


axb bxc cxa axb bxc 2iarea[ABC] 
=| n 0 A |=| n 0 1 
y2 0 Bo y 0 1 


Analogously, we find 


axb bxc 2iarea[ABC] 
2i area[ P; O P3] — ya a2 1 ; 
¥3 3 1 


axb bxc 2iarea[ABC] 


2i areal P350 Pı] = ya E a3 1 
n E 01 1 


e 
c 


Assuming that the origin O is situated in the interior of triangle P4 P» P3, it follows 


that g 
area[ P; P? P3] = area[ P1 O P2] g area[ P? O P3] + area[ P3 O P] 
5b 


1 1 
= a LL i M xb- uz n+- +y- yb xe 


+ (y1a2 — y2a1 + y203 — yao + V31 — y1o3)area[ ABC] 


ne 


= (y102 — V201 + y203 — yao + yao — y1o3)area[AB C] 


l1 yi a a, Bin 
=area[ABC]| 1 y2 az |—area[ABC]| a2 fo v 
1 ys o5 a3 P3 ys 


and the desired formula is obtained. 


Corollary 2. Consider the triangle ABC and the points A1, B1, C situated on the 


lines BC, CA, AB, respectively, such that 
AiB BıC CiA 
——kh u—kb 2S =k. 
AiC BA C,B 


If AA, BB, = (Py, BB} NCC, = {Po} and CC, N AA, = {P3}, then 


areal P P2 P3] (1 — kikokaY? 


area[ABC] — (1+ Ki + kik)(1 + ko + k2k3)(1 + k3 + Kaki) 


4.8. The Area of a Triangle in Barycentric Coordinates 


A 


Ay 


Figure 4.9. 


Proof. Applying Menelaus's well-known theorem in triangle AA, B we find that 
CIA CB PA; 


= 
CjB CA 2 P3A 
Hence E 
PA CA CB 
m Lm = k(l + ki). 
PA, CıB GA, 
The coordinate of P3 is given by p 
z b+ kic 
k k 
S ated ku, _ ot HT, «bbb whic 
B7 1x54 E) Tey rh 1+6 +kki ` 
In an analogous way we find that 
kikoa + b + kic koa + kokab + c 
Zp, = —— and zp, = —— ——— ——. 
lc Ek. 1 + k2 + koka 
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The triangles ABC and P, P? P3 have the same orientation; hence by applying the 


formula in Theorem 1 we find that 


area[ P1 P2 P4] 
area[A BC] 
r kk 1 kı 
= ko kxk 1 
(chc-he)-T-b-okhb)-c-kbc-khh) 2 3 
ky kki 


u (1 = kıkzk3)? 
0 (0o 4 Ki. Kiko) (1 + ko + Kaka (1 + k3 + Kaki) 


Remark. When kı = k2 = k3 = k, from Corollary 2 we obtain Problem 3 from the 


23'4 Putnam Mathematical Competition. 
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Let Aj, Bj, Cj be points on the lines BC, CA, AB, respectively, such that 
TEN E c eee j=1,2,3. 
AjC nj BjA Pj Cj;B mj 


Corollary 3. If P; is the intersection point of lines AA;, BBj, CCj, j = 1,2, 3, 


and the triangles ABC, P P2 P3 have the same orientation, then 


area[ Pj P5 P4] 1 a or nd 


arealABC] Mhs | 2 "2 P 
m3 n3 pa 


where Sj =m; +nj + pj, j = 1,2, 3. 
Proof. In terms of the coordinates of the triangle, the coordinates of the points P; 
are 
mja+njb+ pjc E 1 


ZP; = = mia--nib-F-p;c), j=1,2,3. 
Bi mj +nj + pj s; d d pe i 


The formula above follows directly from Theorem 1. 


Corollary 4. In triangle ABC let us consider the cevians AA', BB' and CC’ such 


that S 
A'B B'C. C'A 
—— =m, —= n, =p. 
A'C B'A C'B 
Then the following formula holds: E 
area[A' B/C'] co 1+4mnp 


ara[ABC] _ (L3: m) n) p) 
Proof. Observe that the coordinates of A’, B', C' are given by 
1 n 1 p 


d, zœ = ———a- ———b. 
Tap.” Bp 


ZA! = C, ZB’ 


m 
— mie. 

14m TUER ia DER 
Applying the formula in Corollary 3 we obtain 


area[A’B’C’] _ 1 
area[ ABC]  (1+m)(1+n)(1+p) 


_ 1+ mnp 
~ (L4 m) +n)(1+ p) 
Applications. 1) (Steinhaus®) Let Aj, Bj, Cj be points on lines BC, CA, AB, re- 
spectively, j — 1, 2, 3. Assume that 
BA, 2 CB, 1 AC; 4 


AC 4 BA 2 GB T 


SHugo Dyonizy Steinhaus (1887-1972), Polish mathematician, made important contributions in func- 


tional analysis and other branches of modern mathematics. 
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BA 4 CB 2 AQ | 
Au 1" BA 4^ QB 7 
BAa 1 C B3 4 AC3 2 
AC X? BA l GB 4 


If Pj is the intersection point of lines AA;, BBj, CCj, j = 1,2,3, and triangles 
ABC, Pı P5 P; are of the same orientation, then from Corollary 3 we obtain 


area[ Pı P2 P4] u 1 
area[ABC] — 7.7.7 


UM T 


=a =F 


1 
2 
4 


2) If the cevians AA’, BB’, CC’ are concurrent at point P, let us denote by K p the 
area of triangle A' B'C'. We can use the formula in Corollary 4 to compute the areas 
of some triangles determined by the feet of the cevians of some remarkable points in a 
triangle. 


(i) If Z is the incenter of triangle ABC we have 


e3 


2a y 2aBysr 
— ari = " 
(a+ B)(B - y)(y +a) (a+ B)(B+y)(y +a) 
(ii) For the orthocenter H of the acute tfiangle ABC we obtain 


— 


WX 


Kı = 


area[A BC] 


A—APSRISR 
e 
+ 
RIL 
LA 


~i] +t 
S + |. 
eeqmm.ms/Irestie bao 


e 


C] 


tanC tanB tanA 
K tanB tanA tanC 
H 


= ie ee TE IE 
tan B tan A tan C 


= (2cos A cos B cos C)area[A BC] = (2cos A cos B cos C)sr. 


area[A BC] 


(iii) For the Nagel point of triangle ABC we can write 


pu iru fc 
E s—B s—y s—a 


(+=) (1+ £3) i £z) 

s—p S—y s—a 

26 — æ)(s — Br-— Y) areafABC] B 4area?[A BC] 

H apy ~ 2sofy 
sr? 


= -areal ABC] = OR’ 


area[A BC] 


area[A BC] 
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If we proceed in the same way for the Gergonne point J we find the relation 


K; = —area[ABC] sr 
= ——area = —. 
772R 2R 
Remark. Two cevians AA’ and AA” are isotomic if the points A’ and A" are sym- 


metric with respect to the midpoint of the segment BC. Assuming that 


A'B B'C C'A 
= mMm, = N, = p, 
A'C B'A C'B 


then for the corresponding isotomic cevians we have 


A'B 1 B'C 1 C"A 1l 
A'C m° B'A n’ C"B p 
Applying the formula in Corollary 4, it follows that 


area[A' B'C'] _ 1+mnp 
areal ABC]  (1+m)(1+n)(1+p) 
mnp = . area[A" B"C"] 


i 1 1\/s 1\_ 
(1+ =) (1+ =) (E+ 2) area[A BC] 
m n EB P 


Therefore area[A' B'C'] = area[ A" B" C]. A special case of this relation is Ky — 


Kj, since the points N and J are isotomic (i.e., these points are intersections of iso- 
tomic cevians). B 

3) Consider the excenters Iw, Ip, Iy of triangle ABC. It is not difficult to see that 
the coordinates of these points are 


u a B Y 
"36-3 t Hef) e 
ZIg = E a p +F 4 c 
^ ^ 2(s—a) 2(s — B) 2(5—y) 
" B y 
6L, = 


+ b : 
" 26-« 2G-8 2G-») 
From the formula in Theorem 1, it follows that 
o p Y 
2(s—a)  2(s— p) 2(s — y) 


a B y 
areal la Ig ly] = 365 — a) 2(s— B) 2(s—y) 


area[ABC] 


a B y 
2(s — a) 2(s — p) 2(s — y) 
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—] 1 1 
— apy —] 1 |area[ABC] 
8(s — æ) (s — B)(s — y) io. -1 
sopy area[ ABC] soy area[A BC] 2saBy 


= = = = 2s R. 
2s(s —a)(s — B)(s — y) 2 area2[ABC] 4area[ ABC] 


4) (Nagel line.) Using the formula in Theorem 1, we give a different proof for the so- 
called Nagel line: the points 7, G, N are collinear. We have seen that the coordinates 


of these points are 


N 
z 
| 
“o— 
— 
| 
a | 
eee 
+ 
"a 
KS Mm 
| 
alo 
See 
> 
+ 
A 
— 
| 
«dx 
NL 
S 


Then 


ath_books 


Q 
D 


N 
a 
N 
fm 
N 
-^ 


area[ GN] = - area[ ABC] = 0, 


ww 
wl 


u | tglegram.me 


— 
— 


M 


hence the points J, G, N are collinear. 


4.9 Orthopolar Triangles 


4.9.] The Simson-Wallance line and the pedal triangle 


Consider the triangle ABC, and let M be a point situated in the triangle plane. Let 
P, Q, R be the projections of M onto lines BC, CA, AB, respectively. 


Theorem 1. (The Simson’ line®) The points P, Q, R are collinear if and only if M 


is on the circumcircle of triangle ABC. 


"Robert Simson (1687—1768), Scottish mathematician. 
8This line was attributed to Simson by Poncelet, but is now frequently known as the Simson—Wallance 
line since it does not actually appear in any work of Simson. William Wallance (1768-1843) was also a 


Scottish mathematician, who possibly published the theorem above concerning the Simson line in 1799. 
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A 


Figure 4.10. 


Proof. We will give a standard geometric argument. 

Suppose that M lies on the circumcirclé of triangle A BC. Without loss of generality 
we may assume that M is on the arc BC : In order to prove the collinearity of R, P, Q, 
it suffices to show that the angles BPR and CPO are congruent. The quadrilaterals 
PRBM and PC QM are cyclic (since BRM = BPM and MPC + MOC = 180°), 
hence we have BPR = BMR and CPO = CMO. But BMR = 90° — ABM = 
90° — MCQ, since the quadrilateral AB MC is cyclic too. Finally, we obtain BMR = 
90° — MCO = CMO, so the angles BPR and CPO are congruent. 

To prove the converse, we note that if the points P, Q, R are collinear, then the 
angles BPR and CPO are congruent, hence ABM + ACM = 180°, i.e., the quadri- 
lateral ABMC is cyclic. Therefore the point M is situated on the circumcircle of tri- 
angles ABC. 


When M lies on the circumcircle of triangle ABC, the line in the above theorem is 


called the Simson—Wallance line of M with respect to triangle ABC. 

We continue with a nice generalization of the property contained in Theorem 1. For 
an arbitrary point X in the plane of triangle ABC consider its projections P, Q and R 
on the lines BC, CA and AB, respectively. 

The triangle PQR is called the pedal triangle of point X with respect to the triangle 
ABC. Let us choose the circumcenter O of triangle ABC as the origin of the complex 


plane. 


Theorem 2. The area of the pedal triangle of X with respect to the triangle ABC is 
given by 
area[A BC] 


ag ME Re (1) 


area[ P QR] = 
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B P C 
Figure 4.11. 


where R is the circumradius of triangle ABC. 


Proof. Applying the formula in Proposition 1, Section 4.5, we obtain the coordinates 


p, q,r of the points P, Q, R, respectively: 


1 be _ 
p=- de ea ; 


2 
TE reese 
—-—-(x—--——x-cca), 
4-5 R 
E $a +b 
r= g a ; 
Taking into account the formula in Section 2.5.3 we have 
D 
a AN rem 
area[POR]= -|4 q 1|=- To * T 
4 z 4|r—p r—p 
r rl 


For the coordinates p, q,r we obtain 


It follows that 
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1 1 
q-P=55,,0 - De cR? and r-p- abet 7 9c b)R?. 
Therefore 
area[POR] = 4| 197P 415P 
4| r—p r—p 
CX 2 
1— E (x —c)R 
_ i(a — b)(a — c) R 
16abc bx ! 
-g (x — b)R 
u i(a—b)(a—c)| R^—cx x-—c 
7 16abc R2—bx x-—b 
= i(a —b)(a—c)| (b—c)x b-c 
16abc R^-bx x—b 
_ i(a - D)(b — eYa — c) x 1 
m 16abé- R^—dr b 
M i(a — b)(b — ga — c) (x — R3. 
16abc- 
Proceeding to moduli we find that e 
— b||b — cllc £ 
areal POR (ie 
16lallbllcl = T6R3 
Z area[A BC] ix — RÀ, 
4R? 


where o, B, y are the length of sides of triangle ABC. 


Remarks. 1) The formula in Theorem 2 contains the Simson-Wallance line prop- 
erty. Indeed, points P, Q, R are collinear if and only if area[P QR] — O. That is, 
|xx — R?| = 0, i.e., xx = R?. It follows that |x| = R, so X lies on the circumcircle of 
triangle ABC. 

2) If X lies on a circle of radius Rj and center O (the circumcenter of triangle ABC), 


then xx = RS and from Theorem 2 we obtain 


area[A BC] 
4R? 
It follows that the area of triangle P QR does not depend on the point X. 
The converse is also true. The locus of all points X in the plane of triangle ABC 
such that area[ P Q R] = k (constant) is defined by 


area[ P QR] = |R? — R?|. 


ireje A4R?K 
area[ ABC]: 
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This is equivalent to 


T AR?k 2 4k 
[x|^ = R^ + — = Rí | 1 + — ]. 
area[ ABC] area[ ABC] 


1 
Ifk > go ABE ], then the locus is a circle of center O and radius Ry = 


à 4k 
area[ ABC] 


1 
Ifk < qareal ABC ], then the locus consists of two circles of center O and radii 


i+ 4k 
-~ area[ ABC] 


1 
, one of which degenerated to O when k = qareal ABC ]. 


Theorem 3. For any point X in the plane of triangle ABC, we can construct a 
triangle with sides AX - BC, BX- CA, CX - AB. This triangle is then similar to the 
pedal triangle of point X with respect to the triangle ABC. 


Proof. Let P QR be the pedal triangle of X with respect to triangle ABC. From 


formula (2) we obtain I 
1 = R? — cx 
= b ; 3 
4- P= 3 - bx — Ou 3) 
Proceeding to moduli in (3), it follows that 
5b 
oO 
EEE, E (4) 
a x—c 
ibas x—c 
On the other hand, 
2 
R? — cx u R2—cx R2-—&x u R2—cx R*—¢x 
x—C ~ xe E—D. ^ 4e o R 
c 
R? — cx R?(c — x) _ R? 
x—c cx — R? ] 
hence from (4) we derive the relation 
| |= la — b|| | (5) 
q—p|- OR a x—c|l. 
Therefore 
PQ QR RP 1 (6) 


CX.AB  AX.BC  BX.CA 2R 
and the conclusion follows. 
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Corollary 4. In the plane of triangle ABC consider the point X and denote by 
A'B'C' the triangle with sides AX - BC, BX- CA, CX - AB. Then 


area[A' B/C'] = area[ABC]|xx — R?|. (7) 


Proof. From formula (6) it follows that area[A’B’C’] = 4R^area[P QR], where 
P QR is the pedal triangle of X with respect to triangle A BC. Replacing this result in 


(1), we find the desired formula. 
Corollary 5. (Ptolemy's inequality) For any quadrilateral ABCD the following 


inequality holds: 
AC-BD < AB. CD + BC- AD. (8) 
Corollary 6. (Ptolemy's theorem) The convex quadrilateral ABC D is cyclic if and 
only if 
AC. BD— AB: CD BC- AD. (9) 


Proof. If the relation (9) holds, then triangle A’B’C’ in Corollary 4 is degenerate; 
i.e., area[A’B’C’] = 0. From formula (Gt follows that d - d = R?, where d is the 


coordinate of D and R is the circumradius of triangle ABC. Hence the point D lies on 


lat 


the circumcircle of triangle ABC. 
If quadrilateral ABC D is cyclic, then the pedal triangle of point D with respect to 


triangle A BC is degenerate. From (6) we obtain the relation (9). 


Corollary 7. (Pompeiu’s Theorem”) For any point X in the plane of the equilateral 
triangle ABC, three segments with lengths X A, X B, XC can be taken as the sides of 
a triangle. ü 

Proof. In Theorem 3 we have BC = CA = AB and the desired conclusion fol- 


lows. 


The triangle in Corollary 7 is called the Pompeiu triangle of X with respect to the 
equilateral triangle ABC. This triangle is degenerate if and only if X lies on the cir- 
cumcircle of A B C. Using the second part of Theorem 3 we find that Pompeiu’s triangle 
of point X is similar to the pedal triangle of X with respect to triangle ABC and 

CX AX BX 2RR 23 


= = ap (10) 
PQ QR RP a 3 


Problem 1. Let A, B and C be equidistant points on the circumference of a circle of 
unit radius centered at O, and let X be any point in the circle's interior. Let d4, dg, dc 
be the distances from X to A, B, C, respectively. Show that there is a triangle with 


?Dimitrie Pompeiu (1873-1954), Romanian mathematician, made important contributions in the fields 


of mathematical analysis, functions of a complex variable, and rational mechanics. 
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sides d4, dp, dc, and the area of this triangle depends only on the distance from X 
to O. 
(2003 Putnam Mathematical Competition) 


Solution. The first assertion is just the property contained in Corollary 7. Taking into 
account the relations (10), it follows that the area of Pompeiu's triangle of point X is 
Sap QR]. From Theorem 2 we get that area[ P Q R] depends only on the distance 
from P to O, as desired. 

Problem 2. Let X be a point in the plane of the equilateral triangle ABC such that X 
does not lie on the circumcircle of triangle ABC, and let XA = u, XB =v, XC = w. 


Express the length side a of triangle ABC in terms of real numbers u, v, w. 
(1978 GDR Mathematical Olympiad) 


Solution. The segments [X A], [X B], [XC] are the sides of Pompeiu's triangle of 
point X with respect to equilateral triangle ABC. Denote this triangle by A’B’C’. 
From relations (10) and from Theorem 2 it follows that 


2 
area[A’ B’C’] = (55) 


€ 


1 
R] = z'Sarea[ABC]lx -x — R?| 


| 

[0] 

M 
e/math b 


3R 
= : x —ER*| = XO* — R^|. 11 
Boa rige | (D 
On the other hand, using the well-known formula of Hero we obtain, after a few 
[5] 


simple computations: 


1 
area[ A’ B’C’] = qv + v2 + w?) — 2(u* + v^ + w^). 


Substituting in (11) we find 


1 
IXO? — R?| = Jg G? v + wr? Aut + oF + wf. (12) 


Now we consider the following two cases: 


Case 1. If X lies in the interior of the circumcircle of triangle ABC, then XO? < 


R?. Using the relation (see also formula (4) in Section 4.11) 
1 
XO? = gue +v? + w* — 3R?), 


from (12) we find that 


1 1 
2R? = <u? V + w) + — V? $02 pw? Aut + v wA), 
3 v3 


132 4. More on Complex Numbers and Geometry 


hence 


1 3 
a? = sue Sa? +w) Sæ +v? + w?) — 2(u^ + v^ + w^). 


Case 2. If X lies in the exterior of circumcircle of triangle ABC, then X 0? > R? 


and after some similar computations we find 


1 3 
a? = sue +v Bay?) = Y? fg? + v2 w2)? — 2(u^ + v^ + w^). 


4.9.2 Necessary and sufficient conditions for orthopolarity 


Consider a triangle ABC and points X, Y, Z situated on its circumcircle. Triangles 
ABC and XYZ are called orthopolar triangles (or S-triangles)! if the Simson- 
Wallance line of point X with respect to triangle ABC is perpendicular (orthogonal) 
to line Y Z. 

Let us choose the circumcenter O of triangle ABC at the origin of the complex 


plane. Points A, B, C, X, Y, Z have the coordinates a,b,c,x, y, z with 


2 


| 
la| = |b| = lel = I = lyl = |z| = R, 


where R is the circumradius of the triangle ABC : 

Theorem 3. Triangles ABC and XY Z are orthopolar triangles if and only if abc = 
xyz. E, 

Proof. Let P, Q, R be the feet of the orthogonal lines from the point X to the lines 
BC,CA, AB, respectively. 

Points P, Q, R are on the same line; that is, the Simson-Wallance line of point X 
with respect to triangle ABC. 

The coordinates of P, Q, R are denoted by p, q,r, respectively. Using the formula 
in Proposition 1, Section 4.5, we have 


: 25 ape 
—-[x--—x c 
P= 


-( Cr +e+a) 
q—5W x2" c+a), 
1 ab _ 
TD—3 t= s E š 
We study two cases. 


l0This definition was given in 1915 by Romanian mathematician Traian Lalescu (1882-1929). He is 


famous for his book La géometrie du triangle published by Librairie Vuibert, Paris, 1937. 
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Case 1. Point X is not a vertex of triangle ABC. 
Then P Q is orthogonal to Y Z if and only if (p — q) - (y — z) = 0. That is, 


bee dr t y fs zm 
R2 


or 
(b — a)(R? — Tx) — z) + (b — a)(R? — ex)(y — z) = 0. 
We obtain 
R? R? R? R\[R_ R 
( IG “Jo z) + (b Z6 c )( )=0 
b a C x y Z 
hence 


abc 


The last relation is equivalent to 


1 1 
(a — b)(c — x) (y — z) 2 b)(c—x)(y-z)-0. 


= 
< 


(abc — xyz)(a x)y—z)-0 


ath. bSoks 
o 


[s 


and finally we get abc = xyz, as desired. < 
Case 2. Point X is a vertex of triangle A 
X — B. B 
Then the Simson-Wallance line of point, X — B is the orthogonal line from B to 
AC. It follows that B Q is orthogonal to Y Zif and only if lines AC and Y Z are parallel. 
This is equivalent to ac — yz. Because b E x, we obtain abc = xyz, as desired. 


C. Without loss of generality, assume that 


n.mg/m 


Remark. Due to the symmetry of the relation abc — xyz, we observe that the 
Simson-Wallance line of any vertex of triangle XY Z with respect to ABC is orthog- 
onal to the opposite side of the triangle XY Z. Moreover, the same property holds for 
the vertices of triangle ABC. 

Hence ABC and XYZ are orthopolar triangles if and only if XYZ and ABC are 


orthopolar triangles. Therefore the orthopolarity relation is symmetric. 


Problem 1. The median and the orthic triangles of a triangle ABC are orthopolar in 


the nine-point circle. 


Solution. Consider the origin of the complex plane at the circumcenter O of triangle 
ABC. Let M, N, P be the midpoints of AB, BC, CA and let A', B', C' be the feet of 
the altitudes of triangles ABC from A, B, C, respectively. 

If m, n, p, a! , b’, c' are coordinates of M, N, P, A’, B', C' then we have 

1 1 


1 
m= 4 tb), n= zÉ t 9. p= gta) 


134 4. More on Complex Numbers and Geometry 


fes tbc P E tbc EE 
a=-|a c— —5a|]-—z«ta G= = |; 
2 R? 2 a 


, 1 ca ; ab 
b= 5(atb+e-<), c= -{at+b+c—-—). 
2 b 
The nine-point center Oo is the midpoint of the segment OH, where H (a + b 4- c) 
1 
is the orthocenter of triangle ABC. The coordinate of Oo is œ = zC +b+c). 


Now observe that 


(a — e)(b — w)(c — w) = (m — e)(n — @)(p — o) = gabe, 


and the claim is proved. 


Problem 2. The altitudes of triangle ABC meet its circumcircle at points A1, B1, C1, 
respectively. If A1, B1, C, are the antipodal points of A1, B1, C1 on the circumcircle 
ABC, then ABC and A‘ B; C; are orthopolar triangles. 


2 be ca ab ! 
Solution. The coordinates of A1, B1, Crare — —, —— , — —, respectively. Indeed, 


the equation of line AH in terms of the réal NT is ae, ED —a)-(b—c)=0. 
It suffices to show that the point with coordinate == - lies both on AH and on the 
"be| _ [bllel _ RR 
l| R 
hence this point is situated on the circuméirce of triangle ABC. Now, we show that 


bc 


circumcircle of triangle ABC. First, let u£note that 


> 


b 
the complex number = satisfies the equation of the line AH. This is equivalent to 
[5] 


(= +a) 0-09=0. 
a 


Using the definition of the real product, this reduces to 


(Z +3) o-o* (a +a) 6-H =0 
a a 


or 


Finally, this comes down to 


abc —— R? aR? 
(b — c) +a =0, 


R2 a bc 


a relation that is clearly true. 
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A Aj 
By 
Bi 
Ci 
Ci 
B c 

Ai 
Figure 4.12. 

bc 


: ca ab . 
It follows that A1, B1, C, have coordinates —, P respectively. Because 
4 a c 


we obtain that the triangles ABC and A! Bi C' are orthopolar. 


Problem 3. Let P and P’ be distinct points on the circumcircle of triangle ABC such 
that lines AP and AP’ are symmetric witlt Fespect to the bisector of angle B AC. Then 
triangles ABC and AP P' are orthopolar= 


A 


Figure 4.13. 


Solution. Let us consider p and p’ the coordinates of points P and P’, respectively. 
It is clear that the lines P P' and BC are parallel. Using the complex product, it follows 
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that (p — p) x (b — c) = 0. This relation is equivalent to 


(p — pb — c) — (p - p)b — e) = 0. 


Considering the origin of the complex plane at the circumcenter O of triangle ABC, 


R? R R R? 
(p ^(5 ( -) c) =0, 
c p P 


2 i 1 1 
R (p-p)b-9\7 7) =0 
c pp 


Therefore bc = pp’, i.e., abc = app’. From Theorem 3 it follows that ABC and 


we have 


so 


AP P' are orthopolar triangles. 


4.10 Area of the Antipedal Triangle 


Consider a triangle ABC and a point M. The perpendicular lines from A, B, C to 
MA,MB, MC, respectively, determine ariangle; we call this triangle the antipedal 
triangle of M with respect to ABC. Z 

Recall that M' is the isogonal point of M if the pairs of lines AM, AM; BM, BM’; 
CM, ¢ C M' are isogonal, i.e., the following relations hold: MAC = MAB, MBC = 
M'BA, MCA = M'CB. 


B" 


telegram.m 


A" 


Figure 4.14. 


Theorem. Consider M a point in the plane of triangle ABC, M' the isogonal point 
of M and A" B"C" the antipedal triangle of M with respect to ABC. Then 
area[ABC] — |R?—- OM"| _ |p(M’)| 
area[ A B"C"] 4R? | AR ^7 


where p (M) is the power of M' with respect to the circumcircle of triangle ABC. 
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Proof. Consider point O the origin of the complex plane and let m, a, b, c be the 
coordinates of M, A, B, C. Then 


R? = aa = bb = cc and p(M) = R? — mm. (1) 


Let O1, O2, O3 be the circumcenters of triangles BMC, CMA, AM B, respectively. 
It is easy to verify that O1, O2, O3 are the midpoints of segments M A", M B", MC", 
respectively, and so 
area[O; O2 03] _ 1 l Q) 
area[A" B"C"] 4 
The coordinate of the circumcenter of the triangle with vertices with coordinates 


Z1, Z2, Z3 is given by the following formula (see formula (1) in Subsection 3.6.1): 


ziz1(z2 — 23) + zoxa(z3 — z1) + 237331 — z2) 
o= . 


za Zz l 
z2 22 l 
232 23 1 


The bisector line of the segment [z1, za has the following equation in terms of real 
1 
product: É — zC! + zl -(z1— z2) = 0t is sufficient to check that zg satisfies this 


equation as this implies, by symmetry, that zo belongs to the perpendicular bisectors 


of segments [z2, z3] and [z3, z1]. x 
The coordinate of O, is 3 
5b 
B min(b — c) + bb(c — m) + cc(m — b) 
Tbe m m 1 
b b 1 
c c 1 
_ (R= miiy(c—b) — p(M)yc — b) 
H mi| [m m 1| 
b b 1 b b 1 
c c | c c 1 
Let 
a a l 
A=|b b 4 
c c l1 
and consider 
1 m m 1 1 m m 1 
a=7|b b 1), Bayle ¢ 1j, 
c c 1 a a i 
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and 
m m i 
dixi we 
b b 1 


With this notation we obtain 


(aa + Bb 4- yc)- A 
= Y m(ab — ac) — 9 m(ab — ac) + X a(bc — bo) 


cyc cyc cyc 
R R 
=m- m E - Ts) 
[s C 
cyc 
2 ab ac 
=mA +R Y E —-—jemA. 
oe \ C b 


and consequently 


oa + Bb yc-m, 


C 


since it is clear that A Æ 0. 


4th b 


We note that a, B, y are real numbers-and o + B + y = 1, soa, B, y are the 


barycentric coordinates of point M. E: 
Since > 
: | (c — b) p(M) i | (ca); p(M) ; | (a — b): e(M) 
OQ, = æ- A , O5 = 9 BA E Q3 = y-A , 
we have 
;| Z0 201 1 
g| 202 202 1 
area[O10203] _ z0, zo, | 
area[ABC] — E A 
4 
b—c 
|i M) 1 n 
I^ A apy gom p 
a-b a—b y 
| pM) 1 c-a t-@ 
A? aby | a—b a-b 
_ |M) T plies pM) 1 (3) 
A? apy A?  afy| 
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Relations (2) and (3) imply that 


ara[ABC] — |A*aBy| 
area[A" B"C"] — 4g2(M) ` 


(4) 
Because o, f, y are the barycentric coordinates of M, it follows that 


ZM =azat+ zB + yzc. 


Using the real product we find that 
OM? — zu : zm = (azat Bzg + yzc) : (aza + Bee + yzc) 


= (o? + B^ y?) +2) oBza- zn 


cyc 


2 2 2) p2 2_ AB 
=(@ +8 +y’R +2) of |R - —— 
c 2 
yc 
— (a - B -- y R? — M aBAB? =R — 'apAB?. 
cyc cyc 
Therefore the power of M' with respect the circumcircle of triangle ABC can be 


expressed in the form 


e/mat& bo 


p(M) = R? — OM? = SB AB’. 


cyc 


ramgm 


o 


£f) 
On the other hand, if o, 6, y are the barycentric coordinates of the point M, then its 


isogonal point M’ has the barycentric coordinates given by 


6 


sies By BC 
By BC? + ay CA? + aß AB?’ 


yaCA? 


pl 
m By BC? + ayCA? + aß AB?’ 


Pu. aß AB? 
— By BC? +ayCA2 + aBAB?' 


y 


Therefore 


p(M’) = y > a’ BAB? 


cyc 
B aßy AB? - BC? . CA? | aByAB? BC? CA? 
^ (ByBC?-ayCA? -aBAB? — p2(M) 


On the other hand, we have 


I 
=|{(—-.-A 
i 4 


The desired conclusion follows from the relations (4), (5), and (6). 


(5) 


2 AB?. BC2.. CA? 
= Re (6) 


4 
E É - area[ ABC] 
i 


140 4. More on Complex Numbers and Geometry 


Applications. 1) If M is the orthocenter H, then M' is the circumcenter O and 


area[ ABC] R 1 
area[A" B"'C"] 4R? 4 


2) If M is the circumcenter O, then M' is the orthocenter H and we obtain 


aea[ABC] — |R? — OH?| 
area[ A B"C"] AR? 


Using the formula in Theorem 8, Subsection 4.6.4, it follows that 


aea[ABC] — |QR +r? — s?| 
area[A" B"C"] — 2R? 


3) If M is the Lemoine point K, then M' is the centroid G and 


area[ ABC] |R? — OG?| 
area[ A" B"C"] AR? 


S 
II 


A 


| 


Applying the formula in Corollary 9, Subsection 4.6.4, then the first formula in 
Corollary 2, Subsection 4.6.1, it follows that 


e 
e 


aea[ABC] — 2(s*-¥?—4Rr) o +B? +y? 


A 


area[ A” B"C"] 36R2 36R2 


where a, 6, y are the sides of triangle ABC. 


[ert] 


From the inequality o? + 8? 4- y? < 9R* (Corollary 10, Subsection 4.6.4) we obtain 


area[A BC] z 1 
area[A" B"C"] ^ 4 


4) If M is the incenter J of triangle ABC, then M' = I and using Euler's formula 
OI? = R? — 2Rr (see Theorem 4 in Subsection 4.6.2) we find that 


aea[ABC] — |RP?—OD| 2Rr r 


area[ A^ B"C"]  — AR? 4R2  A4R' 


Applying Euler's inequality R > 2r (Corollary 5 in Subsection 4.6.2) it follows that 


area[A BC] de 1 
area[A" B"C"] 7 4° 


4.11 Lagrange's Theorem and Applications 


Consider the distinct points A1 (z1), ..., An(Zn) in the complex plane. Let m, ..., Mn 


be nonzero real numbers such that m, +- -- + m, Æ 0. Let m = mı 4 --- mg. 
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The point G with coordinate 


1 
ZG = — (M121 +++ + MnZn) 
m 


is called the barycenter of set (A1, ..., An} with respect to the weights m1, ..., my. 
In the case m, = --- = m, = 1, the point G is the centroid of the set {A1,..., An}. 
When n = 3 and the points A1, A», A3 are not collinear, we obtain the absolute 
barycentric coordinates of G with respect to the triangle A;A2A3 (see Subsection 
4.7.1): 


m, m» m3 
Mz = F^ = , z = 
Theorem 1. (Lagrange!!) Consider the points A1,..., An and the nonzero real 
numbers m|,...,mg such that m = m| + --- + mg 4 0. If G denotes the barycenter 
of set (A1, ..., An} with respect to the weights mı, ..., mg, then for any point M in 
the plane the following relation holds: 2 
yinjMAÀ = mMG? c Y mjGA? (1) 
j=l E j=l 
Proof. Without loss of generality we caf assume that the barycenter G is the origin 
of the complex plane; that is, zg = 0. z 
Using properties of the real product we Obtain for all j = 1,..., n, the relations 
[5| 


MA; = |zM =z; = (zm — Zj): (zM — Zj) 


= |zul? — 2zm jc Iz;l?, 
l.e., 
MA; = Izm]? —2zM-zjd Iz; ^. 
Multiplying by m; and adding the relations obtained for j = 1,...,n, it follows 
that 


n 


n 
X mjMA? = Yo mj (zm? — 2zm : zj + 12,1) 


n n 

2 2 

—m|zy|^—2zy- 2 s mill 
j=l j=l 


1 Joseph Louis Lagrange (1736-1813), French mathematician, one of the greatest mathematicians of the 
eighteenth century. He made important contributions in all branches of mathematics and his results have 


greatly influenced modern science. 
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n 
= m|zul? — 2zu - (mzg) + nj 
j=l 


n n 

2 2 2 2 

= m|zyl +> mill — m|zy — zal t mjlzj — zeal 
j=l j=l 


n 
=mMG* +Y mjGA¥. 
j=l 
Corollary 2. Consider the distinct points A1, ..., An and the nonzero real numbers 
mj,...,mmg such that m, + - - -+ mn £ 0. For any point M in the plane the following 
inequality holds: 


n n 
onjMA EM mjGAj, (2) 
j=l j=l 


with equality if and only if M = G, the barycenter of set (A1, ..., An} with respect to 


the weights m,,..., Mp. 


Proof. The inequality (2) follows directly from Lagrange’s relation (1). 


If m, =--- =m, = 1, from Theorem Fone obtains: 
Corollary 3. (Leibniz?) Consider the “distinct points A1, ..., An and the centroid 
G of the set (A1, ..., An}. For any point M in the plane the following relation holds: 
i E : 
2. MA = id a 2. GA;. (3) 
[5| 


Remark. The relation (3) is equivalent to the following identity: For any complex 
numbers z, Z1, ..., Zn we have 


1 2 n 
= y Iz—zjP =n + > 
n 

j=l j=l 


Applications. We will use formula (3) in determining some important distances in a 


2 

Zpte + Za Zpc + Zp 

SUELE UN gj— —————À 
n ` n 


Z= 


triangle. Let us consider the triangle ABC and let us take n = 3 in the formula (3). We 
find that for any point M in the plane of triangle ABC the following formula holds: 


MA? + MB + MC? 23MG^ + GA + GB? GC? (4) 
where G is the centroid of triangle ABC. Assume that the circumcenter O of the 


triangle ABC is the origin of complex plane. 


I? Gottfried Wilhelm Leibniz (1646-1716) was a German philosopher, mathematician, and logician who 
is probably most well known for having invented the differential and integral calculus independently of Sir 


Isaac Newton. 
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1) In the relation (4) we choose M = 0 and we get 
3R? = 30G? + GA? + GB? + GC. 
Applying the well-known median formula it follows that 
4 
GA? + GB? + GC? = ga +m; +m?) 


4 1 1 
= 5) Gee * y) - a^] = zy’), 


cyc 


where o, B, y are the sides of triangle ABC. We find 
1 
OG ca cQ e p. (5) 


An equivalent form of the distance OG is given in terms of the basic invariants of 
triangle in Corollary 9, Subsection 4.6.4. 

2) Using the collinearity of points O,.G, H and the relation OH = 30G (see 
Theorem 3.1 in Section 4.5) it follows that 


YY 


_b 


OH? 290G? = 9R? — (o? + g? + y?) (6) 


na 


An equivalent form for the distance OH was obtained in terms of the fundamental 
invariants of the triangle in Theorem 8, Subsection 4.6.4. 
3) Consider in (4) M = I, the incenter of triangle ABC. We obtain 
o 


= 


[5] 
Id 


1 
IA? + IB? + IC? aaro. AG +8 +7), 


Figure 4.15. 


On the other hand, we have the following relations: 


i= as IB = 5 IC = —, 
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where r is the inradius of triangle ABC. It follows that 


ghe S gn E ou E et 
~ A B C 
3 sin? 2 sin? — sin? — 


2 


1 
gor +B +y’) 


Taking into account the well-known formula 


23A G- BY - y) 
sin 


a By 
we obtain 
_ By(s — a) 
Ed Qi Ber E CEN 
2 
= g > ByG — a) = KZ = [5 > BY = 308 | 
cyc z 


= ib er + 4Rr) - BsRr] = attr 8Rr), 


where we have used the formulas in Substion 4.6.1. Therefore 


e/m 


1 1 
IG? = d = Bar - TETEE 


(s? 


telévram 


l l 
= |? +r? —8Rr arr) z 5% + 5r* — 16Rr), 


3 
where the first formula in Corollary 2 was used. That is, 
1 
IG? = w + 5r? — 16Rr), (7) 
hence we obtain again the formula in Application 1), Subsection 4.7.2. 
Problem 1. Let z1, z2, z3 be distinct complex numbers having modulus R. Prove that 


9R? — |zi - zz + zl > J3 
Iz1 — zal: |z2 — za] -|z3 — zıl 7 


Solution. Let A, B, C be the geometric images of the complex numbers z1, z2, z3 


and let G be the centroid of the triangle ABC. 


i : zitzoctz 
The coordinate of G is equal to SS and |z; — z2| = y, |z2 — za] = @, 


[z3 — zi = £. 
The inequality becomes 
OR? = 90G* v3 


(1) 
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Using the formula 
1 
OG =R  - X^ +B +y’), 


(1) is equivalent to 


o y 4/3 _ 4rK 
RR 


a? +8? y = V3 =4KV3. 


Here is a proof of this famous inequality, by using Hero’s formula and the AM-GM 
inequality: 


3 3 
Kei aa - WER < ic sts Top A 


ur. _@+Btyy’ (300-8 xy) c.g Ty 
34/3 Ds T 12/3 4/3 


We now extend Leibniz’s relation in Corollary 3. First, we need the following result. 


) 


Theorem 4. Let n > 2 be a positive integer. Consider the distinct points A1, ..., An 
and let G be the centroid of the set (A1, E , An}. Then for any point in the plane the 
following formula holds: E 

nMG* =n} MAj- XO AA. (8) 
j=l E 1<i<k<n 


Proof. We assume that the barycenter G is the origin of the complex plane. Using 
properties of the real product we have 
2. 2... E 2 2 
MA‘ = |zu — zjl* = (xu > zj): (M — zj) = Izdl* — 2zu + zj + lzjl 
and 
Ai A? = |zi — zk = |zil? — 2zi + ze cal, 


where the complex number zj is the coordinate of the point Aj, j = 1,2,...,n. 
The relation (8) is equivalent to 


n 
nizm? =n) (lzm? —2zu:zj |) $O lz? — 2zi ze Izd. 


j=l ]xi«kzn 


That is, 


n n 
ny d =2n zweit D> (ei? 2zi ze + Ize”). 
fel j=l 


]xi «kxn 
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Taking into account the hypothesis that G is the origin of the complex plane, we 
have 


n n 
M "Zj =2M° (2) — n(zM-zg) =n(zy-0)=0. 
j=l j=l 


Hence, the relation (8) is equivalent to 


n 

2 
ial --—2 > Zi * Zk- 
j=l 


l<i<k<n 


The last relation can be obtained as follows: 


1 n n 
0— Ecl 2 26:26 2 -5 (£=) : (£a) 
i=l k=1 


n 
j=l ra 


| 
^ 
A 
A 
A 
= 


Therefore the relation (8) is proved. 


h boc 


Remark. The formula (8) is equivalentito the following identity: For any complex 


numbers zZ, z1, ..., zy, we have 9 
& 
dá 
2 
Dx 2 zi +: 5+ n 1 2 
) lz — zj| Z z E J [zi — zl“. 
x ne n 
P v l<i<k<n 
o 


Applications. 1) If Aj, ..., A, are points on the circle of center O and radius R, 
then taking in (8) M — O, it follows that 


XO AjAZ =n (R — 06°). 
]xi«kzn 
If n = 3 we obtain the formula (5). 
2) For any point M in the plane the following inequality holds: 


1 
2 MA n E Aj Ai, 
j=l ]xi «kxn 
with equality if and only if M = G, the centroid of the set (A1, ..., Ay}. 
Let n > 2 be a positive integer, and let k be an integer such that 2 < k < n. Consider 
the distinct points A1, ..., A, and let G be the centroid of the set (A1,..., An}. For 


< ix let us denote by G;,,... j, the centroid of the set {A;,,..., Ai} 
We have the following result: 


indices ij < --- 
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Theorem 5. For any point M in the plane, 
n\< n 
2 2 2 
(n — (7) 2» MA; +n (k — n({) ma 


=knn-1) > MG. (9) 


]xi,«- ik <n 
Proof. It is not difficult to see that the barycenter of the set {Gj,...;, : 1 < ij <+ < 


iy < n) is G. Applying Leibniz’s relation one obtains 


XY MA; = MG 4 Y G42, (10) 


n 
5 Mo? = (Duet + D S04 (11) 


1<i, <-+-<ig<n 1<i, <-+-<ig<n 


k k 

2 2 2 
2 MAF =kMGîgi + YO Gig A (12) 
s—l o s=] 


Considering in (12) M = G and adding'all these relations, it follows that 


TEE: 
Y SY Clare ^ — 0054 
1xii«-«ijzn s=1 H 1 <i) <:++<ip<n 
+ 8» Gi A; (13) 
]xi«-«iyxims-l 
Applying formula (8) in Theorem 5 for the sets (A1,..., An} and {Aj,,..., Aij], 
respectively, we get 
n 
WMG =n) MAÁ- >) AA; (14) 
gel l<i<k<n 
k 
2 2 2 2 
EMG, =k) MA,- D, Ai, Aj. (15) 
s=1 Ixp«qzk 
Taking M = Gj,...;, in (15), it follows that 
S 1 
2 2 
2 GaAs - 9); ip Ai. (16) 
s=l l<p<q<k 


From (16) and (13) we obtain 


k 
P» p» GA, =k 25 GG)... 


1xi«-«iyzns-l 1 <i, <++-<ip<n 
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$e 3^ S ad (7) 


lxi <:++<igp<n l<p<q<n 


If we rearrange the terms in formula (17), we get 


(C) BIB 

WAT Pe 1 42/ÀK 

+S GA =k YS Se ae ae XO AM. (08) 
j=l 


n ]1xii«--iyzn n" ]xi«kzn 
1 2 


From relations (10), (11), (14) and (18) we readily derive formula (9). 


Remark. The relation (9) is equivalent to the following identity: For any complex 


numbers z, Z1,..., Zn we have 
n\~< n ee aa 
4 2 TN j 
a-o) Ze- +n «-v(7) z= — 
2 


Zi Fer Ei 
i M 
k 


oks 


= kn(n — 1) b» 


y 2 
1<i, <-++<igp<n 


Applications. 1) In the case k = 2, from (9) we obtain that for any point M in the 


plane, the following relation holds: 


me/m 


f iji" 


on 1 <i} <i2<n 


n = 
(n—2))°MA5+n°MG?=4 M MG} 

j=l bi 

[5] 


l 


In this case G;,;, is the midpoint of the Segment [Ai Ai]. 

2) If k — 3, from (9) we get that for any point M in the plane, the relation 
n 

(n — 3)(n— 2) X MAG + 2n?(n-2)MG? =18 M MG}, 


iy i2i3 
j=l Ixi4 <i2<i3<n 


holds. Here the point G; ii; is the centroid of triangle Aj, Aj, Aiz. 


4.12  Euler's Center of an Inscribed Polygon 


Consider a polygon A; A2--- An inscribed in a circle centered at the origin of a com- 
plex plane and let a1, a2, ..., an be the coordinates of its vertices. 
By definition, the point E with coordinate 
ay T d5:d ds 
2 


is called Euler’s center of the polygon A; A2--- An. In the case n = 3 it is clear that 


ZE = 


E = Oo, the center of Euler's nine-point circle. 
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Remarks. a) Let G(zG) and H (zp) be the centroid and orthocenter of the inscribed 
polygon A; A2- -- An. Then 


H 
pc apes LI 
2 2 2 2 


Recall that the orthocenter of the polygon A1 A2 --- A, is the point H with coordi- 


LE = 


nate zg =a, +d2.+-:-+ady. 
b) For n = 4, point E is also called Mathot’s point of the inscribed quadrilateral 
A, A2A3Aq. 


Proposition. /n the above notation, the following relation holds: 


y EA} = nR? + (n - 4)EO?. (1) 


i=l 


Proof. Using the identity (8) in Theorem 4, Section 2.17, 


n2- MG? on) MA? - » A; AT 


i=l Q l<i<j<n 
| 
for M — E and M — O, we obtain S 
n £ 
n? -EG =n) EA- Y AA, (2) 
i=l g l<i<j<n 
and Bb 
n’. OG znaRb- Y` au. (3) 
l<i<j<n 
n 
Setting s = > ai, we have 
i-l 
S Ss sj n—2 n-2 
2 n 2 n n 


From the relations (2), (3) and (4) we derive that 
n 
n» EA; =n’. EG? —n?. OG? +n? R? 
i-l 


= (n—2 OE? — 40 E? +n? R? =n(n—4)- EO? +n? R? 
or, equivalently, 


n 
b» EA? 2 nR? + (n - A)EO?, 


i=l 


as desired. 
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Applications. 1) For n = 3, from relation (1) we obtain 
Oy Aj + OoA2 + O9 A2 = 3R? — 0 O2. (5) 


Using the formula in Corollary 9.2, Subsection 4.6.4, we can express the right-hand 
side in (5) in terms of the fundamental invariants of triangle A; A2A3: 
I 2 


3 1 
Oo Ai + O9A3 + O9 A2 = yk 3 2Rr + 265 (6) 


From formula (5) it follows that for any triangle A; A2A3 the following inequality 
holds: 
Os AT + O9 A2 + Og A2 < 3R?, (7) 


with equality if and only if the triangle is equilateral. 


2) For n — 4 we obtain the interesting relation 


(8) 


ll 
= 


M- 
les) 
boclis 
nS 
"d 
N 


l 
The point E is the unique point in the plane of the quadrilateral Aj A2 A3 Aq satisfying 


relation (8). 


e/ma&h 


3) For n > 4, from relation (1) the inequality 
Y gam (9) 


follows. Equality holds only in the polygon A; A2--- A, with the property E = O. 
4) The Cauchy-Schwarz inequality and inequality (7) give 


3 3 
P3 R. O»A;) < GR) Y 004? < 9R?. 
i-l i=l 


This is equivalent to 
O9A, + O9A2 + O9A5 < 3R. (10) 


5) Using the same inequality and the relation (8) we have 


4 2 4 
(R »3 EA; < AR? - Y EA; = 16R4 
i=l i=1 
or, equivalently, 


4 
Y EA < 4R. (11) 


i-l 
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6) Using the relation 


2EA; = Je- a;| = 2|> -a 


= |s un 2a; |, 
the inequalities (4), (5) become 


Yo |-a +a +43] < 6R 


cyc 
and, respectively, 
Y! —aı +a2 caa c a4| < 8R. 


cyc 


The above inequalities hold for all complex numbers of the same modulus R. 


4.13 Some Geometric Transformations of the 
Complex Plane 


4.13.1 Translation 


oks 


Let zo be a fixed complex number and let fey be the mapping defined by 
t,:C — C, EMG) =Z + zp. 


The mapping tz is called the translation-of the complex plane with complex num- 


ber zo. S 
oO 
M'(t; z)) 
M(z) 
Mo(zo) 
O 
Figure 4.16. 


Taking into account the geometric interpretation of the addition of two complex 
numbers (see Subsection 1.2.3), we have Fig. 4.16, giving the geometric image 
of tz, (2). 
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In Fig. 4.16 OMoM'M is a parallelogram and OM’ is one of its diagonals. There- 
fore, the mapping tz corresponds in the complex plane C to the translation tom, of 


vector O Mọ in the case of a Euclidean plane. 
It is clear that the composition of two translations t,, and f;, satisfies the relation 


tz, o tz, = Iz 


It is also clear that the set 7 of all translations of a complex plane is a group with 
respect to the composition of mappings. The group (7 , o) is Abelian and its unity is 


to = lc, the translation of the complex number 0. 


4.13.2 Reflection in the real axis 


Consider the mappings s : C > C, s(z) = Z. If M is the point with coordinate z, then 
the point M'(s(z)) is obtained by reflecting M across the real axis (see Fig. 4.17). The 
mapping s is called the reflection in the real axis. It is clear that s os = Iç. 


A 


books 


MQ) 


D 


M'(s(z)) 


telegram.me/matt 


Figure 4.17. 


4.13.3 Reflection in a point 
Consider the mapping so : C — C, so(z) = —z. Since so(z) + z = 0, the origin O 
is the midpoint of the segment [M (z) M'(z)]. Hence M' is the reflection of point M 
across O (Fig. 4.18). 

The mapping so is called the reflection in the origin. 


Consider a fixed complex number zo and the mapping 
Szo £ CC, Sz (X) = 2z0 — Z. 


If zo, Z, Sz) (z) are the coordinates of points Mo, M, M’, then Mo is the midpoint of the 
segment [M M'], hence M' is the reflection of M in Mo (Fig. 4.19). 
The mapping sz, is called the reflection in the point Mo(zo). It is clear that the 


following relation holds: sz) o sz) = Ic. 
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A 


M(z) 


Mz) 


Figure 4.18. 


M'(s(z)) 


M(z) 


am.me/math_ books 


Figure 4.19. 
T 


4.13.4 Rotation 
Let a = costo + i sin tọ be a complex number having modulus 1 and let rą be the 
mapping given by rg : C > C, ra(z) = az. If z = p (cost + i sint), then 


rg(Z) = az = p[cos(t + to) + i sin(t + to)], 


hence M' (r4 (z)) is obtained by rotating point M (z) about the origin through the angle 
to (Fig. 4.20). 


The mapping rg is called the rotation with center O and angle fo = arga. 


4.13.5 Isometric transformation of the complex plane 


A mapping f : C — C is called an isometry if it preserves distance, i.e., for all 
z1,22 € C, |f) — fl = lz = zl. 
Theorem 1. Translations, reflections (in the real axis or in a point) and rotations 


about center O are isometries of the complex plane. 
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A 
M'(r(z)) 


fo M) 


Figure 4.20. 


Proof. For the translation tz) we have 


tz; (21) — tz, (Z2)| = I(z1 + zo) — (z2 + zo)l = Iza — zal. 


For the reflection s across the real axis Xe obtain 


DOO 


Is(zi) — s(z2)) = Iz1— za] = |z1 — zal = 121 — zal. 


atl 


and the same goes for the reflection in a point. Finally, if rg is a rotation, then 
[5 


il 


e 
Ira (z1) — ra(z2)| = lazı — az2| = |æ|zı — z2| = |z1 — z2l. since |a| = 1. 


We can easily check that the composition of two isometries is also an isometry. 
The set [zo(C) of all isometries of the complex plane is a group with respect to the 
composition of mappings and (7, o) is a subgroup of it. 

Problem. Let A1A2A34A4 be a cyclic quadrilateral inscribed in a circle of center O 
and let Hi, Ho, H5, H4 be the orthocenters of triangles A»A3A4, A1 A344, A1A2A4, 
A1424A3, respectively. 

Prove that quadrilaterals A4 A? A3A4 and H4 H H3 H4 are congruent. 

(Balkan Mathematical Olympiad, 1984) 


Solution. Consider the complex plane with origin at the circumcenter, and denote 
by lowercase letters the coordinates of the points denoted by uppercase letters. 

Ifs = a,j +a2+a3+a4, then hy = a2 +a3 +a4 = s — a1, h2 = s — a2, h3 = s— aa, 
ha = s — a4. Hence the quadrilateral Hı Ho H3 H4 is the reflection of quadrilateral 
A, A2 A344 across the point with coordinate x 


The following result describes all isometries of the complex plane. 


Theorem 2. Any isometry is a mapping f : C — C with f(z) = az + b or 
f(z) = az +b, where a, b € C and |a| = 1. 
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Proof. Let b = f (0), c = f (1) anda = c — b. Then 
la| = lc -b| = 1f (0) — fO = 11 — 0| = 1. 


Consider the mapping g : C — C, given by g(z) = az +b. It is not difficult to prove 


that g is an isometry, with g(0) = b = f(0) and g(1) = a + b = c = f(1). Hence 


—1 


h = g` o f is an isometry, with 0 and 1 as fixed points. By definition, it follows that 


any real number is a fixed point of h, hence h = lc or h = s, the reflection in the real 


axis. Hence g = f or g = f o s, and the proof is complete. 


The above result shows that any isometry of the complex plane is the composition 
of a rotation and a translation, or the composition of a rotation with the reflection in 
the origin O and a translation. 


4.13.6 Morley’s theorem 


In 1899, Frank Morley, then professor of mathematics at Haverford College, came 
across a result so surprising that it entered mathematical folklore under the name of 
“Morley’s Miracle.” Morley's marvelous-theorem states that: The three points of in- 


tersection of the adjacent trisectors of thézangles of any triangle form an equilateral 


e/mz 


triangle. 


The theorem was mistakenly attributed to Napoleon Bonaparte, who made some 


ram 


contributions to geometry. 

There are various proofs of this nice resi J. Conway's proof, D.J. Newman's proof, 
L. Bankoff's proof, and N. Dergiades's proof. 

Here we present the new proof published in 1998, by Alain Connes. His proof is 
derived from the following result: 

Theorem 3. (Alain Connes) Consider the transformations of a complex plane f; : 
C — C, fi(z) = aiz + bi, i = 1, 2,3, where all coefficients aj are different from zero. 
Assume that the mappings fio fo, f20 fs, fso f| and fio f20 fs are not translations, 
i.e., equivalently, a1a5, a2a3, a3a1, a1a2a3 € C \ {1}. Then the following statements 
are equivalent: 

(1) fi o f o fi = lc; 

(2) j? = landa + jB + j?y = 0, where j = a1a5a3 # 1 and a, B, y are the 
unique fixed points of mappings f| © f2, fro fa, fso fi, respectively. 

Proof. Note that (fı o f2)(z) = ajaoz + aba +b1, a1a2 Æl, 


(fa o f3)(z) = a2a3z + abs + bo, | a2a3 #1, 


(fa o fi)(z) = asaiz + a3bı +53, aa, £1. 
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b2 +b b b 
Fx o f= [5 2 + .J- [55 2 d3 ZZ 


1 — aja? a3 — j m 
. anb3 + b» aj azb3 + ayb2 
Fix fro p) = {22 =| - | dnm = f}, 
. aab, + b3 a2d3b, + a2b3 
Fixe fo = {Pre =| a? — j THES 


where Fix( f) denotes the set of fixed points of the mapping f. 
For the cubes of fi, f2, f3 we have the formulas 


PO 2 ajz - by(a7 +a + 1), 


f3(z) = a3z + h(a +a + 1), 


BO) = a3 + bx(a2 -- a5 + 1), 


hence 


(fi o fiofio- aja3ász + aja3b3(az + a3 + 1) 
+ ajba(a5 + aa +Ñ + diay ai + 1). 


Therefore fÈ o fs o f = idc if and only if aja5a; = | and 
E» 


ajajbs(a2 + a3 + 1) + ajba(a2 - a2 + 1) + bi (a? +a +1) — 0. 


To prove the equivalence of statements (1) and (2) we have to show that a+ jB+j7y 


is different from the free term of fÈ o fito B by a multiplicative constant. Indeed, 


using the relation j° = 1 and implicitly j? + j + 1 = 0, we have successively: 


at jf t j'y =a+ jBtC1-jy-a«-y-tJj(8-—») 
u a1dab» + aab| a2dab, + a2b3 " (25 -cajbo  aoaab, + an) 
a3 — j a) — j a|— j a2 — j 


aja243b2 + a2a3bı — a1a3b2 j — asbi j — a2a5b1 


a2a3b3 + a2a3b1 j + a2b3 j 


(az — j)(a3 — j) 


" jae + ayagby — a4a5b3j — ab2 j — a1a5a3b, — a1a5b3 + a2a3b1 j + a2b3 j 
(a1 — j)(a2 — j) 


| 1 (= — a»asbi j? — ayazbyj — asbij — arazby — ara3b3 + aabs j 


^ a-—j a3 — j 


4 ayaxb3 j + a1a2b5 j + ayarb3 — ab j? = bij? F a2a3b; j? F at) 
ay— j 
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1 ) , , , 
m pem 5 mb) by — aja3b j — aya3by j — aiaoa$bi — b3 j 


+ ayarb3j — b; j? + asasbi + ajazb2 j? + asbi j? + anazby j + aga3b3j — abs j° 
+ abs j? + b» j? + b3j — a1asb2 j? — asbi j? + aab: j? + agasbs j’ 


— a1abs j? — ayayby j? — ayayb3j + ayby + by — a2asbi — aab3) 


1 | | | 
~ ai = ja = ja p aib j? — ajasbo j — ayasbi j — asbi j 


— aab — a2a3b3 — aia2bs j? — a1a3b» j? — anb3) 
1 222 3. 2 

E ajia5aijb» + a; anaxb 

CE NCES CT Oe 


+ ayana3by + ayanazb; + aab + a2a3b3 + aĵa3a3b3 + aja;a b» + aba) 


1 
= a= iene 5 atn +a + af) + aj ane bo(I + aa + a3) 


oks 


+ aoba(1 + a3 aj + aja3a3)] 


aja? 


path EL 


3.3 2 
b3(1 
(m — DG - Dasz peer are 


t ajbo(1 + az a5) + bi(1 + a1 + aj]. 


Theorem 4. (Morley) The three points Aa), B'(B), C'(y) of the adjacent trisec- 
tors of the angles of any triangle ABC form an equilateral triangle. 


C 


Figure 4.21. 


Proof. (Alain Connes) Let us consider the rotations fj = r42x, f2 = rBj2y, f3 = 


1 ~ la la 
rc,2z of centers A, B, C and of angles x = 34: y= 3 B, z= 3 C (Figure 4.21). 
Note that Fix( fı o f2) = {A’}, Fix( f2 o f3) = {B’}, Fix(fa o fı) = {C’} (see Fig- 
ure 4.22). 
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A [/4 


A" f(A’) 
Figure 4.22. 


Box 


eI 
LÀ 
ya 
[-1 
nath. Books 


To prove that triangle A' B'C' is equilateral it is sufficient to show, by Proposition 2 
in Section 2.4 and above Theorem 3, that feo 5 o B = lc. The composition SACOSAB 


of reflections sac and sAg across the lines, AC and AB is a rotation about center A 
through angle 6x. T 


o 
Therefore f = sAC © Sap and analogously fà = SBA © Spc and B = SCB O SCA. 
It follows that 


Hc ub. ud 
fi © f3 © f3 = SAC ° SABO SBA © SBC OSCBOSCA = lc. 


4.13.7 Homothecy 


Given a fixed nonzero real number k, the mapping Ag : C — C, hg(z) = kz, is called 
the homothecy of the complex plane with center O and magnitude k. 

Figures 4.24 and 4.25 show the position of point M’(hx(z)) in the cases k > 0 and 
k <0. 

Points M (z) and M’(hx(z)) are collinear with the center O, which lies on the line 
segment M M' if and only if k < 0. 


Moreover, the following relation holds: 
IOM'| = |k||OM|. 


Point M’ is called the homothetic point of M with center O and magnitude k. 
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A 


M(z)) 


M'(hy(z)) 
7 k»0 - 
Figure 4.24. 
A 
M(z)) 


----— 


M'(hy(z)) 


zi 
dg 
= 


egramednes 


e 


It is clear that the composition of two hómothecies h kı and hp, is also a homothecy, 
that is, 
hg, o hk, = hg. 


The set H of all homothecies of the complex plane is an Abelian group with respect 
to the composition of mappings. The identity of the group (H, o) is ^1 = lc, the 
homothecy of magnitude 1. 

Problem. Let M be a point inside an equilateral triangle ABC and let Mi, M», M3 
be the feet of the perpendiculars from M to the sides BC, CA, AB, respectively. Find 
the locus of the centroid of the triangle Mı M5 Ms. 


Solution. Let 1, £, £? be the coordinates of points A, B, C, where € = cos 120? + 
i sin 120°. Recall that 
e --e-- 12 0and &? = 1. 


If m, mı, m2, m3 are the coordinates of points M, Mı, M», M3, we have 


1 
mı en CE ee a m cem), 
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1 2 _ 
= RS +m- m), 


1 
= se titm — e?m). 


Let g be the coordinate of the centroid of the triangle Mı Mz M3. Then 


1 1 
g= 5 (m1 +m +m) = <Q +e +6?) +3m— mM +e +8) =F, 


1 
hence OG = JOM: 
The locus of G is the interior of the triangle obtained from ABC under a homoth- 
1 
ecy of center O and magnitude 7 In other words, the vertices of this triangle have 
l2 


11 
dinates —, =£, — 
coor MAES g ae x” 


4.13.8 Problems 


1. Prove that the composition of two isometries of the complex plane is an isometry. 


2. An isometry of the complex plane has two fixed points A and B. Prove that any 
point M of line AB is a fixed point of the transformation. 

3. Prove that any isometry of the complex plane is a composition of a rotation with a 
translation and possibly also with the reflegtion in the real axis. 

4. Prove that the mapping f: C — C, f à= =i-Z+4-— iis an isometry. Analyze f 


as in problem 3. D 


5. Prove that the mapping g: C — C, g(z) = —iz + 1 + 2i is an isometry. Analyze g 
as in problem 4. 


3 


Olympiad-Caliber Problems 


n books 


The use of complex numbers is helpful ix solving Olympiad problems. In many in- 
stances, a rather complicated problem can be solved unexpectedly by employing com- 
plex numbers. Even though the methods of Euclidean geometry, coordinate geometry, 
vector algebra and complex numbers look similar, in many situations the use of the 
latter has multiple advantages. This chapter will illustrate some classes of Olympiad- 
caliber problems where the method of complex numbers works efficiently. 


5.1 Problems Involving Moduli and Conjugates 
Problem 1. Let z1, z2, z3 be complex numbers such that 
lal = |z2| = |z3] =r > 0 


and zı + z2 + z3 Æ 0. Prove that 


2122 + 2223 + 2321 
=r. 
Z1 + 224+ 23 


Solution. Observe that 


z:Zaü-nZ-ums-r. 


Then 


z1Z2 + 2223 + Z3Z1 
Zp T Zo +23 


2 
_ 2122 + 2223 + 2321  Z1Z2 + 2223 t Z3 
Zi 224+ 23 Ep 22 23: 


162 5. Olympiad-Caliber Problems 


r r T r 
_ 2122 +2223 +Z za 22 Z2 Z3 Z3 Zl — E 
EE RE r E 


as desired. 


Problem 2. Let z1, z2 be complex numbers such that 


Izil = 122] =r > 0. 


2 2 
Zi +22 4 Zi — 22 s 1 
r? +z1z2 r? = zz.) rt 


Solution. The desired inequality is equivalent to 


(= tea) r(Z4 =), 
+ >1. 
r? + ziz2 Vr? — zizo 


Prove that 


N 


Setting g 
zı = r(cos2x + i sin 2x) and z2 = r (cos 2y + i sin 2y) 

yields Ë 

p 


ridi r?(cos2x +i sin 2x 3- cos2y+isin2y) _ cos(x — y) 
r)-zizj — r2(14+cos(2x +2y)+isin(2x+2y)) — cos(x + y) 
BD 


Similarly, 


tele 


r(zı—z2)  sin(y — x) 


r2—z1z2  sin(y- x) 


Thus 


(£ ay " (£ - ey _ c0s?( = y)  sim(x = y) 

r? +2122 r? — ziz2 cos?(x 4- y) | sin?(x + y) 
> cos? (x — y) + sin?(x — y) = 1, 

as claimed. 


Problem 3. Let z1, z2, z3 be complex numbers such that 


[zi] = fao] = |z3| = 1 


and j á à 
Z rA Z 
L42 42 +1=0. 
£223 £143 £122 
Prove that 


[zi + zo + za| € {1, 2). 


5.1. Problems Involving Moduli and Conjugates 
Solution. The given equality can be written as 
z +2 + z3 + 212223 = 0 
or 
—Az|zoz3 = zi + z + 23 — 3z1 2223 
= (u +22 + z3)(z2 + z + z = 2122 — 2223 — 2321). 


Setting z = z1 + z2 + zs, yields 


2 — 3z(z1z2 + zoza + 2321) = —4z12223. 


" 1 1 1 
Z = 212273 | 3z H= 4j. 
Zz Z2 Z3 


The last relation can be written as 


This is equivalent to 


= 


z = zzz + z2 + z3) — 


ie, zZ? = z12223(3|z|* — 4). 


natè books 
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Taking the absolute values of both sides yields Iz? = |3Iz|? — 4|. If |z| > —, then 


2 
V3 


g 2 

Izl? — 3|z? + 4 = 0, implying |z| = 2. If [| < Vs then |z|? + 3|z|? — 4 = 0, giving 
o 
oO 


|z| = 1, as needed. d 


~ 


Alternate solution. It is not difficult to see that Iz? + ae + zii = 1. By using the 


algebraic identity 


(u + v)(v + w)(w + u) = (u + v + w)(uv + vw + wu) — uvw 


for u = m v= 2. w= B. it follows that 


(23 + z3)(z3 + eae + zi) = (23 + z + zu + 2323 + 2321) = zz 


1 1 1 
3,3,3(,3 1 93 41 73 3.3.3 
= Z12373 (Z1 + z3 + z3) 3 + 3 + 3 Z17273 
= Z72323 (Z1 + Z3 + z3) (23 Ti + z3) — Z12323 


3 
= zzz B zo = 0. 


2%3 


Suppose that a + d = 0. Then zı + z2 = Oor a — 71Z2 + z3 = 0 implying 


zi + 23 = —2z122 or Z1 + Z3 zuo. 


164 5. Olympiad-Caliber Problems 


On the other hand, from the given relation it follows that g = —212223, yielding 
2:5. 
23 = —2122 
We have 
2 1 1 1 
zi zac zal, = (zı +z2 +23 | —+t—4+— 
Zz| Z2 Z3 
z.z zi. Z2 , £3 
=3+/ + )+/ + 2) +( + ) 
Z2 Zi 23 Z2 Z3 Z 
2 2 2 2 2 2 
Zi tz 2342122 Z3 + 2122 Zitz 
mgq i14. .0 +3 agy EU 
Z122 2223 2321 £122 
This leads to |zi + z2 + zal? = Lif z? + z% = —2z122 and |zi + z2 + z3l? = 4 if 
rai + zs = z172. The conclusion follows. 
Problem 4. Let z1, z2 be complex numbers with |z1| = |z2| = 1. Prove that 


lzi +1) 4+ [za t 1| +|z1z2 + 1] = 2. 


Solution. We have 


aks 


e 


Iz +1) + [za £11 + |ziz2 + 1| 
> z1 + 1) + |ziz2 + 1 — (z274 D| = [zi + 1| + lz1z2 — zal 
> zi +1 + lz2llz1 - dl = ler + 1| Ia — 1| 


meis = 2ļzı| = 2, 
D 


as claimed. 


telegr 


Problem 5. Let n > 0 be an integer and let z be a complex number such that |z| = 1. 
Prove that 


n| +z +L +z Seer | esee [Ie e [e zt Se, 


Solution. We have 
n|l c zl zb ZEE ezZPp|En zu 


n n 
= p ez +*+ + Tn o ze 
k=1 k=1 


n n n 
> $ le- z”t + tn +z] = dli-zh-pnaz*p 
k=l k=1 k=1 


n n 
-» d -z +l +z”) = $ I1- z*+1+z”*|=2n, 
k=l k=1 
as claimed. 
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Alternate solution. We use induction on n. 
For n = 1, we prove that |l + z| + |1 + z?| + |1 +3] > 2. Indeed, 


22 esbEg-I-s 25 I2 Sle 41/4 izil +z" 
=| +z|+|1 +z 4l -zj. 

Assume that the inequality is valid for some n, so 

n|l +z - |l z2| lz” > 2n. 
We prove that 
(n+ DIEA z| Hd oz H + HT aH | 28 2. 
Using the inductive hypothesis yields 

(nt DI A zl HE ZR RR ZU ga e | 
> Ant [Lt zl + |1 Bt] +1 +z] 
| 
= 2n + |1 + z| + [zis z” + [1 zt] 
> n+ |1 dz —z( +z”) $1 22"43) = 28 +2, 


as needed. 


am. 


Problem 6. Let z1, z2, z3 be complex numbers such that 


I) zi) = [zal = |z3| = 1; [5 


2)zi zo zs z0 
3) t+ 34+23=0. 
Prove that for all integers n > 2, 


Izy + 25 + 23| € {0, 1, 2, 3}. 
Solution. Let 
Si = zi +2423, $2 = 2122 +2223 + 2321, $3 = 212273 
and consider the cubic equation 
3 


Zz — 5127 +59z —53 =0 


with roots z1, Z2, Z3. 
Because z? + gs + E — 0, we have 


s? = 253. (1) 
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On the other hand, 


1 1 1 
s-»(I4L4i)eseemem- am (2) 


The relations (1) and (2) imply s? = 253 - s; and, consequently, |s1 K = 2j|s3| - |s]] = 
2|sı|. Because sı Æ 0, we have |s;| = 2, so sı = 2A with |A| = 1. 


: D 1 2 2 52 22 3 
From relations (1) and (2) it follows that s2 = z% = 2° and s3 = = = a =. 
81 
The equation with roots z1, z2, z3 becomes 
2 —2A2 --2Xz — 5-0. 
This is equivalent to 
(z — AX — Az 22) 2 0. 
3 
The roots are A, Ae, —A&?,where e = — + p 
Without loss of generality we may assume that zı = A, z2 = Ae, z3 = —A&?. Using 
the relations £? — € + 1 = 0 and £? = — leit follows that 
E, - [z4 +z -zi - [z^ Are” ET (1) e 
E» 
- |1 4 e £ (-1yte?*). 
It is not difficult to see that Ez+6 = Ex forall integers k and that the equalities 
o 
D 
Eọ=3, Eq—-2, E2-—0, £3=1, E4-0, Es =2, 
settle the claim. 
Alternate solution. It is clear that zi z5, z are distinct. Otherwise, if, for example, 
zi = 25, then 1 = [z2| = | — (z? + z2)| = 2Iz| = 2, a contradiction. 
From zi + Za + z = 0 it follows that z, D zi are the coordinates of the vertices 
of an equilateral triangle. Hence we may assume that 25 E ez? and z3 = ez, where 


e? + e 4- 1 = 0. Because z3 = Szi and a = e?z? it follows that z2 = -e?z, and 


z3 = ckez,. Then 


Izi + 25 +25] = I + he)” + (e)z = [1 Gee)" + Cke?)"| e (0, 1,2, 3} 
by the same argument used at the end of the previous solution. 


Problem 7. Find all complex numbers z such that 


|z — |z + MI = Iz + |z — MI. 
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Solution. We have 
|z — Iz + MI = Iz + |z — HI 


if and only if 
Iz — Iz + 1|? = Iz +z- MP, 


(z — Iz - 10 (z — Iz +1) — Iz — 10: o Iz — 1p. 
The last equation is equivalent to 
zZ- +D Ut let iP aze-Z+ +B: le-Mtle—-1/P. 
This can be written as 
sd - gd ea Tee), 


E (z-DG4D-(G-D(G-1-2(42-(z-1l-lz— 1). 


N 


The last equation is equivalent to 


2(z +7) = (z +z) - (z + H+ |z — 1|), ie, z +z = 0, 


or |z+ 1] + |z— 1] =2. 
The triangle inequality 


ram.me/math_ bool 


o 
e 


oO 
2=(@+)D-@-Di<lz+ilt+lz-1 

shows that the solutions to the equation |z + 1] + |z — 1| = 2 satisfy z + 1 = t(1 — z), 

where t is a real number and t > 0. 


It follows that z — ; , SO z is any real number with —1 < z < 1. 
The equation z + z = 0 has the solutions z = bi, b € R. Hence, the solutions to the 
equation are 


[bi: b € R}U {a € R: a € [-1, 1]). 


Problem 8. Let z1, z2,..., Zn be complex numbers such that |z1| = |z2| = --: = 
[zu] > 0. Prove that 
n n 
z; 
Re ( 2) =0 
2a 


j=1 k=1 


3 zy = 0. 
k=1 


(Romanian Mathematical Olympiad — Second Round, 1987) 


if and only if 
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Solution. Let 


Then 


-() 5) 


(E) ča 


vi n 
Hence S is a real number, so ReS = S = Of and only if 2 Ze = 0. 
B k=1 
Problem 9. Let à be a real number and let > 2 be an integer. Solve the equation 


bc 


AZ +2") Siz —z’"). 


ram.m¢/mat 


Solution. The equation is equivalent to - 


leg 


z" (A +i) Zz(—A +i). 


Taking the absolute values of both sides of the equation, we obtain |z|” = |z| = |z]. 
hence |z| = 0 or |z| = 1. 
1 
If |z| = 0, then z = 0 which satisfies the equation. If |z| = 1, then z = — and the 


: : Zz 
equation may be rewritten as 


DL —A-i 
Aci 
—A-ci i 
Because Fi = 1, there exists t € [0, 27) such that 
i 
—A-i E 
— = cost c rsinf. 
à +i 
Then 
t +2kr . t+ 2kr 
Zk = COS i sin 


for k = 0, 1,...,n are the other solutions to the equation (besides z = 0). 
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Problem 10. Prove that 


6z—i ; : 
< 1 if and only if |z| < 


1 
2+3iz 3 


Solution. We have 


"M 
| ZZ! | <1 if and only if |6z — i| < |2 + 3iz]. 


2+ 3iz 


The last inequality is equivalent to 
léz — i? < |2 + 3iz|?, i.e., (6z — i)(6Z + i) < (2 + 3iz)(2 — 3iz). 
We find 
36z -7 + Giz — 6iz + 1 < 4 — 6iz + biz + 9zz, 
i.e., 27z -Z < 3. Finally, zz < i Or, equivalently, Iz| < i, as desired. 
Problem 11. Let z be a complex number sách that z € C \ R and 


1+ z4? 


— = ER. 
1 — z +E? 
Prove that |z| = 1. E 
Solution. We have S 
l+z4+2 z E] z 
IUE —— ——5, ER if and only if —— —7; ER. 
1—z-cz 1—z+z 1—z-z 
That is, 
l-z+2? E 


1 
1+zeR,ie,z+-—eER. 
Z z Zz 


The last relation is equivalent to 
1 | 1, _ 2 
gom T. i.e., (z — z)(1 — |z|“) = 0. 


We find z = Z or |z| = 1. 


Because z is not a real number, it follows that |z| — 1, as desired. 
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Problem 12. Let z1, z2, ..., Zn be complex numbers such that |zi| = +--+ = |Zn| = 1 


Prove that z is a real number and 0 < z < n?. 
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1 
Solution. Note that z; = — for all k = 1,...,n. Because 
Zk 


E) a s) e) 


it follows that z is a real number. 


Let zk = cos œk + i sin æ, where o; are real numbers. for k = 1, n. Then 


On the other hand, we have 


n N 
ge cos Qi + sin? o) +2 > (cos aj cosa; + sina; sing j) 
k=1 l<P<j<n 


=n+2 > cos(aj — aj) < 


l<i<j<n 


n n(n — 1) 2 
2 = 2———— =n’, 
+ (2) n+ 2 n 


am.me/math : 


as desired. 


Remark. An alternative solution to the inequalities 0 < z < n? is as follows: 
oO 


(5) 622) (2) 


Problem 13. Let z1, z2, z3 be complex numbers such that 


k=1 


zı +z2+z3#0 and |z1| = |z2| = |Z]. 
Prove that 
1 1 1 1 
Re( — + — + — |: Re ( —— m6 
Zl Z2 Z3 zi d z2- 23 
Solution. Let r = |zi| = |z2| = |z3| > 0. Then 


= = — 2 
Z1Z] = 2222 = 2323 —r 
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and 


Z Z2 Z3 r r 
On the other hand, we have 


1 | 2422423 
zi za-cza [z1 zz? 


1 1 1 1 
Re { — + — + — }- Re {| — —— 
ZI Z2 23 Z1 + z2 +23 
= re (2). ( Z1 +22 + 23 ) - Satata 
5 Iz1 + z2 + 23)" ^na 


and, consequently, 


r 
as desired. 


Problem 14. Let x, y, z be complex numbers. 


S 


a) Prove that 


Ix] + Iyl +lz| < Ix y-zlElx—-yczltl-x-cy- sl. 


b) If x, y, z are distinct and the numbers x + y — z X — y + z, —x + y + z have 


math- book 


equal absolute values, prove that 


egram.1tr 


lx] + ly + lz) < Ix ty — zio Ix — y - zl | — x t y * zl. 


tel 


Solution. Let 
m--—x-ctyctz nex-—y-ctz p=xty-z. 


We have 
n+p es Peu ga ee 


a) Adding the inequalities 


1 1 1 
x| s (alt lp), yis amb pb, izl S 5 (ml + la) 


yields 
Ix] + [y| + [z| < Im] + |z| + [p], 


as desired. 
b) Let A, B, C be the points with coordinates m,n, p and observe that numbers 
m, n, p are distinct and that |m| = |n| = |p| = R, the circumradius of triangle ABC. 


Let the origin of the complex plane be the circumcenter of triangle ABC. 
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The orthocenter H of triangle ABC has the coordinate h = m+n + p. The desired 


inequality becomes 
Ih — m| + |h — n| + [^h — p| S |m| + In| + Il 


or 
AH+BH+CH <3R. 


This is equivalent to 


3 
cos A + cos B + cos C < z. (1) 
Inequality (1) can be written as 
A+B A—B C 
2 cos T cos +1 —2sin? < 
2 2 2 2 


or 


NH ARB . S 
0x Jsin-, — cos M, — + sin ; 


which is clear. We have equality in (1) if and only if triangle ABC is equilateral, i.e., 


27 27 
m = a,n = ae, p = a£, where a is a complex parameter and ¢ = cos ES +i sin — 


. a a a 3 
In this case x — psy 5*7 A 
Problem 15. Let zo, z1, z2, ..., Zn be complex numbers such that 


oD 
o 


(k + Izei (n — k)zk = 0 


forallk € {0,1,2,...,n — 1}. 
1) Find zo such that 
Zot zite tzn = 2". 


2) For the value of zo determined above, prove that 


(3n + 1)” 
< —————,. 


2 2 2 
Izo[ + laa ess Izal 1i 


Solution. a) Use induction to prove that 
Fae 
Zk—id k zo, forall k € {0,1,...,n}. 


Then 
zo d zi +++- zs = 2" if and only if zo + i)" = 2", 


ie. zo = (1— iy^. 
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b) Applying the AM-GM inequality, we have 


2 2 2 
n n n 
Izol? + lzi? +--+ Izal? = Izol? + Tec 
0 1 n 


2 (?n n (?n 2? 
= |zo|* - : L2". = epu dsssinq n 


n 


, 


QE Se (3n +1)" 


n! n n! 


as desired. 


Problem 16. Let z1, z2, za be complex numbers such that 
Z1 d Z2 + Z3 = 2122 + 2223 + 73z1 0. 


Prove that |z1| = |za| = |zal. 


Solution. Substituting z; + zo = —z3 in z172 + za(z1 + z3) = 0 gives z1z2 = £5 so 
lil + I2] = za. Likewise, |z2| - [z3| = |1? and |z3||z1| = |za|?. Then 

[e] 
2 2 2 5 

Izil^ + |zal* + lz3l* = Izillz2l + lz2llz3| + Izallzil, 
i.e., £ 

2 D 2 2 
(zil — 1z22D7 + (zal — I1z3D^ + (zal — 110^ = 0, 


yielding |z1| = |z2| = |zal. 


gram 


y 


op 


Alternate solution. Using the relations: between the roots and the coefficients, it 
follows that z1, z2, z3 are the roots of polynomial Qe p, where p = z1zoza. Hence 
z = p= O -p= z£ — p = 0, implying z = z3 = ran and the conclusion follows. 
Problem 17. Prove that for all complex numbers z with |z| = 1 the following inequal- 
ities hold: 


V2 3 pz 3 3- z^ <4. 


Solution. Setting z = cost + i sint yields 


[1 — zl = V1 — cost)? + sin? t = V2— 2cos =2 


. t 
sin — 
2 


and 


+z? = V 1 + cos 21)2 + sin? 2r = A2 + 2cos2t 


t 
= 2|cost| ZEE 


J2 2 git 
It suffices to prove that ps < |a| + |1 —2a^| < 2, fora = sin 5 € [-1, 1]. We 
leave this to the reader. 
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Problem 18. Let z1, z2, z3, z4 be distinct complex numbers such that 

42 = Zl LO ae 
oo She e 
£4 — Z1 Z4 — £3 


R 0. 


a) Find all real numbers x such that 
[z1 — zal" + |z1 — zal* < |z2 — zal® < |z2 — zal" + Iza — zal. 


b) Prove that |z3 — z1| < |z4 — z5|. 


Solution. Consider the points A, B, C, D with coordinates z1, z2, Z3, z4, respec- 


tively. The conditions 


£2 = Zi Spee —0 


Z4 — Z1 Z4 — £3 


Re 


imply BAD = BCD = 90°. Then |z1 —z2| = AB and |z1 — z4| = AD are the lengths 
of the sides of the right triangle AB D with hypotenuses B D = |z2 — z4]. 
The inequality AB* + AD* < BD* holds for x 7 2. 
Similarly, |z; — z3| = BC and |z4 — Al = CD are the sides of the right triangle 
BCD, so the inequality BD* < BC* + Cp" holds for x < 2. Consequently, x = 2. 
Finally, AC = |z3 —z1| < BD = |za&- z2|, since AC is a chord in the circle of 
o 


diameter B D. g 


Problem 19. Let x and y be distinct complex numbers such that |x| = | y|. Prove that 


1 2 
5! t 9 < |x|. 


Solution. Let x = a +ib and y = c+id, witha, b, c, d € R and à? +b? = c? - d?. 


The inequality is equivalent to 
(a +0)? + (b c dy, « A(a? 4- P?) 
Or 
(a — c} + (b — dy. > 0, 


which is clear, since x Æ y. 


Alternate solution. Consider points X (x) and Y (y). In triangle XOY we have 


OX = OY.Hence OM < OX, where M is the midpoint of segment [XY]. The 
x+y 


coordinate of point M is , and the desired inequality follows. 


Problem 20. Consider the set 


A={zE€C:z=a+bi, a>0,|z| < 1}. 


5.1. Problems Involving Moduli and Conjugates 175 


Prove that for any z € A there is a number x € A such that 


1—x 


14x 


1— 
Solution. Let z € A. The equation z — = has the root 


oue-X Leib 
Tq copa d 


where a > 0 and a? + b? < 1. 


To prove that x € A, it suffices to show that |x| < 1 and Re(x) > O. Indeed, we 
have 
2 = (1—a +b? 
(1 + a)? +b? 
i.e., 0 < 4a, as needed. 


|x < lif and only if (1 — a)? < (1 + a)?, 


1 — |z|? 


Moreover, Re(x) — 
e) |1 4 zl? 


> 0, since |z| < 1. 


ok 


[s 
Here are more problems involving modáli and conjugates of complex numbers. 
et 


Problem 21. Consider the set 


A — (z € €: Iz| « 1), 


n.iie/matl 


a real number a with |a| > 1, and the function 


ele 


1+ az 


fia de TOS 


Prove that f is bijective. 
Problem 22. Let z be a complex number such that |z| = 1 and both Re(z) and Im(z) 
are rational numbers. Prove that |z?” — 1| is rational for all integers n > 1. 
Problem 23. Consider the function 
l-cti 


f:R—C, fo= em 


Prove that f is injective and determine its range. 
zi 
Problem 24. Let z1, z2 € C* such that |z1 + z2| = |zi| = |z2|. Compute —. 
z2 
Problem 25. Prove that for any complex numbers z1, z2, .. ., Zn the following inequal- 


ity holds: 


2 
(Izal + Iza] +--+ + lel + Izi +22 e zal) 
> (Iza? +--+ Leal? + lzi d za + zal’). 
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Problem 26. Let z1, z2, ..., zo; be complex numbers such that |zi| = |z2| = +- 
|Zon| and argz; < argzo X --- < argzo, < x. Prove that 


|z1 + zzi] S |z2 + Zzn-1] S +++ X [Zn + Zaal- 


Problem 27. Find all positive real numbers x and y satisfying the system of equations 


1 
JS (14 EE 
xr 


y 


V5 (1- A) 


(1996 Vietnamese Mathematical Olympiad) 


Problem 28. Let z1, z2, z3 be complex numbers. Prove that zı + z2 + z3 = 0 if and 
only if |zi| = |z2 + zal, |z2| = |z3 + zi| and |z3| = |z1 + zal. 


Problem 29. Let z1, z2,..., Zn be distinct complex numbers with the same modulus 
such that " 
wd 
Q 
Z324 `` © Zn—1Zn + X124 GB Za Fe Z1Z2: + Zao = 0. 
| 
Prove that - 


2122 + 2223 + y + Zn-12n = Q. 
a 


Problem 30. Let a and z be complex numbers such that |z + a| = 1. Prove that 


= 


511 — 2Ial| 
Iz dba > aM LEN 
3 4 


Problem 31. Find the geometric images of the complex numbers z for which 
z'-Re(z) = 2" - Im(z), 


where n is an integer. 


Problem 32. Let a, b be real numbers with a + b = 1 and let z1, z2 be complex 


numbers with |z1| = |z2| = 1. 
Prove that 
laz1 + bz2| = d 
Problem 33. Let k, n be positive integers and let z1, z2, ..., Zn be nonzero complex 


numbers with the same modulus such that 
wettest =0. 


Prove that 
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5.2 Algebraic Equations and Polynomials 
Problem 1. Consider the quadratic equation 
a?z?-Fabz 4c) =0 


b 
where a, b,c € C* and denote by z1, z2 its roots. Prove that if — is a real number then 
c 


4 
lzil = [zal or eR. 
z2 
. b 
Solution. Let t = — € R. Then b = tc and 
C 
A = (ab) — 4a? . c? = a?c? (i? — 4). 


If |t| 7 2, the roots of the equation are 


—tac + acv t? —A c 2 
£12 = Ss = (—t XE wt 4), 
2a? Q 2a 
e 
5 
| 
a ‘ Z1. = 
and it is obvious that — is a real number. = 
z2 = 
If |t| < 2, the roots of the equation are -= 
Z12= —(-E+ iv4— 12), 
28 4 
bb 
E 
Ic| ; 2 
hence |zi| = |z2| = lar as claimed. 
a 
Problem 2. Let a, b, c, z be complex numbers such that |a| = |b| = |c| > 0 and 
az? + bz + c = 0. Prove that 
J|5-1 » 45-41 
mig m 
2 2. 


Solution. Let r = |a| = |b| = |c| > 0. We have 


laz?| = | — bz — c| < Ibilz| + lcl, 
5 
hence r|z?| < r|z| + r. It follows that |z|? — |z| — 1 < 0, so |z| < un 
On the other hand, |c| = | — az? — bz| < lal|z|? + b|z|, such that |z|? + |z| — 1 > 0. 


Thus |z| 7 , and we are done. 


Problem 3. Let p, q be complex numbers such that | p|4-|q| < 1. Prove that the moduli 
of the roots of the equation z? + pz + q = O are less than 1. 
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Solution. Because z; + 72 = —p and z1z2 = q, the inequality |p| + |q| < 1 implies 
Iz1 + Z2| + [z1Z2] < 1. But ||z1| — |z2|| < [z1  z2l, hence 


Iza] — |za| + |z1||z2| — 1 < 0 if and only if (1 + |zoD(lzi] — 1) < 0 
and 
[za] — Izil + Iz2llzil — 1 < 0 if and only if (1 + [zi (Iz2] — 1) < 0. 


Consequently, |z1| < 1 and |z2| < 1, as desired. 
Problem 4. Let f = x? + ax + b be a quadratic polynomial with complex coefficients 
with both roots having modulus 1. Prove that f = x?--|a|x--|b| has the same property. 

Solution. Let x; and x2 be the complex roots of the polynomial f = x? + ax + b 
and let y; and y2 be the complex roots of the polynomial g = x? + |a|x + |b]. 

We have to prove that if |x;| = |x2| = 1, then |y;| = |y2| = 1. 


Since x1-x2 = b and x14-x? = —a, then |b] = |xi||xo| = 1 and |a| < |x1|+|x2| = 2. 
Ad 
The quadratic polynomial g = x? + |a | | has the discriminant A = la? —4 <0, 
hence » 
-la| iy4 — |a? 
y12 = E . 
$ 2 
It is easy to see that |y1| = |y2| = 1, as desired. 


Problem 5. Let a, b be nonzero complex numbers. Prove that the equation 


oD 


o. 
az? +bz* Łbz+ā=0 
has at least one root with absolute value equal to 1. 


TM : 1, 
Solution. Observe that if z is a root of the equation, then — is also a root of the 
Z 
. : i 1 
equation. Consequently, if z1, z2, z3 are the roots of the equation, then —, —, — are 
Zi 22 Z3 
the same roots, not necessarily in the same order. 


1 1 
If zx = — for some k = 1, 2, 3, then Iz? = zyzy = 1l and we are done. If zk A — 


Zk Zk 
for all k = 1, 2, 3, we may consider without loss of generality that 


The first two equalities yield z1 - Z2 - z2 < Z3 = 1, hence |z1|- |z2? - |z3] = 1. On the 
a 
other hand, z1z2z3 = ——, so |z1||Z2||z3| = 1. It follows that |z2| = 1, as claimed. 
a 


Problem 6. Let f = x^ + ax? + bx? + cx + d be a polynomial with real coefficients 
and real roots. Prove that if | f (i)| = 1 thena = b = c = d = 0. 
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Solution. Let x1, x2, x3, x4 be the real roots of the polynomial f. Then 


f = œ = x)(x — x2)(x — xa)(x — x4) 


MOI SIE IIT Em m 


Because | f(i)| = 1, we deduce that x} = x2 = x3 = x4 = 0 and consequently 


and 


a = b = c = d = Q, as desired. 
Problem 7. Prove that if 11z!° + 10iz? + 10iz — 11 = 0, then |z| = 1. 
(1989 Putnam Mathematical Competition) 
11 — 10iz 


Solution. The equation can be rewritten as z? = —————.. If z = a + bi, then 
11z+ 10i 
zp = | 11—10iz| _ y/11? + 220b + 102 (a? + b?) 
11z+10i|  /112(a2 + b?) + 220b + 102 


Let f(a, b) and g(a, b) denote the numerator and denominator of the right-hand 
side. If |z| > 1, then a? + b? > 1, so EQ b) > f(a, b), leading to ||] < 1, a 
contradiction. If |z| < 1, then a? + b? «dl so g(a, b) < f (a, b), yielding |z?| > 1, 
again a contradiction. Hence |z| — 1. 


»/math 


Problem 8. Let n > 3 be an integer and leta be a nonzero real number. Show that any 
nonreal root z of the equation x" + ax + E= 0 satisfies the inequality 
Er-T 


—1 


lel 
(Romanian Mathematical Olympiad — Final Round, 1995) 


Solution. Let z = r(cosa + i sino) be a nonreal root of the equation, where a € 
(0, 2zr) anda 4 m. Substituting back into the equation we find r” cos no + ra cos œ + 


] 4- i(r" sinna + ra sing) = 0. Hence 
r” cos na + ra cosa + 1 = 0 and r” sinna +rasina = 0. 


Multiplying the first relation by sina, the second by cosa, and then subtracting 
them we find that r” sin(n — 1)o = sina. It follows that 
r"|sin(n — l)a| = | sina]. 


The inequality | sin ka| < k|sina| is valid for any positive integer k. The proof is 
based on a simple inductive argument on k. 


Applying this inequality, from r"|sin(n — l)a| = |sina|, we obtain |sino| < 


ie, [el x — 
i.e., — 
ZI LENN ai 


r" (n — 1)| sina|. Because sino Z 0, it follows that r” > 
n 
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Problem 9. Suppose P is a polynomial with complex coefficients and an even degree. 


If all the roots of P are complex nonreal numbers with modulus 1, prove that 


P(1) € R if and only if P(—1) € R. 


Pd 
Solution. It suffices to prove that A n 
Let x1, x2, ..., xo, be the roots of P. Then 


P(x) = A(x — xi)(x — x2) (x — xo) 
for some A € C*, and 


P(1) ACL — x1)(1 — x2) --- (1 — xan) 2n = 


P(-1  A(-l—x)(—-1— x2)--- (71— x2n) 


From the hypothesis we have |x| = 1 for all k = 1,2, ..., 2n. Then 


$1 
i=m\ dex Sa -i d-5- 
l4 xk tk gl “atl l4 xk 
Bx 
hence g 
(sh) GE) - SS) 
P(-D/ gal) ian bx 


Px PO 
= (-1)” | | —— = 
co^ 7 rcp 


PO) 
This proves that — —— 
Pre 
Problem 10. Consider the sequence of polynomials defined by P\(x) = x? — 2 and 
Pj(x) = Pi(Pj-1(%)) for j = 2,3,.... Show that for any positive integer n the roots 
of equation P,(x) = x are all real and distinct. 


is a real number, as desired. 


(18' IMO — Shortlist) 


Solution. Put x = z + z~!, where z is a nonzero complex number. Then P;(x) = 
x? —2=(¢+27!)? — 2 = z? + z7’. A simple inductive argument shows that for all 
positive integers n we have P,(x) = E qx. 

The equation P, (x) = x is equivalent to z” 4- z ?" = z +z7!. We obtain z” — z = 
zl—-g 7? ie. z(z” 1—1) 2z?(-1-1)]tfollows that (22 -1 —1)(22 +! —1) = 
0. Because gcd(2" — 1, 2" 4-1) = 1 the unique common root of equations z2 ^! —1 = 0 


and 2 +! — 1 = O is z = 1 (see Proposition 1 in Section 2.2). Moreover, for any root 
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of equation (7-1 — pot — 1) = Owe have |z| = 1, i.e., z ! = Z. Also, observe 
that for two roots z and w of (z7! — 1)(z2"+! — 1) = 0 which are different from 1, 
we have z -z-! = w+w7! if and only if (z —w)(1— (zw)-!) = 0. This is equivalent 
tozcw=l,ie,w=z = Z, a contradiction to the fact that the unique common root 
ofz”! —1 =Oand z” t! — 1 = Ois1. 


It is clear that the degree of polynomial P, is 2”. As we have seen before, all the 
2kn 


2n—-]' 


kr 
roots of P, (x) = x are given by x = z+z_!, where z = 1, z = cos +i sin 
n 


k=1,...,2" —2andz = cos < +isin m1 25 
211 +d 


Taking into account the symmetry of expression z + z~!, the total number of these 


1 1 
roots is 1 + Q —2)+ 52" = 2” and all of them are real and distinct. 


Here are other problems involving algebraic equations and polynomials. 


Problem 11. Let a, b, c be complex numbers with a 4 0. Prove that if the roots of the 
equation az? + bz + c = 0 have equal moduli then ab|c| = |a|bc. 


D 
£ 
x9 + ax? + bx’ + cx% + bx? + ax + 120, 
5b 
o . 
and denote by x1, x2, ... , xe the roots of the equation. 


Prove that 


6 
LH [oz +1) = (2a — c}. 


Problem 14. Let a and b be complex numbers and let P (z) = az? + bz +i. Prove that 
there is a zo € C with |zo| = 1 such that | P(zo)| > 1 + Jal. 
Problem 15. Find all polynomials f with real coefficients satisfying, for any real num- 
ber x, the relation f (x) f Qx?) = f Qx? + x). 

(21*' IMO - Shortlist) 


5.3 From Algebraic Identities to Geometric Properties 


Problem 1. Consider equilateral triangles ABC and A' B'C', both in the same plane 
and having the same orientation. Show that the segments [ A A'], [B B'], [CC'] can be 


the sides of a triangle. 
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Solution. Let a, b, c be the coordinates of vertices A, B, C and let a’, b’, c' be the 
coordinates of vertices A’, B’, C'. Because triangles ABC and A' B'C' are similar, we 


have the relation (see Remark 1 in Section 3.3): 


] 1 1 
a box |=0. (1) 
a b c 
That is, 
a' (b — c) + b' (c — a) + c' (a — b) = 0. (2) 


On the other hand the following relation is clear: 
a(b — c) 4- b(c — a) + c(a — b) = 0. (3) 


By subtracting relation (3) from relation (2), we find 


(a, — aY(b — c) + (b — b)(c — a) + (c — c) (a — b) = 0. (4) 

Passing to moduli, it follows that * 
la — alib — el < If — ble — al + le — ella — bl. (5) 
Taking into account that |b — c| = |c — af= la — b|, we obtain AA’ < BB' + CC'. 


n 


Similarly we prove the inequalities B B' <C C' + AA’ and CC’ < AA' + BB’, hence 
the desired conclusion follows. E 


Remarks. 1) If ABC and A'B'C' are 


— 


= 
S 
Sh EE f f : 
«two similar triangles situated in the same 


plane and having the same orientation, then from (5) the inequality 
AA’. BC < BB'- CA CC'- AB (6) 


follows. This is the generalized Ptolemy inequality. Ptolemy's inequality is obtained 
when the triangle A' B'C' degenerates to a point. 

2) Taking into account the inequality (6), we have also BB'- CA < CC’. AB + 
AA' - BC and CC' - AB x AA' - BC + BB’ - CA. It follows that for any two similar 
triangles ABC and A'B'C' with the same orientation and situated in the same plane, 
we can construct a triangle of sides lengths AA’ - BC, BB’. CA, CC' - AB. 

3) In the case when the triangle A’ B’C’ degenerates to the point M, from the prop- 
erty in our problem it follows that the segments MA, MB, MC are the sides of a 


triangle, i.e., Pompeiu’s theorem (see also Subsection 4.9.1). 


Problem 2. Let P be an arbitrary point in the plane of a triangle ABC. Then 
a-PB-PC+8-PC-PA+y-:-PA-:PB>afy, 


where a, B, y are the sides of ABC. 
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Solution. Let us consider the origin of the complex plane at P and let a, b, c be the 
coordinates of vertices of triangle ABC. From the algebraic identity 


bc ca ab 
4 " =1. (1) 
(a—b)(a—-c) (b—c(b—a) (c—a)(c—b) 
Passing to the absolute value, it follows that 
llc ella albi m 
[a — b|Ja — c| [b — c||b — a| [c — a||c — b| 


Taking into account that |a| = PA, |b| = PB, |c| = PC, and |b —c| =a, |c—a| = P, 
|a — b| = y, the inequality (2) is equivalent to 


PB.PC | PC-PA  PA.PB 
+ $ EL 
By ya ap 
i.e., the desired inequality. 
Remarks. 1) If P is the circumcenter-O of triangle ABC, we can derive Euler’s 
inequality R > 2r. Indeed, in this case the-nequality is equivalent to R?(a + B +y) > 
o y . Therefore = 


atl 


2, 9fy _ aby _4R2 aby _,, arealABC] _ 
~at+Bpt+y 2s 2s = 4R 5 , 


hence R > 2r. 


ing the medians mg, mg, my: 


mgmg mgm; " Im. no = 9 
ap By ya ~ 4 


with equality if and only if triangle ABC is equilateral. A good argument for the case 


of acute-angled triangles is given in the next problem. 


Problem 3. Let ABC be an acute-angled triangle and let P be a point in its interior. 
Prove that 
a-PB-PC+6-PC-PA+y:-PA-PB=cafy, 


if and only if P is the orthocenter of triangle ABC. . . . 
(1998 Chinese Mathematical Olympiad) 


Solution. Let P be the origin of the complex plane and let a, b, c be the coordinates 


of A, B, C, respectively. The relation in the problem is equivalent to 


lab(a — b)| + |bc(b — c)| + |ca(c — a)| = |(a — b)(b — c)(c — a). 
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Let 
u ab E bc u ca 
1- deggtU' < moe UU SMS 
It follows that 


Izil [zal + Iz3|=1 and zt+2+3=1, 


the latter from identity (1) in the previous problem. 

We will prove that P is the orthocenter of triangle ABC if and only if z1, z2, z3 are 
positive real numbers. Indeed, if P is the orthocenter, then since the triangle ABC is 
acute-angled, it follows that P is in the interior of ABC. Hence there are positive real 


numbers r1, r2, r3 such that 


a ; b ; C : 
= ri = rl = Fal 
b—c ' c-a '" a—b , 
on 
implying zı = rir? > 0, z2 = ror3 > 0, z% = r3rı > 0, and we are done. Conversely, 
suppose that z1, z2, z3 are all positive rea Lau umbers. Because 
et 


2 c 2 2 
Zu | b Z223 — c Z321 — a 
Z3 c-a) ' Z1 a—bJ ' Z2 b—c 


b 
are püre imaginary numbers, thus AP L BC and 


it follows that Z , b 
BP LCA, showing that Pi is the e orthocenter of triangle ABC. 


Problem 4. Let G be the centroid of triangle ABC and let R,, R5, R3 be the circum- 
radii of triangles GBC, GCA, GAB, respectively. Then 


Rı + R2 + R3 > 3R, 


where R is the circumradius of triangle ABC. 


Solution. In Problem 2, consider P the centroid G of triangle ABC. Then 
œa. GB- GC- B. GC- GA y: GA: GB 7 ay, (1) 


where o, B, y are the lengths of the sides of triangle ABC. 


But 
1 
a-GB-GC = 4R; - area[GBC] = 4R, - zareala BC]. 


Likewise, 


1 1 
B- GC- GA —AR,- zareal ABC], y- GA - GB = 4R3- zareal ABC]. 
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Hence, the inequality (1) is equivalent to 


4 
301 + Ro + R3) - area[ABC] > 4R - area[ABC], 


i.e., Ry + R2 + R3 > 3R. 


Problem 5. Let ABC be a triangle and let P be a point in its interior. Let R1, Ro, Rs 
be the radii of the circumcircles of triangles P BC, PCA, PAB, respectively. Lines 
PA, PB, PC intersect sides BC, CA, AB at Aj, B1, Ci, respectively. Let 


PA PB, PC; 
k = —, k=—, k=. 
AA, BB CC; 


Prove that kj Ri -- ko Ro -- ka R3 > R, where R is the circumradius of triangle ABC. 
(2004 Romanian IMO Team Selection Test) 


Solution. Note that 


. area[PBC] k area[ PCA] kh- area[ P AB] 
"ama[ABC] ^ areal ABC] ~ area ABC] 
ay “| e.PB.P u 
But area[A BC] = AR and area[ P B CI = AR . Two similar relations for 
= 1 
area[ PC A] and area[ P A B] hold. Š 


The desired inequality is equivalent to 


m.m 


a-PB.PC | ,B-PCSPA | ,y: PA: PB 
R +R EL +R > 
apy apy apy 


which reduces to the inequality in Problem 2. 


R 


In the case when triangle A BC is acute-angled, from Problem 3 it follows that equal- 
ity holds if and only if P is the orthocenter of ABC. 


Problem 6. For any point M in the plane of triangle ABC the following inequality 
holds: 


AM? sin A + BM? sin B + CM? sinC > 6- MG - area[ ABC], 


where G is the centroid of triangle ABC. 
Solution. The identity 


P(y-Dt+tye-HD+SA-—W=A-WO-VE-He+y+D (0 


holds for any complex numbers x, y, z. Passing to the absolute value we obtain the 
inequality 


Ix*(y - 2I -»?( — DI - I2 — ») x Ix ylly = zliz — xlix +y +z (2 
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Let a, b, c, m be the coordinates of points A, B, C, M, respectively. In (2) consider 


x =m —a, y =m —b,z =m — cand obtain 


AM? -a + BM? -B +CM?.y > 3aBy MG. (3) 
Using the formula area[ ABC] = ay and the law of sines the desired inequality 


follows from (3). 

Problem 7. Let ABCD be a cyclic quadrilateral inscribed in circle C(O; R) having 
the sides lengths a, B, y, 6 and the diagonals lengths dı and dz. Then 

aBy dd) dp 


ABCD] > 
area[ |= SR4 


Solution. Take the center O to be the origin of the complex plane and consider 
a, b, c, d the coordinates of vertices A, B, C, D. From the well-known Euler identity 


a3 
> — =1 (1) 
Ex (a — ba 5 ca —- d) 


| 
by passing to the absolute value, it follows-that 


e 


> la? -]. (2) 


d 
c la — blla =clla = di 


orar 


= 
e 


The inequality (2) is equivalent to KS) 
E 
2. AB ACAD =! 9 
Or 
XCR? BD-CD- BC > ofysdids. (4) 


cyc 
But we have the known relation BD - CD - BC = 4R - area[ BC D] and three other 


such relations. The inequality (4) can be written in the form 
AR" (area ABC] + area[ BC D] + area[C DA] + area[ DAB]) > aBydd,dz 


or equivalently 8R^area[ ABC D] > o/fiyódido. 


Problem 8. Let a, b, c be distinct complex numbers such that 
(a — b)! -- (b — c)! - (c — a)! 2 0. 


Prove that a, b, c are the coordinates of the vertices of an equilateral triangle. 
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Solution. Setting x = a — b, y = b — c, z = c — a implies x + y +z = 0 and 
x? + y! +z’ = 0. Since z Æ 0, we may set a = * and B = —. Hence o + B = —1 
z Z 


and o + 87 = —1. Then 
a$ — a? B -- a^? — o? B? + a? B^ — a? + g6 = 1. (1) 
Let s = a+ 8 = —1 and p = ab. The relation (1) becomes 
(a® + 85) — pat + p^ + po? + 8) - p! — 1. Q) 
Because o? + 8? = s? - 2p = 1 — 2p, 
at + B* = (o? + B?! — 20? g? = (1 - 2p - 2p? = 1— 4p + 2p’, 
a® + B* = (à? + B°)((a* + B^) — oa? 8?) = (1 - 2p) — 4p + p°), 
the equality (2) is equivalent to 


(1 — 2p)(1 — 4p + p°) — p(1 — 4p - 2p) + p?(1 — 2p) — p? = 1. 


th Books 


That is, 1 — 4p + p? — 2p + 8p? 2p? —p - Ap? — 2p? + p? — 2p? — p? = 1; i.e., 
—Tp? + 14p* — 7p + 1 = 1. We obtain 1 p(p — 1 = 0, hence p = Oor p = 1. 

If p = 0, then œ = 0 or B = 0, and consequently x = O or y = 0. It follows that 
a = b or b = c, which is false; hence p =H. 

From af = 1 and æ + B. = —1 weé:deduce that œ and f are the roots of the 
quadratic equation x? + x + 1 = 0. Thus a? = f£? = 1 and |a| = |8| = 1. Therefore 
|x| = |y| = |z| or |a — b| = |b — c| = |c — aJ, as claimed. 

Alternate solution. Let x = a — b, y= b — c, z = c — a. Because x + y +z = 0 
and x’ + y’ +z’ = 0, we find that (x + y)! — x’ — y? = 0. This is equivalent to 
Txy(x + y)G + xy + y? = 0. 

But xyz Æ 0, so x? + xy + y? = 0, i.e., x? = y). From symmetry, x? = y? = z’, 
hence |x| = |y| = Iz]. 

Problem 9. Let M be a point in the plane of the square ABCD and let MA = x, 
MB = y, MC = z, MD = t. Prove that the numbers xy, yz, zt, tx are the sides of a 


quadrilateral. 


Solution. Consider the complex plane such that 1, i, — 1, —i are the coordinates of 
vertices A, B, C, D of the square. If z is the coordinate of point M, then we have the 
identity 


l(z—i(zc-D-ci(z4D(z-c-i-l(z-i(z-nD)-i(z-D(z-i)0. (1) 
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Subtracting the first term of the sum from both sides yields 


Hz DG-D-lüGg420c-10-iHc—2DGg-2) 2z-1Hi-20(- 1» 
and using the triangle inequality we obtain 
|z = £z +il + pes Me i| + |z +illz — 1| > le Hla = il 


or yz + zt + tx > xy. 
In the same manner we prove that 


xy +zt+tx > yz, xy+yz+tx > yz 


and xy + yz + zt > tx, as needed. 


Problem 10. Let z1, z2, z3 be distinct complex numbers such that |z1| = |z2| = |zal 
R. Prove that 
1 1 1 1 


+ + >- 
la —z2llz = z3] [za = zillzz = zal  lz3 — zillzs — zal R? 


Solution. The following identity is easy-to verify 
d M - 
(z—22)01—23) G2 —z008— 23) | (G3 — 21) (3 — z2) 


á 


/ 


Passing to the absolute value we find that 
fæl 
zi Es lar? 


< a cns NN 
ee ul Se ie aller — z3l 


tel 


1 
Iz1 — zallzi — z3ļ 


zr o 


cyc 
i.e., the desired inequality. 


Alternate solution. Let 
a= |z2= z3} É =lz3= zil, y = kzı = z2l. 
From Problem 29 in Section 1.1 we have 
aß + By + ya < 9R?. 
Using the inequality 
1 1 1 
(D BY +ya)| — += | SO 
ap By ya 


it follows that 
1 1 1 9 1 


+—+—> > —, 
aB By ya ap+Bpy+ya R? 


as desired. 
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Remark. Consider the triangle with vertices at z1, z2, z3 and whose circumcenter is 
the origin of the complex plane. Then the circumradius R equals |zi| = |z2| = |z3| 


and the sides are 
a= |2-23),, B-—|z-—zsb y-lu-azl. 


The above inequality is equivalent to 
1 E 1 E 1 " 1 
aß By ya R? 


"T .wBy  4K _ 4sr 
d Su chu R 


We obtain R > 2r, i.e., Euler's inequality for a triangle. 


Problem 11. Let ABC be a triangle and let P be a point in its plane. Prove that 
æ - PA? +B- PB? +y - PC? > 3aBy - PG, 


where G is the centroid of ABC. 


2) Prove that 
R?(R? — 4r?) > 4r IBR? — (o? + p? + y^). 


Solution. 1) The identity 


il!me/mat§? books 


Py-gty@-xn+e & -» 6 -»6-2G-36*»t2 (1) 
holds for any complex numbers x, y, z. Passing to absolute values we obtain 
IxPly — z| + ly? lz — xl + Iz Ix -5 = |x = ylly = zilz — xl|x + y + zl. 


Let a, b, c, zp be the coordinates of A, B, C, P, respectively. In (2) take x = zp—a, 
y = zp — b, z = zp — c and obtain the desired inequality. 
2) If P is the circumcenter O of triangle ABC, after some elementary transfor- 


mations the previous inequality becomes R? > 6r - OG. Squaring both sides yields 
1 

R^ > 36r? - OG?. Using the well-known relation OG? = R? — g + 8? +y’) we 

obtain R^ > 36R?r? — 4r?(a? + B? + y?) and the conclusion follows. 


Remark. The inequality 2) improves Euler's inequality for the class of obtuse tri- 
angles. This is equivalent to proving that œ? + 8? + y? < 8R? in any such triangle. 
The last relation can be written as sin A + sin? B + sin? C < 2, or cos? A + cos? B — 
sin? C > 0. That is, 

1+cos2A 1+cos2B 
2 2 
which reduces to cos(A + B)cos(A — B) + cos?C > 0. This is equivalent to 
cos C[cos(A — B) — cos(A + B)] > 0, i.e., cos A cos B cos C < 0. 


1+cos*C > 0, 
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Here are some other problems involving this topic. 
Problem 12. Let a, b, c, d be distinct complex numbers with |a| = |b| = |c| = |d| 
anda+b+c+d=0. 

Then the geometric images of a, b, c, d are the vertices of a rectangle. 
Problem 13. The complex numbers z;, i = 1, 2,3, 4, 5, have the same nonzero mod- 


ulus and 


Prove that z1, z2, ..., zs are the coordinates of the vertices of a regular pentagon. 


(Romanian Mathematical Olympiad — Final Round, 2003) 


Problem 14. Let ABC be a triangle. 
a) Prove that if M is any point in its plane, then 


AM sin A x BM sin B + CMsinC. 


b) Let A;, B1, C, be points on the sides BC, AC and AB, respectively, such that 
the angles of the triangle A; B,C, are in tliis order a, B, y . Prove that 


b» AA sina Š > BCsina. 


cyc cyc 


im. 


(Romanian Mathematical Olympiad — Second Round, 2003) 
Problem 15. Let M and N be points inside triangle ABC such that 


MAB — NAC and MBA=NBC. 


Prove that 
AM-AN | BM-BN CM-CN _ 


AB-AC $ BA. BC T CA-CB . 


(39 IMO — Shortlist) 


5.4 Solving Geometric Problems 


Problem 1. On each side of a parallelogram a square is drawn external to the figure. 


Prove that the centers of the squares are the vertices of another square. 
Solution. Consider the complex plane with origin at the intersection point of the 


diagonals and let a, b, —a, —b be the coordinates of the vertices A, B, C, D, respec- 


tively. 
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Using the rotation formulas, we obtain 


; b+ai 
b = zo, + (a — zo, )(—i) orzo, = TSI 
Likewise, 
_a—bi _—b—ai _—a+bi 
SO p Aa us 147 
It follows that 
mE i MN oe 
041010» = arg £2? S — arg E D € = argi = m 
Z0, — Z0, —a-F bi —b — ai 2 
SO 0102 = 0104, and 
em Z04 — £04 —a-c bi +b 4 ai _ 0 
020304 = ar = ar — argi = —, 
"S Prove 5 a —bi cb ai = 3 


so 0304 = O30». Therefore O; O2 0304 is a square. 

Problem 2. Given a point on the circumcitcle of a cyclic quadrilateral, prove that the 
[s] 

products of the distances from the point to any pair of opposite sides or to the diagonals 

are equal. 


(Pappus’s theorem) 


ne/math 


Solution. Let a, b, c, d be the coordinates of the vertices A, B, C, D of the quadri- 
lateral and consider the complex plane with origin at the circumcenter of ABCD. 
oD 

Without loss of generality assume that the‘circumradius equals 1. 


The equation of line AB is 


a a 1l 
b b 1|=0 
z z il 


This is equivalent to 
z(a — b) — z(a — b) = ab — ab, i.e., z +abz =a +b. 


Let point M, be the foot of the perpendicular from a point M on the circumcircle to 


the line AB. If m is the coordinate point M, then (see Proposition 1 in Section 4.5) 


m — abm --a 4d b 
2 


ZM, = 


and 


— abm b — —b 
oxyde m — abm +a + |l - ) 


2 


, 


m 
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since mm = 1. 


Likewise, 
am, Bc) = n9 . am, cp) = [e 9 
2 2m 
am, pA) = | — ORO aage |= ee 
2m "gm 
and 
d(M, BD) = poe 
2m 
Thus, 


d(M, AB) -d(M, CD) =d(M, BC) -d(M, DA) = d(M, AC) -d(M, BD), 


as claimed. 


Problem 3. Three equal circles C1(01; r), C2(O2; r) and C3(03; r) have a common 
point O. Circles Cı and C2, C2 and C3, C3 and Cı, meet again at points A, B, C respec- 
tively. Prove that the circumradius of triangle ABC is equal to r. 


(Tzitzeica's! “five-coin problem") 


ath 


Solution. Consider the complex plane with origin at point O and let z1, z2, z3 be 
the coordinates of the centers O1, O5, O3 ‘respectively. It follows that points A, B, C 
have the coordinates z1 + zo, zo + za, Z3 Ez, hence 

5D 
oO 


AB = |(zi + 22) — (za #3)| = |zi — z3| = 0103. 


Likewise, BC = O10» and AC = 0203, hence triangles ABC and O1 0203 are 


congruent. Consequently, their circumradii are equal. Since OO; = OO» = 005 = 


r, the circumradius of triangles O1 O2 03 and ABC is equal to r, as desired. 


Problem 4. On the sides AB and BC of triangle ABC draw squares with centers D 
and E such that points C and D lie on the same side of line AB and points A and E 
lie opposite sides of line BC. Prove that the angle between lines AC and DE is equal 
to 45°. 


Solution. The rotation about E through angle 90? mappings point C to point B, 


hence . 
: ZB — ZC! 
ZB -—ZzE-t(zc-—zg)i and zg = "br 
—i 
ZB = HU 


Similarly, zp — 1 
—i 


! Gheorghe Tzitzeica (1873-1939), Romanian mathematician, made important contributions in geometry. 
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A 


XS 


Figure 5.1. 


The angle between the lines AC and DE is equal to 


eo. p 
ZC — ZA Gc — zA) =) 1—i "Ed 
arg — ar - ——— = arg —— = arg(1 +i) = —, 
ZE—ZD ZB — zci — zB "zai —i 4 
as desired. b 
9 


Remark. If the squares are replaced in the same conditions by rectangles with cen- 
ters D and E, then the angle between lines. AC and DE is equal to 90° — BAD. 
Problem 5. On the sides AB and BC of triangles ABC equilateral triangles ABN 
and ACM are drawn external to the figure. If P, Q, R are the midpoints of segments 
BC, AM, AN, respectively, prove that triangle P QR is equilateral. 

Solution. Consider the complex plane with origin at A and denote by a lowercase 
letter the coordinate of the point denoted by an uppercase letter. 

The rotation about center A through angle 60? maps points N and C to B and M, 


respectively. Setting € = cos 60? + i sin 60°, we have b = n - € and m = c - £. Thus 
b+c c-e n b be be? 
= 4 F = = = . 
2 2 2 2e 2 2 


To prove that triangle P QR is equilateral, using Proposition 1 in Section 3.4, it 


suffices to observe that 
pig ar = pq +qr +rp. 
Problem 6. Let AA'BB'CC' be a hexagon inscribed in the circle C(O; R) such that 


AA’ = BB'=CC' =R. 
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cx 


B P G 
Figure 5.2. 


If M, N, P are midpoints of sides AA', BB', CC' respectively, prove that triangle 
MNP is equilateral. 

Solution. Consider the complex plane with origin at the circumcenter O and let 
a, b, c, a! , b/ , c be the coordinates of the-vertices A, B, C, A’, B', C, respectively. If 
€ = cos 60? + i sin 60°, then Ra 


It is easy to observe that 
m? +n? + p? = mn +np + pm; 


therefore M N P is an equilateral triangle (see Proposition 1 in Section 3.4). 
Problem 7. On the sides AB and AC of triangle ABC squares ABDE and ACFG 
are drawn external to the figure. If M is the midpoint of side BC, prove that AM L EG 
and EG = 2AM. 

Solution. Consider the complex plane with origin at A and let b, c, g, e, m be the 
coordinates of points B, C, G, E, M. 


. . b+c 
Observe that g = ci, e = —bi, m = E hence 


m-—a _ —(b 4 c) d 


= — = iR* 
g—e 2i(b--c) 2 


and 1 
Im — a| = ze - al. 


Thus, AM L EG and 2AM = EG. 
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G 


M Y 


F 


B M C 
Figure 5.3. 


Problem 8. The sides AB, BC and CA of the triangle ABC are divided into three 
equals parts by points M,N; P,Q and R,S, respectively. Equilateral triangles 
MND, PQE, RSF are constructed extetior to triangle ABC. Prove that triangle 


€ 


DEF is equilateral. 5, 
Solution. Denote by lowercase letters the coordinates of the points denoted by up- 
percase letters. Then Š 
2a +b E+ 2b 2b+c 
m= , n= 5 , P= à 
3 n3 3 
a 
b+2c 2¢ +a c 4- 2a 
q E: š r= n S — 
3 3 3 


Figure 5.4. 


The point D is obtained from point M by a rotation of center N and angle 60°. 


Hence 4 2b +( b) 
d=n+(m ee i a 
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where € = cos 60? + i sin 60°. Likewise 


b 4-2c 4- (b — c)s 
e—q-ctí(p-q)y- 3 


and 
c 4 2a + (c — a)e 


3 


f=st(r—-sje= 


Since 
f-d ¢e+a—2b+ (b+c—2aje 


e—-d 2c—a—b+(2Qb—a—ce 


e(b +c — 2a + (c +a — 2b)(—e2)) 
2c —a-— b + Qb—a-c)e 


_ e(b+c-—2a)+(c+a-—2b)(e- 1) — 
i 2c —a-— b + Qb—a-c)e 2 


, 


we have FDE — 60? and FD — FE , So triangle DEF is equilateral. 
MA 


Problem 9. Let ABCD be a square of length side a and consider a point P on the 


incircle of the square. Find the value of 


PA? + PB? PC? + PD. 
Solution. Consider the complex plane such that point A, B, C, D have coordinates 
bb 
O 
a2 a/2. T a2 a2. 
tA Sy? ZB = 2 L, SEU a ZD = — 2 L. 


Let zp = 5 (cos x + i sin x) be the coordinate of point P. 


Figure 5.5. 
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Then 


PA? + PB? + PC? + PD? = |za — ze + izg — zel? + |zc — zp + izp — zPl^ 


2 J2 
a a a m 

= ECT — zp)(Za — Zp) = 4— +2—— - = (2cos x + 2cos (s + Z) + 
-7 2 2 2 2 


+2 cos(x + 7) + 2 cos dw TAI eed +0+a* —3a*. 


Problem 10. On the sides AB and AD of the triangle AB D draw externally squares 
ABEF and ADGH with centers O and Q, respectively. If M is the midpoint of the 
side B D, prove that OM Q is an isosceles triangle with a right angle at M. 


Solution. Let a, b, d be the coordinates of the points A, B, D, respectively. 
H 


: E 
es 
* 
B M D 
Figure 5.6. 
The rotation formula gives 2 
a — zo d — zo i 
= = F; 
b=z0  a—zg 
so 
b+at+(a—b)i aà t d 4 (d — a)i 
zo = —; cc and zg = = 5 


b+d 
The coordinate of the midpoint M of segment [BD] is zy = aa hence 


zo—zm _a—d+(a—b)i | 


=I. 
zQ—zM a-—b+(d—a)i 
Therefore QM L OM and OM = QM, as desired. 


Problem 11. On the sides of a convex quadrilateral ABC D, equilateral triangles 
ABM and CDP are drawn external to the figure, and equilateral triangles BCN 
and ADQ are drawn internal to the figure. Describe the shape of the quadrilateral 
MNPQ. 

(23d IMO - Shortlist) 
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Solution. Denote by a lowercase letter the coordinate of a point denoted by an up- 
percase letter. 


books 


gms 
Un 
M 


zi 
d$ 
z 


telegram.m 


Using the rotation formula, we obtain 


e 


m-a-(b—a), n-c-c(b-c)e, 
p=ct+(d-cje, q-—a-c(d—a)e, 
where 
€ = cos 60? + i sin 60°. 


It is easy to notice that 
m+p=a+c+(b+d—a-—cie=n+q, 


hence MN P Q is a parallelogram or points M, N, P, Q are collinear. 
Problem 12. On the sides of a triangle ABC draw externally the squares ABM M', 
ACNN' and BCP P'. Let A’, B', C' be the midpoints of the segments M'N', P'M, 
PN, respectively. 

Prove that triangles ABC and A' B'C' have the same centroid. 

Solution. Denote by a lowercase letter the coordinate of a point denoted by an up- 


percase letter. 


5.4. Solving Geometric Problems 199 


N! 
A! 
M! 
N 
A n e E 
n 2 
79 
Dp? 
C Bi 
M 
B A c c 
B' : 
wd 
[s 
p! 5 P 
Figure 5.8. 
9 
Using the rotation formula we obtain E 
n' =a + (c — a)i andi! = a + (b — a)(—i), 
[5| 
hence 
, m+n  2a-(c-bji 
a= = ; 
2 2 
Likewise, 
2b + (a — c)i 2c + (b — a)i 
bl = — andes € 


Triangles A' B'C' and ABC have the same centroid if and only if 


a+b’+c a+b+c 
3 n a: - 


Since 


_ 2a4+2b+2e+(c—b+a—c+b—a)i 


=a+b+c, 
2 a C 


a tbc 


the conclusion follows. 
Problem 13. Let ABC be an acute-angled triangle. On the same side of line AC as 
point B draw isosceles triangles DAB, BCE, AFC with right angles at A, C, F, 


respectively. 
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Prove that the points D, E, F are collinear. 


Solution. Denote by lowercase letters the coordinates of the points denoted by up- 


percase letters. The rotation formula gives 
d—a-ct(b—a)-—-i) e=c+(b-c)i, a=ft+(c— foi. 


Then 


a — ci atcct(a—-cü dre 


ERE = 2 NES 


so points F, D, E are collinear. 


Problem 14. On sides AB and C D of the parallelogram A BC D draw externally equi- 
lateral triangles AB E and CDF. On the sides AD and BC draw externally squares 
of centers G and H. 

Prove that EH FG is a parallelogram. | 


S 


Solution. Denote by a lowercase letter the coordinate of a point denoted by an up- 


percase letter. 


th_bepk 


Since ABCD is a parallelogram, we have a +c = b +d. 


F 


eoram.me/ 


E 
Figure 5.9. 
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The rotations with 90? and centers G and H mapping the points A and C into D 


d— ai 
and B, respectively. Then d — g = (a — g)i and b — h = (c — h)i, hence g = 
—i 
b — ci 
and h = 1 . 


—i 
The rotations with 60? and centers E and F mapping the point B and D into A 


and C, respectively. Then a — e = (b — e)e and c — f = (d — f)e, where € = 
a — be c — dg 


cos 60? + i sin 60°. Hence e = -— and f — = 
Observe that 
go pe umo. ae 
l-i 1-i 
and 
pip SEQ TIUS = See ae 


l-e l-e 
hence EH FG is a parallelogram. 
Problem 15. Let ABC be a right-angled triangle with C = 90° and let D be the foot 
of the altitude from C. If M and N are the midpoints of the segments [DC] and [B D], 
prove that lines AM and C N are perpendicular. 


| 
Solution. Consider the complex plane With origin at point C, and let a, b, d, m, n 


be the coordinates of points A, B, D, M, N , respectively. 


B 
N 


elegram.me 


Figure 5.10. 


Triangles ABC and CDB are similar with the same orientation, hence 


a—d O-d ab 
= —ord= " 
d—0 d-b a+b 
Then 
d ab b+d 2ab+b? 
m= — = —— andn = = 4 
2  2(a-4 b) 2 2(a + b) 
Thus 
ab 
arg ~—* SE ES e(-2)2 2 
n—0 2ab + D? 2" 
2(a + b) 


so AM L CN. 
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Alternate solution. Using the properties of real product in Proposition 1, Section 
4.1, and taking into account that CA L C B, we have 


(ù a ) 2ab + b? 
(m — a) - (n 27 (xc a]- DICE 


-( er) (o) - ze 2 
= 20-5) X 2a45J |2@+b 


(a - b) =0. 
The conclusion follows from Proposition 2 in Section 4.1. 


Problem 16. Let ABC be an equilateral triangle with the circumradius equal to 1. 


Prove that for any point P on the circumcircle we have 
PA? PB? + PC? — 6. 


Solution. Consider the complex plane such that the coordinates of points A, B, C 
are the cube roots of unity 1, £, &?, respectively, and let z be the coordinate of point P. 


Then |z| = 1 and we have 


voks 


e 


PA? + PB’ + PC? 5 |z - AP +|z P+ |z — e°}? 
-&«-D&-DEGc-9€&-9-46-8)&-2) 
— 3i? - (1 +e PeZ- Qe E - ze 1+ lel? + le? 
—3-0-2-0-:8- 1141-6, 


= 
oD 


as desired. 


ele 


Problem 17. Point B lies inside the segment [AC]. Equilateral triangles ABE and 
BCF are constructed on the same side of line AC. If M and N are the midpoints of 
segments AF and C E, prove that triangle BMN is equilateral. 

Solution. Denote by a lowercase letter the coordinate of a point denoted by an up- 
percase letter. The point E is obtained from point B by a rotation with center A and 


angle of 60°, hence 
e =a + (b — a)e, where € = cos 60? + i sin 60°. 


Likewise, f = b + (c — b)e. 
The coordinates of points M and N are 


a+b + (c — b)e c a 4 (b — a)e 


m 
It suffices to prove that 
nes 


b 
5 = £. Indeed, we have 


m — b — (n — b)e 
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if and only if 
a — b 4- (c — b)e = (c +a — 2b)e + (b — a). 
That is, 
a — b = (a — b)e + (b —a)(e — 1), 
as needed. 


Problem 18. Let ABC D be a square with center O and let M, N be the midpoints of 
segments BO, CD respectively. 
Prove that triangle AMN is isosceles and right-angled. 


Solution. Consider the complex plane with center at O such that 1, i, —1, —i are 
the coordinates of points A, B, C, D respectively. 


A 


B 


N 
AD 
8 
Figure 5.11. 
. ] i -l-i 
The points M and N have the coordinates m = ~ and n = 2 so 
i 
a—mnm ie 2 2-i i 
= - = i. 
n-m -l-i i —]—2i 
2 2 


Then AM | MN and AM = NM, as needed. 


Problem 19. In the plane of the nonequilateral triangle A1A2A3 consider points 
Bı, B2, B3 such that triangles A1 A2 B3, AzA3B, and A3Aj,B> are similar with the 
same orientation. 

Prove that triangle B, B» B3 is equilateral if and only if triangles A, A» Bs, A2A3 B], 
A3A1 B2 are isosceles with the bases A1 A2, A2A3, A3 A; and the base angles equal to 
30°. 


204 5. Olympiad-Caliber Problems 


Solution. Triangles A; A2 B5, A2A3 B1, A3A B» are similar with the same orienta- 
b3—a; bj—-a3 b-a] 
tion, hence = = = z. Then 
a] — a2 a2 — a3 a3 — a1 


b3 =a + z(a; — a2), bı = a3 + z(a? — a3), bo — ai + z(a3 — a1). 
Triangle Bı Bz B5 is equilateral if and only if 
b, +eb2 +£°b3=0 or by eb3 + &)b; — 0. 


Assume the first is valid. 
Then, we have 
bi + £b2 + &?b3 = 0 if and only if 


d3 + z(a2 — a3) + £a + ez(as — a1) + ea + &?z(ai — az) — 0, i.e., 
d3 + €a, + &^a3 + z(a — a3 + €a3 — Ea, + ay — £23) = 0. 


The last relation is equivalent to 


books 


«€» zla2(1 — £€)(1 +e) — aj1e&(1— e) - as(1— &e)] = (a3 + ea, + &?a3), i.e., 


Z 


a3 + £a] + ea E 1 1 ó uu é 
= +a zeai cart e) E e ao + i sin 30°), 
which shows that triangles A1 A2 B3, A248 Bi and A341 B» are isosceles with angles 
of 30°. 7 
Notice that a3 + €a, + ea z 0, since triangle A1A243 is not equilateral. 
Problem 20. The diagonals AC and CE of a regular hexagon ABCDEF are di- 
vided by interior points M and N, respectively, such that 


AM CN. 
AC CE” 
Determine r knowing that points B, M and N are collinear. 


(234 IMO) 


Solution. Consider the complex plane with origin at the center of the reg- 
ular hexagon such that 1,e, &2,?, ^, &? are the coordinates of the vertices 
B,C,D,E,F,A, where 


T .. T 1r i3 
E€ = cos — +1 sin = A 
3 3 2 


Since 
MC s NE u l-r 


MA NC r’ 
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D C 
E B 
F A 
Figure 5.12. 


the coordinates of points M and N are 


m — er - &(1— r) 


and 
EN 
n — &r -«&(1— r), 
© 
. S 
respectively. l 
- m-l 


The points B, M, N are collinear if and:only if 


a 


€ R*. We have 


Bà 


n—li 


me/t 


n 


m—-l=erte(l—-r)=l=er—e*(1—r)—1 


- 
i} 


5b 
1 j —1 j o 1 j 
Nl nal, Nes (Po 1) 


2 2 g 
and 
1 i3 
hcicsPipselers ice 20 r)—1 
1 3r iv3 
= 1 
2 aa 34 r), 
hence 
m—1 =-1+iv3(2r-1) " 
n-l —(14+3r)+iV¥3(1—r) 
if and only if 


A30 — r) - (0. 2-30 - /3Qr — 1) 2 0. 


This is equivalent to 1 — r — 6r? —r — 1, i.e., r? 1 


= i. It follows r = — 


VA 
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Problem 21. Let G be the centroid of quadrilateral A BC D. Prove that if lines GA and 
GD are perpendicular, then A D is congruent to the line segment joining the midpoints 


of sides AD and BC. 
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Solution. Consider a, b, c, d, g the coordinates of points A, B, C, D, G, respec- 
tively. Using properties of the real product of complex numbers we have 


GA L GD if and only if (a — g) - (d — g) = 0, i.e., 


a+b+ct+d at+b+c+d 
a 1 -{d J = 0. 


That is, 
(Ba —b—c—d)-3d—a—b-—c)=0 


and we obtain 


[a — b — c + d + 2(a — d)] - [a — b — c + d — 2(a — d)] = 0. 


The last relation is equivalent to 


(acd - b —c)- (ad - bz c) —4(a — d): (a - d), l.e., 


Y 


atd b+2/? 
- ——| =|a-d/’. (1) 
2 2S 


Let M and N be the midpoints of the sides AD and BC. The coordinates of points 
[5 


d c 
M and N are ET and an hence relation (1) shows that MN — AD and we are 
done. S 
bb 
Problem 22. Consider a convex quadrilateral ABCD with the nonparallel opposite 
sides AD and BC. Let G1, G5, G3, G4 be the centroids of the triangles BC D, ACD, 
ABD, ABC, respectively. Prove that if AG; = BG» and CG3 = DGa4 then ABCD 


is an isosceles trapezoid. 


Solution. Denote by a lowercase letter the coordinate of a point denoted by an up- 
percase letter. Setting s = a + b + c + d yields 


_b+c+d s-a s—b s—c s—d 


$1 = 3 — 3 , 82 — 3 , 83 


The relation AG, = BG» can be written as 
jla — gı| = |b — g2|, thatis |4a — s| = |4b — s|. 
Using the real product of complex numbers, the last relation is equivalent to 
(4a — s) - (da — s) = (Ab — s) - (db — s), i.e., 


16a? — 8a - s = 16|b|? — 8b - s. 
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We find 
2(la|? — |b|?) = (a — b) - s. (1) 


Likewise, we have 
CG3 = DG, if and only if 2(|c|? — |d|?) = (c — d) - s. (2) 
Subtracting the relations (1) and (2) gives 
2(a — |b? — Ic? + ld?) = (a - b — c d): (a+b +c +d). 


That is, 
2(lal? — Ibl? — |cl? + Ja?) = |a +d}? — |b +cl’, i.e., 


2(aa — bb — cc + dd) = ac + ad + ad + dd — bb — bc — bc — cc. 
We obtain 
aa — ad — ad 4- dd = bb — bc — bc + cc, i.e., 


la — d & |b — c?. 


Hence 


> 
S 


eeram.nile/math [bo 


BC. Q) 


Adding relations (1) and (2) gives 


e 


(al? — bi? — lag + |c) = (&— b -d +0): (a cb o c d), 


and similarly we obtain 
AC — BD. (4) 


From relations (3) and (4) we deduce that AB||C D and consequently ABC D is an 


isosceles trapezoid. 


Problem 23. Prove that in any quadrilateral ABC D, 
AC?. BD? = AB. CD? + AD? . BC? —2AB-BC-CD-DA-cos(A+C). 
(Bretschneider relation or a first generalization of Ptolemy's theorem) 


Solution. Let z4, Zg, Zc, Zp be the coordinates of the points A, B, C, D in the com- 
plex plane with origin at A and point B on the positive real axis (see Fig. 5.13). 


Using the identities 


(za — zc)(zB — zD) = —(zA — zB)(zp — zc) — ZA — ZD) (Zc — ZB) 
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A 


Figure 5.13. 


and 


(Za — ZC) (ZB — ZD) = —(ZA — ZB) (ZD — zc) — (xA — ZD) (Zc — ZB), 


by multiplication we obtain 


rh boots 


AC? . BD? = AB? . DC? + AD. BC? +z +z, 


[s 


where 


me/m 


z = (za — zB)(zp — ze)(zA — ZD) (ZC — ZB). 


e 


e 


It suffices to prove that 


telegr 


Z+zZ=-2AB-BC-CD.-DA-cos(A+C). 


We have 
ZA — Zp = AB(cosz +isinz), 
Zp — zc = DC[cos2z — B — C) + i sin2x — B — C)], 
ZA — Zp = DA[cos(z — A) + i sin(x — A)] 
and 
zc — Zp = BC[cos(z + B) + i sin(z + B)]. 
Then 


z+z=2Rez 22AB-. BC- CD. DA cos(5r — A — C) 
= —2AB- BC- CD- DA-cos(A + C) 


and we are done. 
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Remark. Since cos(A + C) > —1, this relation gives Ptolemy's inequality 
AC-BD<AB-DC+AD.- BC, 


with equality only for cyclic quadrilaterals. 
Problem 24. Let ABC D be a quadrilateral and AB = a, BC = b, CD = c, DA =d, 
AC = dı and BC = d». 

Prove that 


d;[a^d? + b?c? — 2abed cos(B — D)] = d?[a? D? + c?d? — 2abcd cos(A — C)] 
(A second generalization of Ptolemy's theorem) 


Solution. Let z4, Zg, Zc, Zp be the coordinates of the points A, B, C, D in the com- 
plex plane with origin at D and point C on the positive real axis (see the figure in the 
previous problem but with different notation). 


Multiplying the identities 


(za — zD)[(za — ZB) (ZA — 2B) — (zc — ZD) (Zc — zp)] 


ath books 


3 


= (zc — Za) - [(za — za) (zag zc) — (p — zAY(zp — zc)] 


v 


and E 
(ZB — zpD) [GA — zB) A -ED) — (zc gale = zp)! 
= (zc — za): [Ge — za) Gs zc) — &p — zAY p — zc)l 
yields 


dj[a? - d? +b? - c? — (z4 — zp)(za — zD) EC — ZB) EC — zp) 


— (zc — zB)(zc — zD)(zA — zB)(zA — zp)] 


= d?[a? . b? + c* - d? — (zB — zA)(zB — zc) — zAYD — zc) 


— (Zp — zA)(zp — Zc) (ZB — ZA) (ZB — zc)]. 


It suffices to prove that 


2Re(zA4 — zg)(zA — zp)(zc — ZB) (Zc — Zp) = 2abcd cos(B — D) 


and 


2Re(zg — ZA) (ZB — Zc) (ZB — zA)(zp — zc) = 2abcd cos(A — C). 


We have 
ZB — ZA = a[cos(z + A+ D) Fi sin(zt + A + D)], 
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ZB — Zc = b[cos(z — C) + i sin(x — C)], 
Zp — ZA = d[cos(z — D) + i sin(x — D)], 
Zp — zc = c[cosm + i sin zx], 

ZA — ZB = a[cos(A + D) + i sin(A + D)], 
ZA —Zp = d[cos D + i sin D], 
Zc — zp = b[cos B + i sin B], 
Zc — Zp = c[cos0 + i sin 0]; 


hence 


2Re(z4 — ZB)(ZA — ZD) (Zc — zaB)(zc — zp) 


= 2abcd cos(A + D+ D+ C) = 2abcd cos(2z — B + D) = 2abcd cos(B — D) 


and 
2Re(zg — zA)(zB — zc)(zp — zAYp — zc) 

= 2abcd cost + A + D+ x —-C+x-D+n) 

= 2abed cos(4a + A — C) = 2abed cos(A — C), 
as desired. 3 

Remark. If ABC D is a cyclic quada uk then B+ D = A + C = v. It follows 
that g 
cos(B — A) = cos(2B — mT) = —cos2B 

and E 


cos(A — C) = cos(2A — m) = —cos2A. 


The relation becomes 
d3[(ad + bc)? — 2abcd(1 — cos2B)] = d?[(ab + cd? — 2abcd(1 — cos2A)]. 
This is equivalent to 
d; (ad + bc? — A4abcdd$ sin? B = d? (ab + cd. —2abcdd?sim A. —— (1) 


The law of sines applied to the triangles ABC and ABD with circumradii R gives 
dı = 2Rsin B and d? = 2Rsin A, hence dı sin A = dosin B. The relation (1) is 
equivalent to 

d; (ad + bc? = d? (ab + ca)’, 
and consequently 
d, ab+cd 
d, = ad + bc' 
Relation (2) is known as Ptolemy's second theorem. 


(2) 
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Problem 25. /n a plane three equilateral triangles O AB, OC D and OEF are given. 
Prove that the midpoints of the segments BC, DE and FA are the vertices of an 


equilateral triangle. 


Solution. Consider the complex plane with origin at O and assume that triangles 
OAB, OCD, OEF are positively orientated. Denote by a lowercase letter the coordi- 
nate of a point denoted by an uppercase letter. 

Let £ = cos 60? + i sin 60°. Then 


and 

b+c ae+c d+e ce+e f+a ee+a 
EE xS X GN E M M GS GE NN 

Triangle M N P is equilateral if and only if 


m 


m 4- on 4- o? p — 0, 
N 
A 


where 


w = cos 120° +i sin 120° = e?. 


atht book 


Because 
m+n + etp =m + en -— ep = (ae +c — c+ ee? — ee? — sa) = 0, 


we are done. 


elegramıme/m 


We invite the reader to solve the following problems by using complex numbers. 


Problem 26. Let ABC be a triangle such that AC? + AB? = 5BC?. Prove that the 


medians from the vertices B and C are perpendicular. 


Problem 27. On the sides BC, CA, AB of a triangle ABC the points A', B', C' are 


chosen such that 
A'B B'C C'A 


AC BA CB 
Consider the points A", B", C" on the segments B'C', C' A', A'B' such that 
A" C' C" B' B" A' 
A" B! = C"A'! E B"C' m 
Prove that triangles ABC and A" B"C" are similar. 


Problem 28. Prove that in any triangle the following inequality is true 


R Ma 


— > . 
2r he 
Equality holds only for equilateral triangles. 
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Problem 29. Let ABC D be a quadrilateral inscribed in the circle C(O; R). Prove that 
AB? + BC? + CD? + DA? = 8R2 
if and only if AC L BD or one of the diagonals is a diameter of C. 


Problem 30. On the sides of convex quadrilateral ABC D equilateral triangles ABM, 
BCN, CDP and DAQ are drawn external to the figure. Prove that quadrilaterals 
ABC D and MN P Q have the same centroid. 


Problem 31. Let ABC D be a quadrilateral and consider the rotations R1, R2, R3, R4 
with centers A, B, C, D through angle o and of the same orientation. 

Points M, N, P, Q are the images of points A, B, C, D under the rotations R2, R3, 
Ra, R1, respectively. 

Prove that the midpoints of the diagonals of the quadrilaterals ABC D and MNPQ 


are the vertices of a parallelogram. 


Problem 32. Prove that in any cyclic quadrilateral A BC D the following holds: 
a) AD + BC cos(A + B) = AB cos A + CDcos D; 
b) BC sin(A + B) = AB sin A — CDsin D. 
Problem 33. Let Oo, J, G be the 9-point center, the incenter and the centroid, respec- 
tively, of a triangle ABC. Prove that lines 006 and AJ are perpendicular if and only 
AT. 
3 


m.me 


Problem 34. Two circles c, and c» are given in the plane, with centers O; and Oo, 
respectively. Let Mj and M; be two points on œw; and c», respectively, such that the 
lines O1M|j ! and O5 M, ^ intersect. Let Mi dnd Mp be points on « and o», respectively, 
such that when measured clockwise the angles MOM, and M,02M2 are equal. 

(a) Determine the locus of the midpoint of [M; M2]. 

(b) Let P be the point of intersection of lines O1 M; and O2» M». The circumcircle of 
triangle M; P M3 intersects the circumcircle of triangle O4 P O» at P and another point 
Q. Prove that Q is fixed, independent of the locations of Mı and M2. 

(2000 Vietnamese Mathematical Olympiad) 


Problem 35. Isosceles triangles A34; 0» and A14203 are constructed externally 
along the sides of a triangle Aj A2A3 with O2A3 = O5A, and O3A, = O3Az2. Let O1 
be a point on the opposite side of line A2 A5 from Aj, with Ó1A3À2 = 14103À5 and 
Ó1A2À3 = 1 A105Às, and let T be the foot of the perpendicular from O, to A2A3. 
Prove that A; O4 L O2 03 and that 


A101 OT 


0203 B A243. 


(2000 Iranian Mathematical Olympiad) 
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Problem 36. A triangle A14243 and a point Po are given in the plane. We define 
As = A;-3 for all s > 4. We construct a sequence of points Po, Pj, P2, ... such that 
Px+1 is the image of Pj under rotation with center Ag+1ı through angle 120? clockwise 
(k = 0, 1,2, ...). Prove that if Pjogg = Po then the triangle A; A243 is equilateral. 
(27 IMO) 


Problem 37. Two circles in a plane intersect. Let A be one of the points of intersection. 
Starting simultaneously from A two points move with constant speeds, each point 
travelling along its own circle in the same direction. After one revolution the two points 
return simultaneously to A. Prove that there exists a fixed point P in the plane such 
that, at any time, the distances from P to the moving points are equal. 

(215 IMO) 


Problem 38. Inside the square ABC D, the equilateral triangles ABK, BCL, CDM, 
DAN are inscribed. Prove that the midpoints of the segments K L, LM, MN, NK 
and the midpoints of the segments AK, I BL, CL, CM, DM, DN, AN are the 
vertices of a regular dodecagon. 
(19th IMO) 


ath book 


Problem 39. Let ABC be an equilateral triangle and let M be a point in the interior 
of angle BAC. Points D and E are the images of points B and C under the rotations 
with center M and angle 120°, counterclockwise and clockwise, respectively. 

Prove that the fourth vertex of the parallelogram with sides MD and ME is the 
reflection of point A across point M. 3 
Problem 40. Prove that for any point M inside parallelogram ABCD the following 
inequality holds: 

MA-MC--MB- MD > AB. BC. 


Problem 41. Let ABC be a triangle, H its orthocenter, O its circumcenter, and R 
its circumradius. Let D be the reflection of A across BC, let E be that of B across 
CA, and F that of C across AB. Prove that D, E and F are collinear if and only if 
OH —2R. 

(39 IMO — Shortlist) 


Problem 42. Let ABC be a triangle such that ACB = 2ABC. Let D be the point 
on the side BC such that CD = 2BD. The segment AD is extended to E so that 
AD = DE. Prove that 

ECB + 180° = 2EBC. 


(39^ IMO — Shortlist) 
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5.5 Solving Trigonometric Problems 


Problem 1. Prove that 


T 4 37 4 5 à: Tr " T 
cos cos cos cos cos =. 
11 11 11 11 11 2 


Solution. Setting z = cos i + isin = implies that 


11 
3 5 7 9 4 A —-]-z 1 
ZF len le ln = = = : 
z-l z-] l-z 


Taking the real parts of both sides of the equality gives the desired result. 
Problem 2. Compute the product P = cos 20° - cos 40? - cos 80°. 


Solution. Setting z = cos 20° + i sin20? implies z? = —1, Z = cos 20° — i sin 20? 
z+ zl ul 


and cos 20? — ,cos40? — ,cos 80? — . Then 
222 27* 
god DC FOOD X - Dc? + Ett DG5 10 
7 8z? E 8z'(z2 — 1) 
| 6-1 S-7-1 1 
" §(22—z7!) q-1-z) 8 


Solution II. This is a classic problem with a classic solution. Let S. = 


cos 20 cos 40 cos 80. Then 


ramgm 


eg 


S sin 20 = sin 20 éos 20 cos 40 cos 80 


1 
= z sin 40 cos 40 cos 80 
= bs 80 80 
=F sin 80 cos 


1 1 
= — cos 160 = — sin 20. 
8 8 


So S : 
oS=-. 
8 


Note that this classic solution is contrived, with no motivation. The solution using 
complex numbers, however, is a straightforward computation. 


Problem 3. Let x, y, z be real numbers such that 
sinx +siny+sinz=0O and cosx cos y+ cosz = 0. 
Prove that 


sin2x + sin 2y + sin2z = 0 and | cos2x + cos2y + cos2z = 0. 
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Solution. Setting zı = cos x + i sin x, z2 = cosy +i sin y, z3 = cos z + i sin z, we 
have z1 + z2 + z3 = 0 and |z1| = |z2| = |z3| = 1. 
We have 


z? z +z? = (z1 t 22 + z3)? — 2(uz2d 2223 + 2321) 


1 1 1 
= —2712223 ( +— + ) = —2712223(Z1 + Z2 + Z3) 
Z z2 Z3 


= —2zizoza(z| + zo + z3) = 0. 


Thus (cos 2x 4- cos 2y + cos 2z) +i (sin 2x -- sin 2y + sin 2z) = 0, and the conclusion 
is obvious. 


Problem 4. Prove that 


3 
cos? 10° + cos? 50? + cos? 70° = 7 


Solution. Setting z = cos 10° + i sin 10, we have z? = i and 
2 ^" 10 14 
1 = 1 1 
cos 10° = aS , cos50? Xt t , cos 70° = ST 
2z E 22> 227 
The identity is equivalent to B 
2 G2 2 
z +1 z!0 + É zł +1 3 
"Pes. 7 = 
2z 22 0 2z 2 


That is, 
go ae eg + z” ee + ee imer ie., 


zB z% z6 +z 25.1 2p. 


18 


Using relation z ? = —1, we obtain 


guapa =z cepas peg 
or equivalently 
(24+ (GP? — 26 1) 2 0. 
That is, 
(24 + DG 1) 
—___~___~ =0, 
z? +1 


which is obvious. 
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Problem 5. Solve the equation 
COS X + cos 2x — cos 3x = 1. 


Solution. Setting z = cos x + i sin x yields 


The equation may be rewritten as 


eal 2d x54 
+ 


X 28 28 —], ie, zt +z +z ee = 19 0 


This is equivalent to 


gÉ- -z-z 4 (3 ~2 241 =0 
or v 
(PD -Z-ir020. 
E 
Finally we obtain € 
(2-D0G-Bc-10-20 
[5 
Thus, z = l orz = —l or z? = -t and consequently x € (2kz|k € Z} or 
2 
x € (x +2kr|k e Zi orx € {>= e]. Therefore x € {kr|k € Z}U 
O 
D 


2k+1 
[5n ez]. 


Problem 6. Compute the sums 
n n 
S= > 9" coskx and T = q" -sinkx. 
k=1 k=l 
Solution. We have 
n n 
1+S+iT = X q" (coskx + i sin kx) = ) qt (cosx +i sin x)* 


1 — q"*l (cos x +i sinx)"*! 


1 — q cos x — iq sin x 


1 — q"*![cos(n + Ix + i sin(n + Dx] 


1 — q cos x — iq sin x 


[1 — q?*! cos(n + 1)x — iq"*! sin(n + 1)x][1 — q cos x + iq sin x] 
q? — 2q cosx + 1 
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hence 
(awe qt? cosnx — q"*! cos(n + 1)x — q cos x + 1 
7 q? — 2q cosx + 1 
and 
HE qt? sinnx — q”+t! sin(n + 1)x + q sinx 


q? — 2q cosx + 1 


Remark. If q = 1 then we find the well-known formulas 


. nx (n+ 1)x . nx , (n lx 
n sin — cos ———— n sin — sin ———— — 
X coskx = 2 —X 2 and X sinkx = —¥ 2 
k=1 sin 5 k=1 sin 5 


Indeed, we have 


cos(n 4- 1)x — (1 — cos x) 


z cosnx — 
y coskx = 


= a — cos x) 
et 1 
2 sin E sin ( a H 2 sin? T 
= 2 E 2 
i nc = 
= 2 
= 
. Qn4 Dx £ nx (n+ 1)x 
sin —————— — = sin — co 
= 2 B 2 2 
= -xX bb T x 
2 sin = „2 sin — 
2 Q 2 
and 
Te sinnx — sin(n + 1)x + sinx 
» sinkx — 
2(1 — cos x) 


2x X NE: Qn + 1)x 
2 sin — cos 2 sin — cos 
2 2 2 


E 2 
4 sin? s 
2 
x (2n + 1)x . nx , (n ly 
cos cos sin — sin ———— 
= 2 _ 2 2 
= -xX = -xX 
2 sin = sin — 
2 2 


Problem 7. The points A1, A2, ... , A10 are equally distributed on a circle of radius R 
(in that order). Prove that Ay A4 — A1 A2 = R. 


Solution. Let z — cos E cisin a Without loss of generality we may assume that 
T 


R = 1. We need to show badd — 2sin — = 1. 
10 10 
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In general, if z = cosa + i sina, then sina = 2 " 
z -1 fl 

iz? iz 
previous relation is equivalent to z8 — z6 + z^ — z? + 1 = 0. But this is true because 
(28 — 2 4 24 2.06241 = zl 41 =Oandz2? +140. 
Problem 8. Show that 


and we have to prove that 


= 1. This reduces to z — z^ + z? — 1 = iz?. Because 2? = i, the 


m 20 " 
cos cos cos = 
7 7 


(5 IMO) 
Solution. Let z = cos 5 +i sin T. Then z’ + 1 = 0. Because z Z —1 andz’+1= 


(z + 1) — z5 +24 — z? +z? — z + 1) = 0 it follows that the second factor from the 


above product is zero. The condition is equivalent to z(z? — z + 1) = 


1-23 
The given sum is y 
> Q 
cos T cos = + ws = Re(z? -z + z). 
31 e 
Therefore, we have to prove that Re 83 = This follows from the well- 
G= 
known: S 
5b 1 1 


Lemma, ifz = cost + i sint and z # then Re 7 =n. 
[5 =z 


1 1 1 
Proof. = — = —— = 
l-z 1 — (cost + i sint) (1 — cost) — i sint 


1 1 


t Í Í 
2 sin? 2i sin = cos 2 sin t sin d i cos : 
2 2 2 2 2 2 


. AR t t 
sin = cos = cos = 
279 ee ee 
= EN = . Lt 
2 sin = 2 sin = 
2 2 


Problem 9. Prove that the average of the numbers k sink? (k = 2,4,6,..., 180) is 
cot 1°. 


(1996 USA Mathematical Olympiad) 


Solution. Denote z = cost + i sint. From the identity 


ZW pee n = (ZH HAE he He He" 
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1 
= qe = = z) + grt! = z?) + M + (77H "- z")] 
nz zur 
z—-l1 (z-1» 


we derive the formulas: 


. Qn- Dt 
n (n + 1) sin 23 1 i cos(n mr Dt 
X kcoskt — 2 
_ t . 2 É 
k=1 2 sin = 4sinf — 
2 2 
(n + 1)t 
n : n cos —— — 
. sin(n + 1)t 
X ksinkt = ( 3 2 
au ] 
k=1 4 sin“ = 2 sin = 
2 2 


Using relation (2) one obtains: 


219 


(1) 


(2) 


2sin2? + 4sin4° +- -- + 178 sin 178° — 2 (sin2? +2sin2-2°+---+ 89 sin 89 - 2°) 


179? 
OE S obti 
sin 1? 


= sin90-2° 90cos 179 
~~ \ Asin? 1° 2 sin 1° 


Finally, 


me/math b 


n 


1 pa 
992 sin 2? + 4sin4° + --- + 178sin 178° + 180 sin 180°) = cot 1°. 


oD 
O 


Problem 10. Let n be a positive integer. Find real numbers ag and ay, k,l = 1,n, 


k > l, such that 
sin? nx 


;— =a+ M aucos2(k — Dx 


sin x 1<l<k<n 


for all real numbers x # mz, m € Z. 


(Romanian Mathematical Regional Contest “Grigore Moisil", 1995) 


Solution. Using the identities 


n : 1 
es 5- cos vee sinnx cos(n + 1)x 


per sin x 
and 
Modus. sin zx sin(n + 1)x 
$5 = > sin2jx = - 
; sinx 
j=l 
we obtain . 
2 2 sinnxA2 
$1 + S5 = ( z ) P 
sin x 
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On the other hand, 
s? + Re = (cos 2x + cos 4x + ---+ cos 2nxY 


+ (sin2x + sin 4x + --- + sin 2nx)? 
=n+2 b» (cos 2kx cos 2I x + sin 2kx sin 2Ix) 


1<l<k<n 
=n+2 Y cos2(k — Dx, 
1<l<k<n 
hence sin 2 
( “) =n+2 Y) co2(k-Dx. 
sin x 


l<l<k<n 
Set ag = n and ayy = 2, 1 < I < k < n, and the problem is solved. 
Here are some more problems. 


Problem 11. Sum the following two n-term series for 0 = 30°: 


, cos | cos(20) | cos(30) -4 cos((n — 1)0) 
i124 + + "S+ — iz and 
) cosÜ . cos?0 cose = cos"-19 
| 
ii) cos 0 cos 0 + cos? 0 cos(20) + cos? &cos(30) +--+ + cos" 0 cos(n6). 
= (Crux Mathematicorum, 2003) 
o 
Problem 12. Prove that E 
23^ 


l 


e 


— 1 
1 + cos?” (=) + cos?" ( +- + cos” (==) 
n 


aee 


Problem 13. For any integer p > O there are real numbers ao, a1, ...,ap with 
ap # O such that 


z 


t 


for all integers n > 2. 


cos 2pa = ao +a, sin? a +--+ ap: (sin? œ)’, forall a € R. 


5.6 More on the n'" Roots of Unity 


Problem 1. Letn > 3 and k > 2 be positive integers and consider the complex 


numbers 
2m .. 2x 
Zz = cos — + sin — 
n n 
and 


@=1-724 2-4-4 (DE He. 
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a) If k is even, prove that 0" = 1 if and only if n is even and ; divides k — 1 or 
k+l. 
b) If k is odd, prove that 0" = 1 if and only if n divide k — 1 or k + 1. 


Solution. Since z Æ —1, we have 


_ 14+ Cpe id 


0c 
1+z 
a) If k is even, then 
k k k 
1—7k l-cos ae banc sin Z (sin T —icos z) 
= Zz E n n = n n n 
lcz liu an t cos ~ (cos Z + isin) 
n n n n n 
. kx 
sin — 
k — Dx k — Dx 
= —i he (cos joerg Mes =), 
cos — " n 
and F 
S kr 
sin — 
a n 
lel = |2—4 
Cos — 
H n 
We have E 
i |. kr X 
[0| = 1 if and only i£ [sin —| = [cos =|. 
n n 
That is, 
"ES 27 2kz 2x 


sinf — = cos“ — or cos —— + cos — = Q. 
n n n n 
The last relation is equivalent to 


k+1 k—1 2(k 4-1 
m SEDE m id — 0, je aa €2Z+1 
n 


n n 


2(k—1 
or Ap € 2Z + 1. This is equivalent to the statement that n is even and i divides 


k+1 or k — 1. Hence, it suffices to prove that 0" = 1 is equivalent to |0| = 1. 

The direct implication is obvious. Conversely, if |0| = 1, then n = 2t, t € Z4 and t 
divides k + 1 or k — 1. Since k is even, numbers k + 1, k — 1 are odd, hence t = 2/ + 1 
and n = 4l + 2,1 eZ. 


Then 
k—1 k—1 
0 = +i (cos EPE + isin ELE) 
n n 
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and 
0" = — cos(k — 1)z = 1, 


as desired. 
b) If k is odd, then 


kr Pkr kr ( kru :3 
1 + cos —— + i sin —— cos — [ cos — +1 sin — 
n n n n n 


u 1 4- zi u _ 
— — IT I XT 
l-cz TM NE cos (cos +isin ) 
n n n n n 
kr 
i k-1 sin E La) 
T cos T --isin m]. 
cos — i n 
We have 
. . kr T 
(9| = 1 if and only if |cos — | = eos =]. 
n n 
That is, r- 
k o 2 
cos? = = cos? T so, cos —— = cos ni 
n n c 
It follows that = 
(kDa c(k— D 
sin si =0, 


n n 


i.e., n divides k + 1 or k — 1. 


am.mmsg 


[s 


It suffices to prove that 0" — 1 is equivalent to |@| = 1. Since the direct implication 
is obvious, let us prove the converse. If |0 [ze 1,thenkt1 =nt,t € Z. Then k = ntl 


and 
0 = (—1)' (cos k-i + i sin cz) . 
n 


n 


It follows that 


8^ = (—1)**! (cos(k — Dx + i sin(k — 1)x) = (-1)8 (—1)*1 = 1, 
as desired. 
Problem 2. Consider the cube root of unity 


2x .. 2x 
BU TUE ce 
Compute 
(IE ey Ad et). 


Solution. Notice that £? = 1, €? + € + 1 = 0 and 1987 = 662 - 3 + 1. Then 


(ite HEA- be) 
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661 
= | [ta + etha JE gu ES ey d. e1987) 
k=0 
661 
= | [ta 6) 4- £2) 4- DIG 4 8) 2 (0 2- 92 H e H e? +e)? 
k=0 


= (1 + S20 + 1)]% = 2° (1 + £) 
lc i3 
= 2682 92) = 7662 m = 2890 4 i3. 
Problem 3. Let £ 4 1 be a cube root of unity. Compute 


d=842 lee ee (1 — e” + e”). 


Solution. Notice that 1 + £ + £? = 0 and e? = 1. Hence 1 — ¢ + £? = —2e and 
1+8 £? 2-28. 
Then 
1, E if n = 0(mod3), 
1= e+e” =} -2 e if n= 1(mod3), 
—282| if n= 2(mod3), 
the product of any three consecutive factors of the given product equals 


12085 622^) = 2. 


= 
e 


Therefore 


Telegrantf;me/ 


(i —LEO E yad-s ev 
23. if n = 0(mod3), 
=} -223H!e if n= 1(mod3), 
2213142 if n = 2(mod3). 
Problem 4. Prove that the complex number 
|2-i 
|. 2-i 


Z 


has modulus equal to 1, but z is not an n"-root of unity for any positive integer n. 


Solution. Obviously |z| = 1. Assume by contradiction that there is an integer n > 1 
such that z” = 1. 
Then (2 + i)” = (2 — i)”, and writing 2 + i = (2 — i) + 2i it follows that 


Q-i"2zQ-ci 


-Q-iy- (1) a E E (, 2 Je - DDT! + 2". 
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This is equivalent to 


with a, b € Z. 


p : n > Faa n nes 
a» - 240 ( Jai - hita ( Ja» | 
1 n— l1 


= (—2 + i)(a + bi), 
contradiction. 


Taking the modulus of both members of the equality gives 2” = 5(a? + b°), a 
are equivalent: 


Problem 5. Let U, be the set of n™-roots of unity. Prove that the following statements 
a) there is a € Un such that 1 +a € Un; 


b) there is B € U, such that 1 — B € U,. 


(Romanian Mathematical Olympiad — Second Round, 1990) 
Solution. Assume that there exists œ € Un such that 1+a@ € Un. Setting 8 = 

1 n s 
we have 6” = ( ) 


= 


A +a 
1 © 
I Um = T4 gps 1, hence 6 € U,. On the other hand, 
n c 
1- 8-2 "EE and (1 — 8)” = d - me 1, hence 1 — f € U,, as desired. 
D= 
Conversely, if 8,1 — 8 € Un, seta = T^ Since a” 
1 = 
(1c a)" = 
B 


Br = | and 


(l =p)" 
== 1, we have a € U, and + a € U,, as desired. 
then |a| = |1+a| = 1. It follows that 1 = |1+a|? = (l+a@)(1+@) = I1+a+@+|a|* = 
1 1 
lta+t+a+1=2+a+-,i¢e,a =— 
o 


Remark. The statements a) and b) are equivalent with 6|n. Indeed, if o, 1+a € Un, 


+ i —, hence 
2 2 
LE 1, v3 
a= SE = COS 
2 2 
Since (1 + a)” = 1 it follows that 6 divides n. 


.. 20 
xc 1 Sin — 
6 


Conversely, if n is a multiple of 6, then both a = —~+i— andl+a=-—+i 
belong to Up. 


WwW 


1 
2 
Problem 6. Let n > 3 be a positive integer and let e £ 1 be an n" root of unity. 
2 
1) Show that |l — £| > —— 


2) If k is a positive integer such that n does not divides k, then 


kr 


sin — 


1 
n—l1l 


> 


n 
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(Romanian Mathematical Olympiad — Final Round, 1988) 


Solution. 1) We have £” — 1 = (e — D)(e"-! + --- +e + 1) hence, taking into 
account that e Æ 1, we find e”~! + --- + ¢+ 1 = 0. The last relation is equivalent to 
(£^ -1—1)4------(e—1) = —n,ie., (e- D[s" 24-287 5 4. ..--(n—2)e4-(n—1)] = —n. 
Passing to the absolute value we find that 


n = |e — 1&7? +26" +. Lo-DsEE-1!* 7 431]? 4p or- T) 


Therefore 


n(n — 1) 

ns|l- el 240-0) = I7 8l ——. 

i.e., we find the inequality |l — €| > ———. Moreover, equality is not possible since 
n — 


n—1 


the geometric images of 1,6,...,€& are not collinear. 


. 2ku . . 2kx : 
2) Consider £ = cos —— + i sin —— and obtain 
n n ~% 


.. 2kr 
i sin 


uu 
e/math boo 
PIS 


Hence 


radm.m 


2n? 
|1 — |f = {| 1 — cos — | - sin 
n 


Applying the inequality in 1), the desired inequality follows. 


kr 2kz . o kT 
$ = 2 — 2 cos = 4sin^ —. 
on n n 


o 


e 


Problem 7. Let U, be the set of the n" -roots of unity. Prove that 
0, if n=0 (mod 4), 
( J 2, if n=1 (mod 2), 
Mei- | 
E —4, if =2 (mod 4), 
2, if n=3 (mod 4). 


Solution. Consider the polynomial 


fix) =x"-1= [[«-o. 


EEUn 


Denoting by P, the product in our problem, we have 
[[e+De-i 


2 
r=- (+n: +l T 


EEUn 


EEUn 
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[[@+9 [[ Cita 

eÙn, eed, _ fOD- FO _ Cd" - 1G" — 1) 
(=1)" f0) pnt pee 

If n = 0 (mod 4), then i" = 1 and P, = 0. 


If n = 1 (mod 2), then (—1)"-! = 1 and 


P, = (-i" — )@" — 1) = —(i” - 1) = —((-1)" -) = -(-1 - 1) =2. 


If n = 2 (mod 4), then (—1)"-! = —1, (-i)" = i” = i? = —1, i” = —1, hence 


(=L=i)(=I- 1) 


n= = 


—1 
If n = 3 (mod 4), then (—1)”7! = 1 and 


P, = (-i” — 1G" — 1) = @ — DCB — 1) = —(if — 1) = —(- D3 - 1) = 2, 


and we are done. 


Problem 8. Let s 
On oO. 27 
w = cos + isin , n>O, 
2n +1 ez 2n 4-1 

and let E 

=i pot tte" 

a ae ý 
Prove that: £ 

a) Im(z?*) = Re(z2k+1) = 0 for all k EN; 


b) (2z 4 ped ER Qz _ 12 — 0, 


Solution. We have w2"*+! = 1 and 


tele 


1 o d o? + +o” —0. 


Then i 
a eto tera t oe aT 
or 
+o" : i 0 
w —- "LIU 
z a 5 
hence 
o1 wo" -— 1 
772 ot 
1 
ig! — — 
a) We have z = = —z. Thus z% = z% and Z7 = —z%+1, 
— +1 
n 


w 
conclusion follows from these two equalities. 


The 
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b) From the relation 


we obtain 2z + 1 = —w"(2z — 1). Taking into account that w?”+! = 1, we obtain 
(2z + 1)2"+! = —(2z — 1)2"+!, and we are done. 
Problem 9. Let n be an odd positive integer and &, £1, ..., €n—| the complex roots of 


unity of order n. Prove that 


n—1 


| [@ + beg) =a" +0" 
k=0 


for all complex numbers a and b. 
(Romanian Mathematical Olympiad — Second Round, 2000) 


Solution. If ab = 0, then the claim is obvious, so consider the case when a 4 0 and 
b #0. 


We start with a useful lemma. i 
[s 
Lemma. If £0, €1,..., €n—1 are the coniplex roots of unity of order n, where n is an 
odd integer, then = 
n—1l g 
] [4+ Bed = A" + B”, 
k=0 S 
g 
for all complex numbers A and B. S 
n i 3 oD 
Proof. Using the identity ES 
o 


& 
for x = —— yields 
B 


An n—l A 
($)-- HG. 


k=0 


and the conclusion follows. 


Because n is odd, the function f: U, —> Un is bijective. To prove this, it suf- 
fices to show that it is injective. Indeed, assume that f(x) = f(y). It follows that 
(x — y)(x + y) = 0. If x + y = 0, then x” = (—y)", i.e., 1 = —1, a contradiction. 
Hence x — y. 

From the lemma we have 

n-l n-l 


| [@+ sep) = | [@ + be) =a" +0". 


k=0 j=0 
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Problem 10. Let n be an even positive integer such that ; is odd and let 


£0, £1, -- - , €n—1 be the complex roots of unity of order n. Prove that 


n—l 
[]@ +2) = (a? 55» 
k=0 


for any complex numbers a and b. 


(Romanian Mathematical Olympiad — Second Round, 2000) 


Solution. If b = 0 the claim is obvious. If not, let n = 2(2s+1). Consider a complex 
a 
number o such that o? = 7 and the polynomial 


f =X" — 1 = (X — €0)(X — £1) +- (X — e). 


We have 
a 1X? : , 
TORG) (or — ieo) -++ (@ — int) 
and E 
a -1\% 8 . 
f(-5) = (+) (ŒF ico) +++ (œ + t€n-1), 
i i d 
hence E 
a a sd 
(Qr) ee ete 
Therefore 


e 


n-l n—1 n—1 


[la+ =e" T] (£+ e2) =b" [[@ +22) 
k=0 


k=0 k=0 
i (5) f (-=) = b"[(a2)5t! 4 1]? = p [Oui E ] 


2 
2s+1 2s+1 
= p22s+1) (: mt ~=) = (a? + b3), 


oram 


2 


pest 


The following problems also involve n" roots of unity. 


Problem 11. For all positive integers k define 
Ur = {z € C| z% = 1}. 
Prove that for any integers m and n with 0 < m < n we have 
Ui U U2U--- UU, C Un-m+1 U Un—m42 U ++- U Un. 


(Romanian Mathematical Regional Contest “Grigore Moisil”, 1997) 
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Problem 12. Let a, b, c, d, œ be complex numbers such that |a| = |b| 4 0 and |c] = 
|d| Æ 0. Prove that all roots of the equation 


c(bx + aa)" —d(ax+ ba)" 20, n>1, 
are real numbers. 


Problem 13. Suppose that z # 1 is a complex number such that z” = 1, n > 1. Prove 
that 


|Z 112. 


nz — n4 2) < (n+ m 1) 


(Crux Mathematicorum, 2003) 
x 
Problem 14. Let M be a set of complex numbers such that if x, y € M, then — € M. 
y 
Prove that if the set M has n elements, then M is the set of the n'-roots of 1. 


Problem 15. A finite set A of complex numbers has the property: z € A implies z” € A 
for every positive integer n. 
a) Prove that »3 z is an integer. 


zeA 
b) Prove that for every integer k one c 


condition and »» z-—k. 
zeA d 
(Romanian Mathematical Olympiad — Final Round, 2003) 

=I 


books 


n choose a set A which fulfills the above 


e/matl 


rar 


- 
oD 


5.7 Problems Involving Polygons 


Problem 1. Let z1, Z2,...,Zn be distinct complex numbers such that |zj| = 
|z2| =--- = |Zn|. Prove that 
zz V 0 - DI -2) 
ipa ZiT Zj ~ 2 ` 
Solution. Consider the points A1, A2, ..., An with coordinates z1, z2,..., Zn. The 


polygon Aj A2--- An is inscribed in the circle with center at origin and radius R = |z1]. 
The coordinate of the midpoint Aj; of the segment [A; Aj] is equal to SU 


, for 
1 <i <j <n. Hence 


lzi + zjl? =40A?, and |z -zj = AA}. 


Moreover, 40A], =4R? — Ai A$. 


The sum " 
Zit zj 


Zi — £j 


1Ixi«j-n 
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equals 
2 2 .A2 
Y 4047 > ART AAI as > E (") 
2 2 2 i 
l<i<j<n Ai A; l<i<j<n Ai A; 1l<i<j<n Ai A; 2 


The AM — HM inequality gives 


2 

3 1 (Q) 

ims M) 0, Adj 
]xi«jzn 


Since »3 A; A; x n^ - R?, it follows that 


l<i<j<n 


2 2 
zitzi yR? (()) H (2) 
lxi«jzn Zi = Zj Ai Aj 2 
l<i<j<n 
E 
SAG) (m 4527) G) m-Dm-2 
T n 2 E 2 , 
as claimed. = 
Problem 2. Let A; A2 --- Aj bea polygon:and let a1, a, ..., an be the coordinates of 
the vertices A1, A2,..., An. If |ai| = [a2 [E- +++ = |an| = R, prove that 


bi 
p» lai + aj = n(n — 2)R?. 
l<i<j<n = 
Solution. We have 


2 lai t aj? = x (ai + aj)(ai + aj) 


1xi«jzn l<i<j<n 


= DO dail? + laj? + aia; + Gay) 


l<i<j<n 
n n n n 
= ae () t'a; 2nn- DR! +) Y ajaj- ag 
izj iml j=1 i=l 
n n 
= n(n — 1)R? + (X «| (Xs) — nR? 
i=l i=l 
n 2 
—-n(n—-2)R +| a| > n(n —2)R’, 
i-l 


as desired. 
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Problem 3. Let z1, Z2,..., Zn be the coordinates of the vertices of a regular polygon 
with the circumcenter at the origin of the complex plane. Prove that there are i, j,k € 
(1,2, ..., n} such that zi + zj = zy if and only if 6 divides n. 


20 20 L1 
Solution. Let £ = cos — + i sini Then zp = z1 : €P7 , forall p = 1,n. 


We have z; + zj = Zk if and only if ]14- eii = eki, l.e., 


G =i E Gad +i sin G- 27 [ees Mme +i sin ae oe 


n 


2cos 


n n n n 


The last relation is equivalent to 


E LE LOU SU eee, ee 


n 3 n 


hence 6 divides n. 


Conversely, if 6 divides n, let 


ped ja ar, duod 
l1 — H = $ ——— 
]—73$ 6 
:£ 
and we have z; + z; = Zx, as desired. e 
Problem 4. Let z1, z2, ..., Zn be the coordinates of the vertices of a regular polygon. 


Prove that I 
2 2 2. ot 
Zid"Z9-F**4 £4 = a + z273 cb D ZnZ1- 


5b 


Solution. Without loss of generality WEE assume that the center of the polygon 


is the origin of the complex plane. 2 
Let zg = z1£%7!, where 
2m .. 2x 
€ = cos — +isin—, kc-l,...,n. 
n n 


The right-hand side is equal to 


n 
2122 + 2223 + `+- + ZnZ1 = 2.588 


1 — g?” 
2,2k-l _— 

= $.g.—— — =0 
= Dots 1 — ¢2 


On the other hand, 


2.2k-2 _ oS 
dédecdoY)doY deno gi a0 


and we are done. 
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Problem 5. Let n > 4 and let a1, a2, ..., an be the coordinates of the vertices of a 


regular polygon. Prove that 
aia? + d203 + -:: + aga, = a\a3 + a204 + : :: + aga. 


Solution. Assume that the center of the polygon is the origin of the complex plane 


and aj = aie, k=1,...,n, where 
2x .. 2x 
E€ = cos — +: sin —. 
n n 
The left-hand side of the equality is 
n (pen m 
aya + aaz + +++ + dna, =a} y 67! = aje =0 
1 — £? 
k=1 
The right-hand side of the equality is 
n 2n 
2 2k mole 
a £^ = aye” —— = 0, 
d eo 
ee 
and we are done. = 
Problem 6. Let z1, Z2, ..., Zn be distinct complex numbers such that 
E 
[za] = |z2] — & = [zn] = 1. 
5b 
Consider the statements: = 
a) Z1, Z2, .... Zn are the coordinates of the vertices of a regular polygon. 


b) z} +z% pee z = (HL) tziz zn. 
Decide with proof if the implications a) — b) and b) = a) are true. 


Solution. We study at first the implication a) > b). 


2x .. 2m . . ! 
Let € = — + isin —. Since z1,z5, ..., Z, are coordinates of the vertices of a 


regular polygon, without loss of generality we may assume that 


z=ze! fo k-lm. 


The relation b) becomes 
z + g” + g?” TRE gr Ty — es alee eltt ie 


This is equivalent to 
n(n—1) 
n=n(—-1)"tle TZ, ie., 


—1) 2 —1) 2 
1 = (prt COS n(n — 1) ; ou + i sin n(n — 1) ; uid , 
2 n 2 n 
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We obtain 
1 = (-1)"*!(cos(n — Dz + i sinn — 1)z), ie, 1 = (-1) (1), 


which is valid. Therefore the implication a) => b) holds. 
We prove now that the implication b) — a) is also valid. 
Observe that 


1 
In - (-D"* zizo-- za] = nlzil-Izal:-Izsd] = n, 


hence 
leq beg Fe S =E n. 


Using the triangle inequality we obtain 


ned +z +e azal si TIE els lqee In, 
————— 


n times 
hence the numbers z}, z5, ..., z; have the^same argument. Since |z7| = |z2]| = = = 
ie 
[z;| = 1, it follows that z} = z5 =--- =z) = a, where a is a complex number with 
voe. 1] 
|a| = 1. Numbers z1, z2, ..., Zn are distinct, therefore there are the n™-roots of a, and 


consequently the coordinates of the vertices of a regular polygon. 


Problem 7. Let A, B, C be 3 consecutive vertices of a regular n-gon and consider the 
point M on the circumcircle such that points B and M lie on opposite sides of line 
AC. E 

Prove that MA + MC = 2MB cos 7. 


(A generalization of the Van Schouten theorem; see the first remark below) 


teleg 


Solution. Consider the complex plane with origin at the center of the polygon and 
let 1 be the coordinate of A 1. 
2m. |, 2x kl: : 
If € = cos — + i sin —, then € is the coordinate of Ay, k = 1,n. 
n n 
Without loss of generality, assume that A = Aj, B = A» and C = A3. Let zy = 


cost + i sint, t € [0, 27) be the coordinate of point M. Since point B and M are 


4 
separated by the line AC, it follows that Mid <t. 
n 
Then 


t 
MA = |zm — 1| = V (cost — 1? + sin? t = 4/2 — 2cos = 2sin 5; 


, t T 
MB =|zm -€| =2sin (5-7) 
2 n 


and 
2 . t 27 
MC = |zm — £| = 2sin | 2 — — |. 
2 n 
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The equality 
TL 
MA + MB =2MC cos — 
n 


is equivalent to 


. t . (t. 2r . (t mn T 
2sin = + 2sin | ~ — — ] = 4sin | ~ — — ] cos —, 
2 2 n 2 n n 


which follows using the sum-to-product formula in the left-hand side. 
Remarks. 1) If n = 3 then we obtain the Van Schouten theorem: For any point M 


on the circumcircle of equilateral triangle ABC such that M belongs on the arc AC, 
the following relation holds: 


MA+MC= MB. 


Note that this result also follows from Ptolemy’s theorem. 
2) If n = 4, then for any point M on the circumcircle of square ABC D such that B 


and M lie on opposite sides of line AC, wé have the relation 
MA+MG= V2MB. 


Problem 8. Let P be a point on the circümcircle of square ABC D. Find all integers 


n > Osuch that the sum 


Sn(P) = PA" + BB" + PC" + PD" 


telegram. 


is constant with respect to point P. 


Solution. Consider the complex plane with origin at the center of the square such 
that A, B, C, D have coordinates 1, i, —1, —i, respectively. 

Let z = a + bi be the coordinate of point P, where a, b € R with a? +b — 1. 

The sum S, (P) is equal to 


Sa (P) = [(a — 1? + b°]? + [a? + (b — 1] + [(a +1)? + ?]2 + la? + (b - 1]? 


=2 [0 +a +0 -a+ +b)? -a-bt]. 
n 2 2 
Set P = A(1,0). Then S,(A) = yt + 2”. For P = E (2. 2) we get 


Sn (E) 220—432) 420 3442)2. 


Since S, (P) is constant with respect to P, it follows that S, (A) = Sa (E) or 2€ + 


OF = 2(2 — 4/2) 2 +22 + vV2)2. 
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It is obvious that 22^ > 2(2 — 4/2)? for all n > 1. We also have 2" > 2(2 + 2)? 


for all 1 > 9. The last inequality is equivalent to 


n 
1 2 2 
> ( EJ for n9. 


4 


The left-hand side member of the inequality decreases with n, so it suffices to notice 
that " 
1 (2442 
-> : 
4 4 


Therefore the inequality S (A) = S,(E) can hold only for n < 8. Now it is not 
difficult to verify that S,,(P) is constant only for n € (2, 4, 6}. 


Problem 9. A function f : R? — R is called Olympic if it has the following property: 
given n > 3 distinct points A1, A2,..., An € R2, if f (A1) = f(A2) —--- = f(An) 
then the points A1, A2, ..., An are the vertices of a convex polygon. Let P € C[X] be 
a nonconstant polynomial. Prove that the function f: R? > R, defined by f (x, y) = 
| P (x + iy)|, is Olympic if and only if all the roots of P are equal. 

(Romanian Mathematical Olympiad - Final Round, 2000) 


Solution. First suppose that all the roots of P are equal, and write P(x) = a(z—zo)" 
for some a, zo € C and n € N. If Aj, Ax ..., An are distinct point in R? such that 
f(AD = f(A2) = --- = f(An), then Aib. ., Ay are situated on a circle with center 
(Re(zo), Im(zo)) and radius 4/] f (A1)/a| ,ámplying that the points are the vertices of a 
convex polygon. 

Conversely, suppose that not all the roots of P are equal, and write P(x) — 
(z—z1)(z—z2) Q(z) where zı and z2 are distinct roots of P (x) such that |z; —z2| is min- 
imal. Let / be the line containing Z; = (Re(z1), Im(z1)) and Z2 = (Re(z2), Im(z2)), 
and let z3 = je + z2) so that Z3 = (Re(z3), Im(z3)) is the midpoint of [Z1 Z2]. 
Also, let s1, s2 denote the rays Z3Z, and Z3Z», and let d = f(Z3) > 0. We must have 
r > 0, because otherwise z3 would be a root of P such that |z; — z3| < |z1 — zal, 
which is impossible. Because f(Z3) = 0, 


jim f(Z) = +00, 

fep 
and f is continuous, there exists a point Z4 € s1, on the side of Z; opposite Z5, such 
that f (Z4) = r. Similarly, there exists Z5 € s2, on the side of Z2 opposite Z3, such 
that f (Z5) = r. Thus, f (Z3) = f (Z4) = f (Zs) and Z3, Z4, Zs are not vertices of a 


convex polygon. Hence, f is not Olympic. 
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Problem 10. /n a convex hexagon ABCDEF, A + C + E = 360? and 
AB-.CD- EF — BC- DE. FA. 


Prove that AB- FC- EC = BF- DE. CA. 
(1999 Polish Mathematical Olympiad) 


Solution. Position the hexagon in the complex plane and let a — B — A, b — 
C— B,..., f = A — F. The product identity implies that |ace| = |bdf|, and the 
angle equality implies — 4—— . — is real and positive. Hence, ace = —bd f . Also, 
a+b+c+d+e+ f = 0. Multiplying this by ad and adding ace + bdf = 0 
gives a?d + abd + acd + ad? + ade + adf + ace + bdf = 0 which factors to 


a(d +e)(c+d)+d(a+b)(f +a) = 0. Thus 
la(d + e)(c + d)| = |d (a + b)(f + a)l, 


which is what we wanted. 


Problem 11. Let n > 2 be an integer and F: R? — R be a function such that for any 
regular n-gon A, A2--- An, » 
FAD + f (A2) E- + f(An) = 0. 
o 
Prove that f is identically zero. z 


(Romanian Mathematical Olympiad — Final Round, 1996) 
ƏD 


E 2 .2 
Solution. We identify R? with the complex plane and let ¢ = cos aid + isin uM 
n n 


Then the condition is that for any z € C and any positive real t, 


3 feti =0. 


j=l 


In particular, for each of k = 1,...,n, we have 


2 fG-tU i-o. 


j=l 
Summing over k, we have 


n n 


Y: re-a- =0. 


m=1k=1 
For m = n the inner sum is nf (z); for other m, the inner sum again runs over a 


regular polygon, hence is 0. Thus f(z) = 0 for all z € C. 


Here are some proposed problems. 
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Problem 12. Prove that there exists a convex 1990-gon with the following two prop- 
erties: 
a) all angles are equal; 
b) the lengths of the sides are the numbers 12,22, 32,..., 19892, 1990? in some 
order. 
(31°? IMO) 
Problem 13. Let A and E be opposite vertices of a regular octagon. Let a; be the 
number of paths of length n of the form (Po, P1,..., Pa) where P; are vertices of the 
octagon and the paths are constructed using the rule: Py = A, P, = E, P; and Pj44 


are adjacent vertices fori = 0,...,n — 1 and P; Æ E fori —0,...,n— 1. 
Prove that a2n—1 = 0 and az, = Be — y""), for all n = 1, 2,3,..., where 
x =2+J2and y 2 2— V2. 
(215¢ IMO) 
Problem 14. Let A, B, C be three consecutive vertices of a regular polygon and let us 


consider a point M on the major arc AC of the circumcircle. 
Prove that 


MA- MC =MB? — AB?. 
Problem 15. Let A; A2--- A, bea regular polygon with the circumradius equal to 1. 
n a 


Find the maximum value of max I] PAj when P describes the circumcircle. 
` eb 


j=l o 
(Romanian Mathentatical Regional Contest “Grigore Moisil”, 1992) 


Problem 16. Let A; A2--- Az, be a regular polygon with circumradius equal to 1 and 
consider a point P on the circumcircle. Prove that 


n—1 


2 2 
p P Akya P Anyka = 2n 
k=0 


5.8 Complex Numbers and Combinatorics 
Problem 1. Compute the sum 


» eti 6n 3k 
2k 4-1 f 


k=0 
Solution. We have 


3n—1 v( 6n y-*( 6n ) 55 
9» 2k 1 x 2k 41) € 9 


k=0 
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3n—1 3n—1 


-M (a) = Z8 2 a) 


- aim +iv3)™ = m [2 (cos = +isin heal 


= -l mp" (cos 27n + i sin2ztn)] = 


i/3 


n 
Problem 2. Calculate the sum S, = b» () cos ka, where a € [0, zr ]. 
k=0 
Solution. Consider the complex number z = cosa +i sino and the sum J, = 


n 
5 (i) sin ka. We have 


k=0 


n 


n 
Sn +iTy = P3 (p) oske + i sinka) = 2 MIT +i sino)" 


k=0 k=0 


(1+ zy". (1) 


The polar form of complex number 1 +Z is 


1+cosa +isina = os? 5.4. 2i sin = cos — 
2 2 2 


ran me/ iath Books 


= 2cos 2 (o5 +isin =) 


since a € [0, x]. From (1) it follows that 
S, 4iT (2 2 na pia - 
—([2cos—- cos — sin — J, 
prm 2 ( g E 


a\n na ON" , na 
Sy = (2 cos =) cos — and T, = (2 cos =) sin —. 
2 2 2 2 


Problem 3. Prove the identity 


(0-Q«Q--J-(9-Q«Q-J-* 
»-(-G Qo m »-0-OQ-- 


and observe that 
(1 +i)" 2 x, + yai. (1) 
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Passing to the absolute value it follows that 


n 


Ix, + yi] = | +D" = |1 +i)" =2 


This is equivalent to x? + y2 = 2". 


Remark. We can write the explicit formulas for x, and y, as follows. Observe that 


a+" = (v2 (cos T pisin 2)) — 22 (cos DT Sai z) . 
4 4 4 4 
From relation (1) we get 


n nm n , AT 
Xn = 2? cos -T and Jn = 22 sin 


Problem 4. /f m and p are positive integers and m > p, then 


(GG 


un 
a] Ss 
jn KAPE kr\” mkr 
—]1+ 5 (os) cos Z 
P ki SE P 


Solution. We begin with the following simple but useful remark: If f € R[X] is 
27 2 
a polynomial, f = ao +aıX +--+ as and £ = cos — + i sin 25 is the p^ 


p 
primitive root of unity, then for all real numbers n the following relation foliis 
D 


ao + apx? +apx P +e = Fw + f(x) +- + f(e?71x)). (1) 
To prove (1) we use the relation 


p, if pik, 


Leek 4 eta... 4 g(P Dk — l 
0, otherwise, 


on the right-hand side. 
Consider the case when p is odd. Using relation (1) for polynomial f = (1+ X)" = 


m m m . 
+ X++ X” we obtain 
0 1 m 


m m 2 1 m m p—l m 
( )+( y«( ) Po... m —(ü x)" (0d ex)" 4. AHE x)") (2) 
0 p 2p p 


Substituting x — 1 in relation (2) we find 


m m m 1 m m —lym 
s, = ( )+( )*G)*- 5e (9? HE (3) 
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k 2kz .. 2km . 
From &* = cos —— + i sin — it follows that for all k 20,1,...,p—1 
P p 


kr A k k 
(4 e)" 22" (cos =) (cos aR fe =) i 
p p p 


Using the relation P7% = ek we find 


(1 +e" = (1+ gh" = (1+ eem 


kr AP k k 
= 2" (cos =) (cos = isin = =) : 
p p P 


Replacing in (3) we obtain 


p-l Bol 


1 E 
- parare eer kym 
P | i-o 


[2 
UE 2 Jj gy = 
P k=0 
p-l 


1 A krg” kn kn 
=. E (cos =) (cos eld + isin m ) 
P k=1 P Zl P P 


+ 
N 
3 
a ™~ 
Q 
o 
Nn 
"S | 9 
Sao 
3 
A 
rani.rpe 
Uu 
3 
2 
B 
z 
=] 
3 
emn i 


"i 
eo 


oN 


ý mkr 
= — | 1+2 (s m). os —— 
p z p 


: : TE p 
Consider now the case when p is an even positive integer. Because &2 


— —] we 
have 


1S kam 1 m kym kym 
g= Pe =5 2 Fare + 2 (1+e*) 
= k-541 

£-i 


1 kn A" k k 
L-—|2". X 2m c :3 (cos = + isin la 
P P P 


k=1 


p 
= kr" k k 

+ > 25 (cos :3 (cos = i sin m =) 
k=l P P 


S 
+ 


P 


P=] 


2 m 
k 
+2 x. (cos Z) os pee 


k=1 
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Problem 5. The following identity holds: 


gn pol kn \" — 2m)k 
C) " )«( n Jes 2 (cos) eo Oe oT. 
m m+ p m+ 2p P p p 


Solution. Let £9, £1, ..., €p—1 be the p? roots of unity. Then 
pol n n 
= k— k- 
25 " 4 e)" => (ies "bsec degr T). (1) 


Using the result in Proposition 3, Subsection 2.2.2, it follows that 


k—m k—m p. ifp|(k — m), 
9 pt | 0, otherwise. 2) 
Taking into account that 
( 2mkm | amr) ( 5 ur ( nkm |... x) 
= | cos i sin 2 cos — cos — + i sin —— 
p p = P p p 
" ( z) ( (n—32m)əkr |... (n— ent) 
= 2” | cos — cos ——2 — —-Fisin -— — — 
p P 
and using (1) and (2) the desired identity follows. 
bb 
Remark. The following interesting trigonometric relation holds: 
= kn V. (n — 2m)kn 
> cos sin = 0. (3) 
p p 


k=0 


Problem 6. Consider the integers an, by, Cn, where 


0-9 


Show that: 

1)aj t bà +c} — 3anbacn = 2". 

2) a2 + b? + ES — Anbn — bnCn — Cyan = 1. 

3) Two of integers an, by, Cn are equal and the third differs by one. 
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Solution. 1) Let £ be a cube root of unity different from 1. We have 
(1+ D" = aj ^ by d cu, (1 +8)" = an t+bne+cne?, (1 +8°)" = an + bre? + cue. 
Therefore 
a? +b? +È — 3anbncn = (an + bn + Cn) (an + bne + cne?) (an + bne? + cne) 
=2"(1+6)"(1 +67)" = 2"(-e7)"(—e)" = 2". 
2) Using the identity 
x3 y! «S —3xyg9 Gb y b 20 c y! +22 xy — yz zx) 
and the above relation it follows that 
a? + b? + c — agb, — bnCn — Chan = 1. 
3) Multiplying the above relation by 2 we find 
(an — bn)” + (bn — a + (Cn — an)” = 2. (1) 
From (1) it follows that two of an, by, cpare equal and the third differs by one. 


Remark. From Problem 5 it follows thát 
o 


2 1 
o = 5 [2 + 008 o yes S| = 5 (2+ 20082), 
5p 
1 —2 2n — 4 
b, = —|2" + cos tu nEn ia” Lu 
3 3 3 
1 —2 
= (v + 20 (n =), 
1 2n — 8 
e, = 5 |2" Heos 2 Me ey 1)" qu 3 =| 


It is not difficult to see that 
an = bn if and only ifn = 1 (mod 3), 
an = Cn if and only ifn =2 (mod 3), 
bn = Cn if and only ifn =O (mod 3). 


Problem 7. How many positive integers of n digits chosen from the set (2, 3, 7, 9) are 


divisible by 3? 
(Romanian Mathematical Regional Contest “Traian Lalescu", 2003) 
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Solution. Let x, Yn, Zn be the number of all positive integers of n digits 2, 3, 7 or 9 
which are congruent to 0, 1 and 2 modulo 3. We have to find x,. 


z 20 _, 2x r 
Consider ¢ = cos z + isin EE It is clear that xn + y, + Zn = 4" and 
Xn + Eyn + €^ 2, = y e2i+3jtTj+9ji — (92 4 93 4 97 pe — 1L 
Ji o jac jaan 
It follows that x, — 1 + £y, 4- &?z, = 0. Applying Proposition 4 in Subsection 2.2.2 
we obtain x, — 1 — Yn — Zn = k. Then 3k = x, + yn +2n — 1 — 4" — 1 and we find 
1 1 
k= aM — 1). Finally x, =k+1= 7 +2). 


Problem 8. Let n be a prime number and let a1, a2, ...,am be positive integers. 
Consider f(k) the number of all m-tuples (c1, ..., Cm) satisfying 1 < ci < aj and 
m 

2 5 =k (mod n). Show that f (0) = f(1) =--- = f(n— 1) ifand only if njaj for 
i=l 

some j € {1,..., m}. 


(Rookie Contest, 1999) 


. 2m. | 2t « 
Solution. Let £ = cos — + i sin —. 
n n 


Zooks 


te that the following relations hold: 


> XO ttm 


1xci xai 


m 
H[x^x-e- 
i=l 


ram.méfmath 
— 
Il 


and 


o 
© 


m 
grt ten — IB (C 3p? desee c ef), 


1<cj <aj i=l 


M 


fO+ fMet---+ fn- De"! E 


Applying the result in Proposition 4, Subsection 2.2.2, we have f(0) = f(1) = 
e = f(n — 1) if and only if f (0) + f(e+--- + f(n — De"! = 0. This is 
m 


equivalent to IB (C +e? pop 6%) = O, ie, e +e? +- teti = 0 for some 


Jedi: nidi follows that £^; — 1 = 0, i.e., n|aj. 
Problem 9. For a finite set of real numbers A denote by |A| the cardinal number of A 
and by m(A) the sum of elements of A. 
Let p be a prime and A = {1,2,...,2p}. Find the number of all subsets B C A 
such that |B| = p and p|m(B). 
(36^ IMO) 


20 2x 
Solution. The case p = 2 is trivial. Consider p > 3 and € = cos — + i sin —. 


p P 
Denote by x; the number of all subsets B C A with properties |B| = p and m(B) = j 
(mod p). 
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Then 
3-298 Z P» g (B) = > ecittep 
j=l BCA,|B\|=p l<c| <--<<cp<2p 
The last sum is the coefficient of X? in (X + £)(X + £2) --- (X + &?P). Taking into 
account the relation X? — 1 = (X — D(X — €) - - - (X — P7!) we obtain (X + )(X + 
£2)... (X + £P) = (XP + 1)?, hence the coefficient of X? is 2. Therefore 


p-1 


Jnd. Ls 
ECT =; 
j=0 


i.e., xo—2+x1E+-- +xp-18P7! = 0. From Proposition 4, Subsection 2.2.2, it follows 


2 
that ay = 2 44 = ++ = tpn E Wefind pk = ay exa 22 ( P)-2 
p 


1 2 
hence k = — (( :) — 2) Therefore, the desired number is 
p p 


nnd 
Problem 10. Prove that the number d ~ Je is not divisible by 5 for any 
k=00 


AX 2k + 1 
integer n > 0. = 
S (16 IMO) 
bb 
Solution. Since 2? = —2 (mod 5), an-equivalent problem is to prove that S, = 


n 2 1 
aa (—2)* is not divisible by 5. Expanding (1 + i/2)2"*! and then separat- 
2k 1 dien icc p 
kap 


ing the even and odd terms we get 
w/a = Ra +iv2Sn, (1) 
DO f/2n 1 
here Ry = 2E. 
where Rn »( 2k ) ) 
Passing to the absolute value from (1) it follows that 


gm. R? 4+ 252 (2) 


Since 3? = —1 (mod 5), the relation (2) leads to 


R2--282 =+43 (mod 5). (3) 


Assume by contradiction that $, = 0 (mod 5) for some positive integer n. Then 


from (3) we obtain R2 = +3 (mod 5), a contradiction since any square is congruent 
to 0, 1, or 4 modulo 5. 
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Here are other problems concerning complex numbers and combinatorics. 


n 


2 
Problem 11. Calculate the sum s; = x () cos kt, where t € [0, zr]. 
k=0 
Problem 12. Prove that following identities: 


n n n E " 24] nu 
o (o+ +l) + =C --223*' cos i) 


(Romanian Mathematical Olympiad — Second Round, 1981) 


(«e 


ac W5+D nr (V5—1)" r 
= 2 cos + cos : 


(5 25-1 5 22-1 5 


Problem 13. Consider the integers An, Bn, C, defined by 


SOE KORS 


&S 
a 
II 
| 
e 3 
nN 
+ 
nath heols& 
th bhieoks 
| 
, 
- S3 
Po -— 
+ 


ER A 
E 5j 
The following identities hold: = 


1) A? + B? or Pa An B, — BnCn — C4 As = 3"; 
2) AŽ + ALB, + B2 = 371. 


Problem 14. Let p > 3 bea prime and let m, n be positive integers divisible by p such 
that n is odd. For each m-tuple (c1, ..., Cm), ci € (1, 2, ..., n), with the property that 


m 
pl 36 cj, let us consider the product c; - -- Cm. Prove that the sum of all these products 


i=l n m 
are divisible by (5) ; 
P 
Problem 15. Let k be a positive integer and a = 4k — 1. Prove that for any positive 


integer n, the integer 


sn = (2) - (2 as (7 )a2 — (7 a3 c... is divisible by 277! 
"o NO 2 4 6 


(Romanian Mathematical Olympiad — Second Round, 1984) 
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5.9 Miscellaneous Problems 


Problem 1. Two unit squares Kı, K» with centers M, N are situated in the plane so 
that MN = 4. Two sides of K, are parallel to the line MN, and one of the diagonals 
of K» lies on MN. Find the locus of the midpoint of XY as X, Y vary over the interior 
of Kı, K2, respectively. 
(1997 Bulgarian Mathematical Olympiad) 
Solution. Introduce complex numbers with M — —2, N — 2. Then the locus is the 
set of points of the form —(w + xi) + Cy + zi), where |w], |x| < 1/2 and |x + y|, |x — 
y| < 4/2/2. The result is an octagon with vertices (1+/2)/2+i/2, 1/2-- (14-4/2)i /2, 
and so on. 
Problem 2. Curves A, B, C and D are defined in the plane as follows: 
A- [e »: Paya a 
i y 
B= [e »: d PEN = 3} , 
C = (G, y): x? 58xy? + 3y = 1}, 
D = ((x, y): 3x5 — 3x -y a0) 
Prove that AN B = C n D. 


(1987 Putnam Mathematical Competition) 


ram.me/mAt 


bb 
Solution. Let z 2 x 4- yi. The equations defining A and B are the real and imaginary 


2 = z7! 4 3i, and similarly the equations defining C and D are 


parts of the equation z 
the real and imaginary parts of z? — 3iz — 1. Hence for all real x and y, we have 
(x, y) € An B if and only if z? = z^! + 3i. This is equivalent to z? — 3iz = 1, i.e., 
(x, y) e Cn D. 

Thus An B 2 C D. 
Problem 3. Determine with proof whether or not it is possible to consider 1975 points 
on the unit circle such that the distances between any two points are rational numbers 
(the distances being taken along the chord). 

(17^ IMO) 

Solution. There are infinitely many points with rational coordinates on the unit cir- 
cle. This is a well-known result arising from Pythagorean triangles and the correspond- 
ing equation: 

m? +n? = p 
Any such point A(x,4, yA) can be represented by a complex number 


ZA = XA c- iyA = cosaA + i singa 
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where a, is the argument of the complex number z4 and coso4, sina, are rational 
numbers. 


Taking on the unit circle complex numbers of the form 


zà = cos 2æ a +isin2a, 


we have for two such points: 


z4 -zl = y (cos 2a4 — cos2o p)? + (sin 24 — sin 2a g)? 


= /2[1 — cos2(ug — «4)] = Ja - 2sin?(ag — a4) = 2| sin(æg — aa)| 
= 2|sinag cosa, — sina, cosag| € Q. 
Answer: Yes, it is possible. 


Problem 4. A tourist takes a trip through a city in stages. Each stage consists of three 
segments of length 100 meters separated by right turns of 60°. Between the last seg- 
ment of one stage and the first segment of the next stage, the tourist makes a left turn 
of 60°. At what distance will the tourist be from his initial position after 1997 stages? 

= (1997 Rio Plata Mathematical Olympiad) 


Solution. In one stage, the tourist traverses the complex number 


x = 100 + 100€ + 1002” = 100 — 100V3i, 
m T z 
where € = cos — + i sin —. 


arr 


- 
o0 


Thus in 1997 stages, the tourist traverses the complex number 


= c 1997 
Z =x xe txe? t- xel = E = xe’. 
—€ 
Hence, the tourist ends up |z| = |xe?| = |x| = 200 meters away from his initial 


position. 
Problem 5. Let A, B, C, be fixed points in the plane. A man starts from a certain 
point Po and walks directly to A. At A he turns by 60° to the left and walks to P4 such 
that PA = AP}. After he performs the same action 1986 times successively around 
points A, B, C, A, B, C, ..., he returns to the starting point. Prove that ABC is an 
equilateral triangle, and that the vertices A, B, C, are arranged counterclockwise. 
(27 IMO) 
Solution. For convenience, let Aj, A», A3, A4, As, ... be A, B, C, A, B,..., 


respectively, and let Po be the origin. After the k" step, the position P, will be Py = 


4 4 
Ak + (Pr-1 — Ag)e fork = 1,2,..., where € = cos = +i sin = We easily obtain 


Py = (0 — €)(Ag + £Ak—1 + € Ag 2 +- e As). 
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The condition P = P196 is equivalent to A 1986+£ A19854-: - pelt Ante 44 = 0, 
which having in mind that A; = A4 = A7; =--- , Az = A5 = Ag —---, A3 = Ag = 
Ag =---, reduces to 


662(A3 + £A2 + € A1) = (1 +8? +--+ 6 !983)(43 + 65 + €7A1) = 0, 


and the assertion follows from Proposition 2 in Section 3.4. 


Problem 6. Let a,n be integers and let p be prime such that p > |a| + 1. Prove 
that the polynomial f (x) = x" + ax + p cannot be represented as a product of two 
nonconstant polynomials with integer coefficients. 


(1999 Romanian Mathematical Olympiad) 


Solution. Let z be a complex root of the polynomial. We shall prove that |z| > 1. 
Suppose |z| < 1. Then, z” + az = — p, we deduce that 


p = |z" az| = Izliz" ! tal x iz 34 + Jal < 1+ lal, 


* 


book 


which contradicts the hypothesis. 

Now, suppose f — ghisa decomposition of f into nonconstant polynomials with 
integer coefficients. Then p = f (0) = g((0), and either |g(0)| = 1 or |h(0)| = 1. 
Assume without loss generality that lg (01 = 1. If zi, zo, ... , zy are the roots of g, 
then they are also roots of f. Therefore 


legram 


1 = |g(O)| = |z1z2--- Ze] = Izillzal--- Ize] > 1, 


"e 


L 


a contradiction. 


Problem 7. Prove that if a, b, c are complex numbers such that 


(a+ b)(a +c) — b, 
(b+c)(b+a)=c, 
(c+a)(c+b) =a, 


then a, b, c are real numbers. 


(2001 Romanian IMO Team Selection Test) 


Solution. Let P(x) = x? — sx? + qx — p be the polynomial with roots a, b, c. We 
haves =a +b +c,q = ab + bc + ca, p = abc. The given equalities are equivalent 
to 

sa 4 bc =b, 
sb +ca =c, (1) 
sctab=a. 
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Adding these equalities, we obtain g = s — s?. Multiplying the equalities in (1) by 
a, b, c, respectively, and adding them we obtain s(a? + b? + c?) + 3p = q or, after a 
short computation, 
3p = —3s? +8? +s. (2) 
If we write the given equations in the form 


(s—c)(s—b)=b, (s—a)(s—c)=c, (s—b)(s—a)=a, 


we obtain ((s — a)(s — b)(s — c))? = abc, and, by performing standard computations 
and using (2), we finally get 


s(4s — 3)(s + 1? — 0. 


If s = 0, then P(x) = x?, so a = b = c = 0. If s = —1, then P(x) = x? + x? — 


. T An 67 , 
2x — 1, which has the roots 2 cos ,2cos ,2cos (this is not obvious, but we 


can see that P changes its sign on the intervals (—2, —D), (—1, 0), (1, 2) of the real 


line, hence its roots are real). Finally, if s z 3/4, then P(x) — x? 
which has roots a = b = c = 1/4. 


ath bol 


Alternate solution. Subtract the secorid equation from the first. We obtain (a 4- 
b)(a—b) — b—c. Analogously, (b+c)(b—€) = c—a and (c+a)(c—a) = a—b. We can 
see that if two of the numbers are equal, then all three are equal and the conclusion is 
obvious. Suppose that the numbers are distinct. Then, after multiplying the equalities 
above, we obtain (a + b)(b + c)(c + a)2—- 1, and next: b(b +c) = c(c +a) = 
a(a + b) = 1. Now, if one of the numbers is real, it follows immediately that all three 
are real. Suppose all numbers are not real. Then arg a, arg b, argc € (0, 277). Two of 
the numbers arg a, arg b, argc are contained in either (0, zr) or in [z, 277). Suppose 
these are arga, arg b and that arga < arg b. Then arga < arg(a + b) < arg b and 
arga < arga(a+b) < arg(a +b) < arg b. This is a contradiction, since a(a + b) = 1. 


Problem 8. Find the smallest integer n such that an n x n square can be partitioned 
into 40 x 40 and 49 x 49 squares, with both types of squares present in the partition. 
(2000 Russian Mathematical Olympiad) 


Solution. We can partition a 2000 x 2000 square into 40 x 40 and 49 x 49 squares: 
partition one 1960 x 1960 corner of the square into 49 x 49 squares and then partition 
the remaining portion into 40 x 40 squares. 

We now show that n must be at least 2000. Suppose that an n x n square has been 
partitioned into 40 x 40 and 49 x e Era using at least one of each type. Let 


S. punc" adero ausu oi that 
= COs — sin — an = Pe: = sin = rien e x square SO a 
40 ^ 49 ag a TIS 
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two sides are horizontal, and number the rows and columns of unit squares from the 
top left: 0, 1,2,...,n — 1. For0 < j,k € n — 1, and write z/& in square (j, k). If 
an m x m square has its top-left corner at (x, y), then the sum of the numbers written 


xt+tm—1 y+m—1 m m 
Even 
2 2 ee (SS ECT 


The first fraction in parentheses is 0 if m = 40, and the second fraction is O if 


in it is 


m = 49. Thus, the sum of the numbers written inside each square in the partition is 0, 
so the sum of all the numbers must be 0. However, applying the above formula with 
(m, x, y) — (n,0, 0), we find that the sum of all the numbers equals 0 only if either 
t" — 1 or é” — | equals 0. Thus, n must be either a multiple of 40 or a multiple of 49. 

Let a and b be the number of 40 x 40 and 49 x 49 squares, respectively. The area 
of the square equals 40? - a + 49? . b = n?. If 40|n, then 40|b and hence b > 40?. 
Thus, n? > 49? . 40? = 19607; because n is a multiple of 40, n > 50 - 40 = 2000. If 
instead 49|n, then 49? la, a> 492, and again n? > 1960?. Because n is a multiple of 
49, n > 41-49 = 2009 > 2000. In eithef-case, n > 2000, and 2000 is the minimum 
possible value of n. a 


ath 


Problem 9. The pair (z1, z2) of nonzero complex numbers has the following property: 
there is a real number a € [—2, 2] such thait E — az1z2 + zi = 0. Prove that all pairs 
(z1: 25), n = 2,3, ..., have the same property. 
(Romanian Mathematical Olympiad — Second Round, 2001) 
o 


‘ zi D : ] 
Solution. Denote t = —,t € C*. Therelation z? — azizo + £j = 0 is equivalent 
£2 


a +iv4-— a? 


to 1^ — at +1 = 0. We have A = a^ — 4 < 0, hence t = — —7 — and 
a 4-a E zt an - 
(t| = zd = 1. Ift = cosa + ising, then — = t" = cosna + i sinna 
£5 


and we can write a — anZ1z5 + ge = 0, where a, = 2 cos ng € [—2, 2]. 


Alternate solution. Because a € [—2, 2], we can write a — 2coso. The relation 
zi = aziza + e = 0 is equivalent to 
Z Z 
GE Ld agosa (1) 
Z2 ZI 
and, by a simple inductive argument, from (1) it follows that 


Z Z 
“142 = 2cosno, n= 1,2, 
Problem 10. Find 
Imz? 


min 5 
zeC\R Im?z 
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and the values of z for which the minimum is reached. 
Solution. Let a, b be real numbers such that z = a + bi, b € 0. Then Im(z)> = 


5a^b — 10a?b? + D? and 


Im?z 


a2 
Setting x — (z) yields 


I 5 
ma = 5x? — 10x +1 = 5(x — 1)? — 4. 


Im" z 
The minimum value is —4 and is obtained for x = 1 i.e., for z = a(1 +i), a Æ 0. 
Problem 11. Let z1, zo, z3 be complex numbers, not all real, such that |z1| = |z2| = 
[z3| = 1 and 2(z1 + zo + za) — 3zizoza € R. 
Prove that z 
max(arg Z1, argzo, arg z3) > A 
- 
Solution. Let zg = cost + i sin tg, k E41, 2, 3}. 
The condition 2(z| + zo + z3) — 3212253 € R implies 
O 
(1) 


9 
=l 
2(sin tj + sint? + sin fz) = 3 sin(t) + f2 + t3). 
fas} 
he Bb x x 
Assume by way of contradiction that max(t}, to, 13) < rà hence tı, t2, t3 < —. Let 


übt x l um T 
= 3 (o. i The sine function is concave on |o. =) so 


7 3 6 
1 t t t 
a Gin + sint + sints) < sin LR (2) 


From the relations (1) and (2) we obtain 


sin(t; +h +t) 
2 < sin 


ti t2 +t 
7 : 


Then 
sin3t < 2sint. 


It follows that 
Asin? t — sint > 0, 


, then t > e which contradicts that t € (o. ae 


1 
i.e., sin? t > —. Hence sint > 
, as desired. 


Dl 321 — 


Therefore max(ti, t», t3) > 
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Here are some more problems. 


Problem 12. Solve in complex numbers the system of equations 


x|y| + yIx| = 227, 
ylz| + zly| = 2x?, 
z|x| + x|z| = 2y?. 


Problem 13. Solve in complex numbers the following: 


x(x — y)(x — z) = 3, 
yy -—x)(y — z) = 3, 
z(z —x)(z— y) 23. 


(Romanian Mathematical Olympiad — Second Round, 2002) 


Problem 14. Let X, Y, Z, T be four points in the plane. The segments [XY] and [ZT] 
are said to be connected if there is some point O in the plane such that the triangles 
OXY and OZT are right isosceles triangles in O. 

Let ABCDEF be a convex hexagon such that the pairs of segments [AB], [CE], 
and [BD], [EF] are connected. Show that the points A, C, D and F are the vertices 


of a parallelogram and that the segments [BC] and [AE] are connected. 


(Romanian Mathematical Olympiad — Final Round, 2002) 


Problem 15. Let ABC DE bea cyclic pentagon inscribed in a circle of center O which 
has angles B = 120°, C = 120°, D= 130°, E = 100°. Show that the diagonals BD 
and CE meet at a point belonging to the diameter AO. 

(Romanian IMO, Team Selection Test, 2002) 


6 


Answers, Hints and Solutions to 
Proposed Problems 


books 


In what follows answers and solutions are presented to problems posed in previous 
chapters. We have preserved the title of the; subsection containing the problem and the 
number of the proposed problem. 


egram.m 


6.1 Answers, Hints and Solutions to Routine Problems 
6.1.1 Complex numbers in algebraic representation (pp. 18-21) 


l.a)zij-c-zo-c-z3— (06,4); b)zizo-d 2223 + zazi = (—4, 5); 
c) 212223 = (—9,7); d) zi +z% + 23 = (-8, —10); 


Zz zz 311 65 zZ +z 152 72 
e)—t-L—-—- rah EI LIP ; 
130’ 83 dud 221° 221 


2.a)z = (7,—8); b)z=(-7,—4); 


c) z= d) z = (—9, 7). 


R Ey 


1 v3 Ü «s 
3.a)z = Cao £2 = ->T : 
b) 21 —- (71,0, 2; — (; $)s- (2-3) 


254 6. Answers, Hints and Solutions to Proposed Problems 


(1,0), for n = 4k; 
n (1,1), for n=4k+1; 
` (0,1), for n= 4k +2; 
(0,0), for n=4k+3. 
S.az=(1,1); b)z1=(@,1),2=(-2,-1). 
= (a? —b*,2ab); z? = (a? — 3ab*, 3a?b — b>); 
z^ = (af — 6a*b* + b^, 4a? b — 4ab?). 


[at va^ t b^ EM py XR. Va? + b? 


a + Ja? + b? —a + va? + b? 
z2 = 2 , —sgn b 2 


7. 21 


8. For all nonnegative integers k we have 


= ((-4)*,0); z%H = (4), =A); 2505 = (0, —2(—4)*); 


zik+3 5 (-2(—4)*, —2(—4)*); for k >0. 


1 3 -O 
Pax = you b) x = —2, y = 8:0! c)x =0,y =0. 

Al 54/1 61 4 
10.a)8+5li; b)4-— 43i; c)2; T Y e) ng 
11.32) —i; b) Ege = 1, E4k+41 = 1 + i, Eak+2 =i, E4k43 = 0; œ)l; 
12. a) uS LUE = v2 A 
. Z1 = 2 7782 = 2 Kn 
b) V2 V2 S 

= L , = l ; 
LEE NUS Sa 2 
5 NEETE JAT. 
412-4 2 2 
13.z € Rorz =x + iy with x? + y? = 1. 
14. a) E, = Ej; 
b) E2 = E». 


15. We substitute a formula for the definition of modulus. 


16. From the identity 


we obtain 


E243 


d) — 
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where 


Since 
@ — 3a — 2 = (a — De + 2a + 1) = (a — J (a + 1); 
we havea < 2, as desired. 
17. The equation |z? + Z?| = 1 is equivalent to |z? + Z°|? = 1. That is, (z2 + Z) Z? + 
2 
z?) = 1. We find (z? + zy =lor (2 + i) — ]. The last equation is equivalent to 


i... v3 


(z^ +1)? = z^ or (z^ — z? + 1) (z^ + z? + 1) = 0. The solutions are 5! s and 
3 1 
43 + =i. 
2 2 
M 
18. z € g^ i/2 , 
19. z € (0,1, —1, i, —i}. $ 
i d) 4. 0. 9 
20. Observe that |- — 5 < z is equivalent to |2 — z| < |z|, and consequently (2 — 
z = 
z)(2—Z) < z-Z. It follows that 4 < 2(z £Z) = 4Re(z), as needed. 
o 
21.a? + b? + 2? — ab — be — ca. z 
—6 + 421 57 
22. a) z1,2 = — t? b) z = -$ +4i; c)z=2+i; 
-R 4 B 13 9 
d) Z1.2 = ch e)z? = —1, z? = —5 — 6i; flne j^ 
23. m € (1,5). 


24.7 = —2y +2 + iy, y € R. 

25.z =x + iy with x? + y? = 1. 

26. From |z1 + zo| = V3 it follows that |z; + z2|? = 3, i.e., (zi - zo) (zi F z2) = 3. We 

obtain |zi|? + (z1Zo + Ziz2) + |za|? = 3. That is, ziZo + Z)z2 = 1. On the other hand 

we have |z1 — zal? = |zil? — (z1Z2 + Z122) + |z2l? = 2— 1 = 1, hence [z1 — z2| = 1. 
: 1 ows 9E 3 , 

27. Letting ¢ = -3 + i- and noticing that e&? = 1, we obtain n = 3k, k € Z. 

28. Note that z = 0 is a solution. For z # 0 passing to absolute value we obtain 

Iz/-! = |z|, i.e., |z| = 1. The equation is equivalent to z” = iz - z, which reduces to 

z" — i. The total number of solutions is n 4- 1. 


29. Let 


a -—|z—zs B=lz—-z1|, y-lau-zl. 
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Since the following inequality, 


o + By - ya x o? +p x y? 
holds, and 


o? + B? 4 y? = 3i + [zal? + |z2l? — ler + 22 z3l?) 


< 3(zi? + Iz2P + Iz? = 9R?, 
it follows that 
ap + By + ya x 9r?. 


30. Observe that 
|u—z| — lu— zl 


wji = |v > = 
pur = dor uz—1 juz—1| 7 


if and only if 
ju — z| < [uz — 1]. 


This is equivalent to 


2 3 


KS 


ju — z| [uz — 11°. 


We obtain 


th bol 


I^ 
Jal 


(u — z)(u — Z) x«uz — 1)(uz — 1), 


e/n 


i.e., E 
"Iz? — 1x0. 


R.m 


2 2 
Jul" + Izl* — 


re 


Finally 


o 
© 


oO 
(^| — DA? — 0 = 0. 
Since |u| < 1, it follows that |w| < 1 if and only if |z| < 1, as desired. 


31. z? +25 + 23 = (z1 + z2 + 23)? — 2(izo + 2023 + 2321) 


1 1 1 
= —221 2223 ( +—+ ) = —2712273(Z1 + Z2 + Z3) = 0. 
Z1 Z2 Z3 
p? 
32. The relation |z;| = r implies z; = — fork € {1,2,...,n}. Then 
Zk 
A y y) oy 2 2 
+ + m + 
— Z1 Z2 Z2 Z3 Zn Z1 
E = 
y? y pi 
Z1 Z2 Zn 


2n zj-Z22 Z2-dz3 Zn d Z1 
r . . eee 


£122 £223 Zn£l 
= 1 —E, 
yn . 


Z1Z22*'*Zn 
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hence E e R. 
33. Notice that 
z-Z-zx-nua-nm 
and 
z1272 + z3 € Rif and only if zjz2 + za = 7] - Z2 + 73. 
Then 
r O zz-cz o ZZ3+Z2 2223421 


Z17273  Z1Z2+r?z3  z1z3 +r°z2 z233 +r?zı 
i= Dkz=z3; «tal ol =). za 


(z2 = z3)(z1 =r?) zr? à 2 


3 = 1. 
z2—r z3 =r Z1 — 22 


Hence z1z2z2 = r? and consequently r? = r? Therefore r = 1 and zizoz3 = 1, as 
desired. 


34. Note that x; = a =-l. 
a)—1; b)l; c)Considern € {6k, 6k + 1, 6k + 2, 6k + 3}. 


35. a) x4 + 16 = x^ + 24 = (x? + 4i) 2&- 4i) 


e 


| 
= p? + (v20 + DAR? - (v20 +1)7] 


la 


m 


= (x + 2-1 yo 20 — BY@ - A20  )G + V20 i). 


£ 1 3 
b) x? —27 2 x3 — 3? = (x — 3) (x -389 — 32°), where ¢ = E- + y. 
of) 


2 
ox 4-825425 = (x-2)x4 1 i3) + l3, 
d) x4 +x? + 1 = (x? -g0G-ii0^-22 x =e) 


1 3 
= (x —e)(x + £€)(x — €)(x + €), where £ = no E 
3 E 3 18. 20 a. 2 = 
36. a) x 14x+50=0; b)x zt 5 —0; c)x°+4x+8=0. 


37. We have 
2|z1 + z2|- |z2 + 23| = 2|z2(z1 + z2 + z3) + 2123] < 2ļz2| - [z1 + z2 + zal + 21zillzal. 
and likewise, 

2|Z + zs| * [za + zil < 2]zal|zi + z2 + zal + 2]zallzil, 


2|z3 + zil- [zı + 22) < 2lzillzi + z2 + zal + 2|z2llzal. 


Summing up these inequalities with 


2 2 2 2 2 2 2 
lzi + zal, + |z2 + zal^ + 123 + zi = zi + zal + zal" + lzi + 22 + zal 
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yields 
(laa + zaP + [za - zal + za + P) S a + [zal + lzal + [za + 22 zl. 


The conclusion is now obvious. 


6.1.2 Geometric interpretation of the algebraic operations (p. 27) 
3. a) The circle of center (2, 0) and radius 3. 

b) The disk of center (0, —1) and radius 1. 

c) The exterior of the circle of center (1, —2) and radius 3. 

1 1 

d) M = le. y) € R2|x > EI U le. y) e R2|x < ems Ax y e < o). 

e) M = {(x, y) € R?I— 1 < y < 0}. 

f) M = {(x, y) eR? -l<y <1}. 

g) M = ((x, y) e R?|x? + y? — 3x + 2 = 0}4. 


h) The union of the lines with equations x = -3 and y = 0. 
4. M = {(x, y) € R*|y = 10 — x?, y > 4p 
5. z3 = V3(1 — i) and z, = V3(1 + i). = 
6. M ={(x,y) e Rx? + y? +x 20, x50, x  -1) 
U{(0, y) € R?|y # 0} U (71, y) € R?fy z 0). 
7. The union of the circles with equations z 


5b 
o 
x +y =2y—-1=0 and xy 42y-120. 
6.1.3 Polar representation of complex numbers (pp. 39—41) 
3 J 
1. a) = 32, 0" = 7 br=8 = T. c)r = 5,t* = 7; 


1 1 
d) r= 4/5, t* = arctan 2 +; e)r = 24/5, t* = arctan (-3) + 27. 


16 12 
25x2l1yoy3 b)x=—,y=-—; 0xe-2,y20 
d)x = —3,y=0 e)x=0,y=1 fx-20,y--4. 
27x — , if 0, 
danti): 7 — argz i argz Æ 
0, if arg z = 0; 
mw +argz, if argz € [0, 7), 
arg(—z) = 
—z +argz, if argz € [m, 27). 
4. a) The circle of radius 2 with center at origin. 


b) The circle of center (0, —1) and radius 2 and its exterior. 
c) The disk of center (0, 1) and radius 3. 
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d) The interior of the angle determined by the rays y = 0, x < 0 and y = x, x <0. 
e) The fourth quadrant and the ray (OY’. 
f) The first quadrant and the ray (O X. 


3 
g) The interior of the angle determined by the rays y = en x € 0 and y = J/3x, 
x « 0. 


h) The intersection of the disk of center (—1, —1) and radius 3 with the interior of 
3 
the angle determined by the rays y = 0, x > Oand y = Bs, x > 0. 


T .. X 1 2m | . 2x 
5.3) zı = 12 (cos = +isin =); a=, ipsc + Sina : 


4 4 5 
C) Z3 = cos + isin; d) z4 = 18 (cos T isin E : 
2 2 
e)z5 — 13 E (2 — arctan 5) + isin (2 — arctan 3l 


3x 3x 
—4 — -Fisin — |. 
f) z6 (5 + isin) 


6. a) zi = cos2z — a) + i sin(2z — a), we [0, 27); 
b)z=2 cos $|. [cos (Z - 2) +isin(>— $) ita e t0 T); 
^ 2 2 2 Sil 3 P 
2| a 3T a +i Sf3àn a redu 
= 2 |cos —| - | cos | — — — S —-—-]ii ; 
us 2 375] TO 5 gr [oes emos 
7 


Tr T = Tm . T 
c) z3 = V2 cos ak Ttisin|ac 1 ifa [o =|: 
25 = Vi [sos (a— 7) + isin (a — Za] ita e (7.27); 


d) = 2sin | (5 ) +isi =) | it € [0, 2); 
z4 = sin 5 cos SS i sin 2 ifa QA) 


5 5 
Z4-— 2sin 5 E (= — =) + isin (= — =) ifa € [m, 27). 


7 7 
.a) 124/2 c = +isin T); b) 4(cos 0 + i sin 0); 


- 


5 5 
c) 484/2 c = + isin =) d) 30 (cos 7 +isin =). 


8. a) |z| = 12, argz = 0, Arg z —2kz, argz = 0, arg(—z) = zt; 


BE Ei dee” Aes eee, ee E 
Z|, = ,argz = 12” gz-— 12 ,argz = 12^ Biz =p 


1 5r 1 
9. a) |z = 28 + sy ares = es b) |z| = 55, argz = m; 


5 
c) |z| = 2^*! |cos — ,argz € (0, z}. 
10. If z = r(cost + i sint) and n = —m, where m is a positive integer, then 
Parma 1 E 1 1 cos0+i7sin0 


z" r™(cosmt +isinmt) r” cosmt +isinmt 
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EN: [cos(0 — m)t +i sin(0 — m)t] = r " (cos(—mt) + i sin(—mt)) 


= m 


=r"(cosnt +i sinnt). 


11. a) 2” sin” 5 cos na) +isin nae) if a € [0, x); 
5z — 5z — 
2” sin” : E d - 2) +isin wl 7 2| ifa € [r, 27]; 


M id 
zoo 6 


6.1.4 Then" roots of unity (p. 52) 


j 


w 


T pkr Z 4 2kr 
.a) z = /2| cos 4 $ +isin4 7 „k € (0, 1}; 
T ow T 422kn 
b) zy = cos ; + isin J ye {0, 1}; 
T T = 
— + 2kn — + 2krg 
C) zy — cos z +isin aj € {0, 1}; 
An nS 
— + 2kn -z E 2kr 
d) zk = 2 | cos 3 E +isin E „k € (0, 1}; 
e) zo =4— 3i, zi = —4 + 8i. Bi 
3 3 D 
2T Sere TT tfr 


ME zk = cos o + i sin 7—.— 9g k € {0, b 2}; 


m + 2kz .. m +2kr 
b) z =3 cos —,—— + i sin —,— »k € {0, 1, 2}; 
m 
— + 2kr — + 2kr 
c) zz = V2 | cos 4 S +isin4 3 „k € (0, 1, 2}; 
x 2T abs 


d) zg = cos —; — pisi — k € {0, 1,2}; 


e) zo = 3 + i, zi = (3 + De, z2 = (3 + i)e?, where 1, £, €? are the cube roots of 1. 


5r 5r 
— +2kr — + 2kr 
agp ma. cos -— — - isin -——— .k € {0, 1,2, 3}; 
TX VIA 
T kn — 4 kn 


b) z = 4/2 | cos © z tiisin s „k € {0,1,2,3}; 
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VIA X 
— + 2kr — + 2kr 
C) zk = cos T + isin 7 NE 
TT ÉL2km TT 4 kn 
d) z = 4⁄2 cos — — + i sin 2 — , k € {0, 1, 2, 3}; 


e) zo = 2 + i, z1 = —2 — i, z2 = —l + 2i, z3 = 1 — 2i. 
2kz .. 2kr 
4. zk = cos —— + i sin ——,k € (0,1,...,n— 1 n € (5,6, 7, 8, 12}. 
n n 


. . k 2m . , 2n m 
5. a) Consider £j = &/, e = £“, where e = cos — +i sin —. Then £j-&y = &/*^. Let 
i n n 
r be the remainder modulo n of j +k. We have j +k = p-n+r,r € (0,1,...,n—1] 


and £; «gy =P”t"= (e")P . g^ = g' = e, € Un. 
1 e” 


b) We can write e7! = — = — = — = e") € Uy. 
J Ej el el 
2kn | | 2kr 
6.a)z=5 cos masc ,k € {0, 1, 2}; 
2k 2 
9a = 2 (cos LE eii E z Jk € 10. 1,2,3}; 
3 3x | 
T + ke T E kr 
c) z = 4 | cos 3 + isin 3 ,k € {0,1,2}; 
Tm 5 + kx 
d) zz = 3 uL CELL aM 2 ,k € (0,1,2). 
E 
7. a) The equation is equivalent to (z^ — iz — 2i) = 0. 


b) We can write the equation as (2 + Dz? +i-1)=0. 
c) The equation is equivalent to zê = —1 + i. 
d) We can write the equation equivalently as (2-—2)Y2-4i)-0. 


8. It is clear that any solution is different from zero. Multiplying by z, the equation 


is equivalent to z? — 5z* + 102? — 1027 + 5z — 1 = —1, z £z 0. We obtain the 
2k 4-1 
binomial equation (z — 1)? = —1, z # 0. The solutions are zg = 1 + cos aan 
2k +1 
isin EEDE 4 =0, 1,3,4. 


6.1.5 Some geometric transformations of the complex plane (p. 160) 
1. Suppose that f, g are isometries. Then for all complex numbers a, b, we have 
|f (g(a)) — f (g(b))| = lg(a) — g(b)| = |a — b|, so f o g is also an isometry. 

2. Suppose that f is an isometry and let C be any point on the line AB. Let f (C) = M. 
Then MA = f(C) f (A) = AC and, similarly, M B = BC. Thus |MA — MB| = AB. 


262 6. Answers, Hints and Solutions to Proposed Problems 


Hence A, M, B are collinear. Now, from MA = AC and MB = BC, we conclude 
that M = C. Hence f (M) = M and the conclusion follows. 


3. This follows immediately from the fact that any isometry f is of the form f(z) = 
az + bor f(z) = az + b, with |a| = 1. 


4. The function f is the product of the rotation z — iz, the translation z > z 4-4 — i, 
and the reflection in the real axis. It is clear that f is an isometry. 


5. The function f is the product of the rotation z — —iz with the translation z > 
zc l-2i. 


6.2 Solutions to the Olympiad-Caliber Problems 


6.2.1 Problems involving moduli and conjugates (pp. 175-176) 
Problem 21. At first we prove that function f is well defined, i.e., | f(z)| < 1 for all z 
with |z| « 1. 

Indeed, we have | f (z)| « 1 if and only if & as Eras 


last relation is equivalent to (1 +az)(1+ dz) « G JF a)(z +a). That is, 1 + |a| 2Iz|? < 
la|? + |z|? or equivalently (Ja|? — 1)(|z|* == * « 0. The last inequality is obvious since 


< 1,i.e., |1 +az|? < |z - al. The 


/m 


[z| < 1, and jaļ| > 1. 
o 


To prove that f is bijective, it suffices to-observe that for any y € A there is a unique 
z € A such that 


Lac 
f= [wy =y. 
We obtain 
ay— 1 
z = —— = -f (-y), 
a—y 


hence |z| = |f (—y)| < 1, as desired. 
Problem 22. Let z = cos ọ + i sing with cos g, sing € Q. Then 


ut sd = cos 2ng +isin2ng—1=1 — 2sin* ng + 2i sinng cosng — 1 


= —2sinngy(sinng — i cosng) 


and 


Iz?" — 1| = 2| sinngl. 


It suffices to prove that sinng € Q. We prove by induction on n that both sin ng and 
cos ng are rational numbers. The claim is obvious for n = 1. 
Assume that sin ng, cos ng € Q. Then 


sin(n + 1)ọ = sin ng cos o + cosng cos o € Q 
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and 
cos(n + 1)p = cosng cos o — sinng sing € Q, 
as desired. 
1 
Problem 23. To prove that the function f is injective, let f (a) = f(b). Then — T e 
ai 
] 4- bi 
m. This is equivalent to 1 + ab + (a — b)i = 1 + ab + (b — a)i, i.e., a = b, as 
needed. 


The image of the function f is the set of numbers z € C such that there is t € R 
with 


1 2 ti 
z=fH= . 
— ti 
]D-cti : 1 
From z = —— we obtain t = <7 itz # 1.Thent € R if and only if t = t. The 
1—ti i(1 +z) 
-1 -1 
last relation is equivalent to = = z -,ie. —(z—1)(Z+ 1) = (z4-1)(z- 1). 
i m 


It follows that 2zz = 2, i.e., |z| = 1, a the image of the function f is the set 
{z € R||z| = 1 and z Z —1}, the unit circle without the point with coordinate z = —1. 


Problem 24. Let 2 = t € C. Then 
€] 


Izi + Zit] = [Zi] = |z| or |1 +t] = |t| = 1. 


^ 


nme/ in 


e 


It follows that tt = 1 and 


telegrar 


1=|1 += 0+90+D=1+t+7+1, 


hence t£? +t +1 = 0. 


Therefore ¢ is a nonreal cube root of unity. 


Alternate solution. Let A, B, C be the geometric images of the complex numbers 
Z1, Z2, Z1 + Z2, respectively. In the parallelogram OAC B we have OA = OB = OC, 
hence AO B = 120°. Then 

£2 


— = cos 120? + i sin 120? or m cos 120? + i sin 120°, 
Zi £2 


therefore 


2 2 
ae ea 
Z1 3 3 


Problem 25. We prove first the inequality 


Iz] < [zil + [zal e+ + [zeal + dz d + Izal + z1 22 +++ zal 
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for all k € (1,2, ...,]). Indeed, 


lzk| = (zi Hobe + Zk-1 + Zk + Zk41 te Za) 
=(zptzate + Zk-1 + Zep V o + Zn) 
< [zi z2 +-+ + Zal + lzi] +- + legal + lzel to lal, 


as claimed. 
Denote Sk = |zi| +++  |zk—il + lzk+1| +--+ + znl for all k. Then 


Ize] < Sk + |zi +z2 +++: zal. for all k. (1) 


Moreover, 
|i exse < eb e +++- + Izal. (2) 


Multiplying by |z| the inequalities (1) and by |z; + zo +--- + Z,| the inequalities 


(2), we obtained by summation: 


2 


Fpoks 


la + z2? +--+ + Lenk + len za zal 


n 


n 
< jud lel uis 
1 k=1 


> 
Il 


meAnath 


Adding on both sides of the inequality the'expression 


oD 


lal - [zal? bes + lead + lz za zu 


yields 
2 2 2 2 
(zil + [z3| ^ EP [gale [Zab EE ESI) 
< (zi o lanl + lzi za zn)’, 
as desired. 
Problem 26. Let Mj, M2, ..., M», be the points with the coordinates z1, z2, .. . , Z2n 


and let Aj, A2,...,A, be the midpoints of segments Mı Mən, M2Moy,-1,..., 
Mn Mn+1- 

The points M;, i = 1, 2n lie on the upper semicircle centered in the origin and with 
radius 1. Moreover, the lengths of the chords Mı Mos, Mo Man—1, ..., Mn Mn+1 are in 


a decreasing order, hence O A1, O A2, ..., OA, are increasing. Thus 
Z+2Z Z2 + Z2n— Z z 
1+ Z2n < 2+ Z2n-1 < < n t Zn+1 
2 2 2 


and the conclusion follows. 
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M, 
M, +1 
M. ^ M, 

2n-1 A, 
M. M; 
i A, 1 
> 

Figure 6.1. 
Alternate solution. Consider zę = r (cos fy +i sin tg), k = 1,2,..., 2n and observe 
that for any j = 1,2, ...,n, we have 


2 "T " 
|zj + Zan—j4il” = |r[(cost; + cos tan—j41) + i (sint; + sinf25—j43)]l 


S 


2 5 . . 2 
= r^|(cos tj + cos Dn ji + (sint; + sin ton- j44)*] 


= r?[2 + 2(cos tj COS fon 


j3ath 


j+1 + sin tj sin ton—j+1)] 


/n 


uie 


= 2r°[1 + cos(t2n-j+1 — 


ll 
a 
^ 
Q 
o 
Nn 


?l 


zi 2 
bn tj : T 
Therefore |z; + Z2n—j+1| = 2r cos TAY C and the inequalities 


tel 


|z1 + zzi] S |z2 + Zan-1| S: X [Za + Zail 


are equivalent to fan — t1 > fog 21 —f2 > +++ > tn+1 — tn. Because0 € ti € fo <- < 
tan < m, the last inequalities are obviously satisfied. 


Problem 27. It is natural to make the substitution x = u, ./y = v. The system 
becomes 


(iu) 4 
u? + v? J/A' 
(i 1 )-52 

u? +v? Na 


But u? + v? is the square of the absolute value of the complex number z = u + iv. 


This suggests that we add the second equation multiplied by į to the first one. We 


obtain 
m" u —iv 2 52 
ut+iv = i ! 
u? + v? J3 VT 
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The quotient (u — iv)/(u? + v?) is equal to Z/|z|? = z/(zz) = 1/z, so the above 
equation becomes 


wt ( 2,42 
Z a V3 Fi g 


Hence z satisfies the quadratic equation 


with solutions 


(jem) (0) 


where the signs + and — correspond. 


This shows that the initial system has the solutions 


24/2 : 
y= (55e) , 


nath books 


where the signs + and — correspond. 


Problem 28. The direct implication is obvious. 
Conversely, let |z1| = |z2 + z3|, |z2| = [ET + zal, [zal = |z1 + Z2|. It follows that 


2 2 2 > 2 2 2 
[zal + [zal* + zal = |z2 FSI" + |z3 + Zl" + [21 + 22)". 


tel 


This is equivalent to 


Z1Z1 + 2222 + Zaza = 2222 + 2223 + 2223 + 2323 


+ zaxi- 2123 + 21Z1 + Z1Z1 + 2122 + 2271 + I ile. 


Z1Z| + Z222 + 2323 + Z1Z2 + 207] + 2123 + 2123 + 2273 + 7322 = Q. 
We write the last relation as 
(z1 za + 273) (21 +22 + z3) = 0, 


and we obtain 
zi tat zl" = 0, ie,zi d zo z3 = 0, 


as desired. 


Problem 29. Let a = |zi| = |z2| = --- = |zn|. Then 


a? 


zi —, k-—lLn 
Zk 
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and 

n—-l n—l at 
2122 + 2223 be + Zn-1Zn = y sun = > 
k=l kc] Cert 
at 
= —— — —(1314:**Zg X240 bb 1o 14-2) = O; 
£122*** Zn 
hence 
Z122 + 2223 d: + Zn—1Zn = 0, 
as desired. 


Problem 30. Let 


z —ri(costi + i sinti) 


and 


a = r (cos h + isin t). 


We have 


12 |z +aļ = y (rı cost; + r2dos t3? + (rı sint) + ro sin h)? 


b/matl'? books 


= "E +r? + 2rir2 cos(t1 — t2), 


So 


— 
N 
N 


cos(ti — t2) 


teldgram.m 


Then 


Iz? + a?| = |r? (cos 2t; + i sin 2t1) + r2(cos 215 + i sin 2t2)| 


= Je cos2t; + r2 cos215)? + (r? sin 2ty + r2 sin 2r) 


— rt + r + antes cos 2(t4 — t2) 


E Jr + r3 + 2rir2(2 cos? (ti — 1) — 1) 


44744 97272. |2 1-52-2V 1 
= [Pp rr, rho rg 


= NT -2r)a1l-2r7)-—2/5. 


The inequality 
|1 — 2lall 


J/2 


IZ a > 
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is equivalent to 
(1 -= 2r7)? 
, Le. 
2 
Arf + 4r — 4r? —4r2 +2 > 1 — 4r? E462. 


2rf up +1- 2r? — 2r} > 


We obtain 
Qr; — 1)? z 0, 

and we are done. 
Problem 31. It is easy to see that z = 0 is a root of the equation. Consider z 2 a+ib # 
0,a,b e R. 

Observe that if a = 0, then b = 0 and if b = 0, then a = 0. Therefore we may 
assume that a, b Æ 0. 

Taking the modulus of both members of the equation 


az” = bz (1) 
yields |a| = |b| ora = +b. S 
Case 1. If a = b, the equation (1) becomes 


(a 4- ia)" E (a — ia)". 


IY 


This is equivalent to 


ATN 
us 
+ 
e 
Il 
telegram 
oO 
^R 
Il 
J= 


which has solutions only for n = 4k, k € Z. In that case the solutions are 
z—a(lcti) a0. 
Case 2. If a = —b, the equation (1) may be rewritten as 


(a — ia)" = —(a + ia)". 


& 4 
msc] EC = el. 
i) 


which has solutions only for n = 4k + 2, k € Z. We obtain 


That is, 


z=a(l—-i), a0. 


To conclude, 

a) if n is odd, then z = 0; 

b) ifn = 4k, k € Z, then z = {a(1 + i)|a € R}, i.e., a line through origin; 

c) ifn = 4k + 2, k € Z, then z = {a(1 — i)|a € R}, i.e., a line through origin. 
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Problem 32. Let zı = cost; + i sin tı and z2 = cos h + i sint». The inequality 


Zi + 22 
lazı + bz2| > HDD 


is equivalent to 


V (a cos t1 + b cos n)? + (asint +b sin n)? 


1 
> 5 (cos ty + cos t3)? + (sin ty + sin t3)?. 


That is, 


2V/a2 + b? + 2abcos(t1 — t2) > V2 + cos(t — t2), i.e., 
4a? + A(1 — aY? + 8a(1 — a) cos(t4 — t3) > 2 + 2cos(fj — t). 


We obtain 
8a? — 8a + 2 > (8a? — 8a + 2) cos(t; — t2), i.e., 1 > cos(ti — fr), 


which is obvious. 


oks 


e 1 
The equality holds if and only if t; = fosi.e., zi = z2 or a = b = y 
| 


Problem 33. Let r = |zj| = |z2] = +-+- =, > 0. Then 
1 1 1 ug z“ Z“ 
E + E Spei zk g% + pak ewe pak 


a 
3 

+. 

Im 


1 CELA 
= xxu =0, 


as desired. 


6.2.2 Algebraic equations and polynomials (p. 181) 


Problem 11. Let r = |zi| = |z2|. 


The relation ab|c| = |a|bc is equivalent to 
ab|c| la|bc 
aa|a|  aa|a| 


This relation can be written as 


That is, 


—(x1 + x2) - |xix2| = — Gi + x2) : x1x2, i.e., 


2 2 2 
(x1  x2)r* = |xil^x2 + xı | x2)". 
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It follows that 
Gi + x2)r? = Ga + xà)r?, 
which is certainly true. 


Problem 12. Observe that z? = z3 = 1 and z} = z; = —1. If n = 6k +r, with k € Z 
andr € (0, 1, 2, 3, 4, 5}, then 27 + z; = z] +25 and z5 + 24 = 23 + 2%. 

The equality z{ + z3 = z5 + z4 is equivalent to z] + z3 = 23 + z4 and holds only 
for r € {0, 2, 4}. Indeed, 

i) ifr = 0, then z? + z9 = 2 = z9 + z9; 

ii) ifr = 2, then z? +25 = (zi + z2) —2ziz = (71? — 2.1 = —1 and 
23 + 24 = (23 + 24)* — 2z3z4 = 1? — 2. 1 = — l; 

iii) if r = 4, then zf + zd = zi + z2 = Land z3 zi = —(z3 + z4) = —(-1) = I. 

The other cases are: 

iv)r = 1 then zı + z2 = —1 Æ z3 + z4 = l; 

v)r = 3, then z? + z3 = 1 +1 =2 # z3 +z% = -l-1 = 2; 

vi)r = 5, then z? + zi =z += -ÉZ aci = — (23 + 24) = 1, 

Therefore, the desired numbers are the even numbers. 


Problem 13. Let 


6 6 55 
= | [@ -xv = | [r —», forall x e c. 
k=1 k-l 
We have 
6 6 6 
IIe*»o25[[c-»-[[e-52 fco. fo 
k=1 k=1 k=1 


= (if + ai? + bif + ci? + bi? + ai + 1) - (if — ai? + bit — ci? + bi? — ai + 1) 
= (2ai — ci)(—2ai + ci) = Qa — 0°, 


as desired. 


Problem 14. For a complex number z with |z| — 1, observe that 
P(z) + P(—z) = az? 4 bz + i c az? — bz +i = 2(az? + i). 
It suffices to choose zo such that az = |ali. Let 


a= |a|(cost+isint), t € [0, 27). 
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The equation az? — |a|i is equivalent to 


4j = cos (= - r) +isin(> - 1) 
m 2 2 , 


Set 


and we are done. 


Therefore, we have 
P (zo) + P(—Z0) = X(|zli + i) = 211 + lal). 
Passing to absolute values it follows that 
|P(zo)] + |P(—zo)| = 20 + lap. 


That is, | P(Zo)| > 1 + la| or |P(—zo)| > 1+ lal. 

Note that |zo| = | — zo| = 1, as needed. 
Problem 15. Let z be a complex root of polynomial f. From the given relation it 
follows that 2z? + z is also a root of f. Observe that if |z| > 1, then 


223 + z| = |zll22 + Ẹ > Iz Iz? — 1) > Izl. 


Hence, if f has a root zı with |zi| >Ñ, then f has a root z2 = 22? + zı with 
|z2| > |z1|. We can continue this procedure and obtain an infinite number of roots of 
F215 Z2,--- with --- > |zo| > izil, a contradiction. 

Therefore, all roots of f satisfy |z| < 1. 

We will show that f is not divisible by x. Assume, by contradiction, the contrary 
and choose the greatest k > 1 with the property that x* divides f. It follows that 
f(x) = x*(a + xg(x)) with a Æ 0, hence 


f(x) = x^ (ay + 2x? gQx?)) = x? (a1 + xgi(x)) 
and 
f Qx? +x) = x (2x? + 1)F(a + (2x? + Dxg(x)) = x*(a + xga(x)), 


where g, 21, g2 are polynomials and a, # O is a real number. The relation 
f(x) f(x?) = f(x? + x) is equivalent to x*(a + xg(x))x**(ay + xgi(x)) = 
x*(a 4- xg2(x)) which is not possible for a Z 0 and k > 0. 

Let m be the degree of polynomial f. The polynomials f (2x?) and f (2x? +x) have 


degrees 2m and 3m, respectively. 
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If f(x) = bmx” +--+ + bo, then f (2x?) = 2" b, x?" E... and f(2x? +x) = 
2" p, X?" + +++ From the given relation we find by, - 2" . bm = 2" bm, hence by = 1. 
Again using the given relation it follows that /?(0) = f(0), i.e., b? = bo, hence 
bo = 1. 


The product of the roots of polynomial f is +1. Taking into account that for any 


root z of f we have |z| < 1, it follows that the roots of f have modulus 1. 
Consider z a root of f. Then |z| = 1 and 1 = |22? +z] = |z|[2z2 - 1| = |2z7+1| > 
1222 — 1 = 2|z|? — 1 = 1. Equality is possible if and only if the complex numbers 2z? 


and —1 have the same argument; that is, z = +i. 


~ 


Because f has real coefficients and its roots are +i, it follows that f is of the 
form (x? + 1)" for some positive integer n. Using the identity (x? + D(4x4+ 1) = 
(2x3 + x)? + 1 we obtain that the desired polynomials are f(x) = (x? + 1)", where n 


is an arbitrary positive integer. 


6.2.3 From algebraic identities tó geometric properties (p. 190) 


Problem 12. Let A, B, C, D be the poiutsakith coordinates a, b, c, d, respectively. 

If a +b = 0, then c + d = 0. Hence a E: b = c + d, i.e., ABCD is a parallelogram 
inscribed in the circle of radius R = |a| and we are done. 

Ifa +b zz 0, then the points M and N-with coordinates a + b and c + d, respec- 
tively, are symmetric with respect to the origin O of the complex plane. Since AB is 
a diagonal in the rhombus OAMB, it follows that AB is the perpendicular bisector 
of the segment O M. Likewise, C D is the perpendicular bisector of the segment O N. 
Therefore A, B, C, D are the intersection points of the circle of radius R with the per- 
pendicular bisector s of the segments OM and ON, so A, B, C, D are the vertices of 


a rectangle. 


Alternate solution. First, let us note that from a + b + c + d = O it follows that 
a+d = —(b + c) ie. |a 4- d| = |b + c|. Hence |a + d? = |b + c|? and using 
properties of the real product we find that (a + d) - (a + d) = (b + c) - (b + c). That is, 
lal? 2- |a? +2a-d = |b|? +|c|? -- 2b - c. Taking into account that |a| = |b| = |c| = |d| 
one obtains a - d = b.c. 

On the other hand, AD? = |d — a? = (d — a) - (d — a) = |d|? + Ja — 2a - d = 
2(R? — a . d). Analogously, we have BC? = 2(R? — b.c). Since a -d = b- c, it follows 
that AD = BC, so ABCD isa rectangle. 

Problem 13. Consider the polynomial 


P(X) = X? + ak? +bX? ek" aX +e 
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with roots zg, k = 1, 5. Then 


a-2-»'uz0 and b-Yus-;(Xa)-;X4-0 


Denoting by r the common modulus and taking conjugates we also get 


7 rà r2 
0= y Z = y — = ——_ J 21222324, 
£1 


^ 2122232425 
from which d = 0 and 
E E 
0c are = x PA = eee una: 
therefore c = 0. It follows that P(X) = AX Uu €, SO Z1, Z2, ..., 25 are the fifth roots of 


e and the conclusion is proved. 

Problem 14. a) Consider a complex plane with origin at M. Denote by a, b, c the 
coordinates of A, B, C, respectively. As db — c) = b(a — c) + c(b — a) we have 
lal|lb — a| = |b(a — c) + c(b — a)| < Blja — c| + |c||b — al. Thus AM - BC < 
BM-AC+CM.-AB or2R- AM -sin A.S 2R- BM -sin B -2R- CM -sin C which 
gives AM -sinA < BM -sinB + CM. sinc. 


[5] 
a 


b) From a) we have 


Im.Ir 


AA; -sing < AB, Sinf + AC| -sin y, 
o 

BB, -sinB < BAy=sina + BC, - siny, 

CC, -siny < CA,-sina+ CB, - sin f, 


which, summed up, give the desired conclusion. 


Problem 15. Let the coordinates of A, B, C, M and N be a, b, c, m and n, respec- 
tively. Since the lines AM, BM and C M are concurrent, as well as the lines AN, BN 


and C N, it follows from Ceva's theorem that 


sin BAM sin CBM sin ACM 


—— —— == = |, (1) 
sinMAC sinMBA sinMCB 
sin BAN sinCBN sin ACN =. (2) 


sin NAC sin NBA sin NCB 
By hypotheses, BAM = NAC and MBA = CBN. Hence BAN = MAC and 
NBA = CBM. Combined with (1) and (2), these equalities imply 


sin ACM . sin ACN = sin MCB . sin NCB. 
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B 


M 


Figure 6.2. 


Thus, 


cos(NCM + 2ACM) — cos NCM = cos(NCM + 2NCB) — cos NCM, 


S 


and hence ACM = NCB. 
Since BAM = NAC, MBA = CBN 


ratios are all positive real numbers: 


— a 


MCB, the following complex 


ath gpook 
[en 
> 
a 
z 
Il 


m-—a c-a m-—b 
: : and MENO 
—b b-c n-c 


b—a n—a a=b 


um.me/m 
| 
3 
| 
ec 
& 
| 
oO 


Hence each of these equals its absolute value, and so 


[s 


ele 


AM -AN BM; BN CM-CN 
AB-AC " BA. BC "T CA-CB 
| (m=a)(n—a) (m-b)n—b) | (m=c)=c) | 
~ (b-a)c—a) (a—-b)(c—-b) (b-c)a-c) 


6.2.4 Solving geometric problems (pp. 211—213) 


Problem 26. Let a, b, c be the coordinates of the points A, B, C, respectively. Using 
the real product of the complex numbers, we have 


AC? + AB? = 5BC? if and only if |c — aj? + |b — a? = 5|c — b[^, i.e., 
(c—a)-(c—a)+ (b—a)- (b—a)=S(c — b) - (c — b). 
The last relation is equivalent to 
e —2a-c+a +b =a btw = 5e = 10b - c + 5b?, i.e., 


2a? — A — 4 — 2a - b — 2a - c + 10b - c = 0. 
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It follows that 


a? — 2b* — 2c? —a-b—a-c+5b-c=0, ie, 


b 
(a -- c — 2b) - (a - b — 2c) = 0, so cz s) (5 )=0. 


The last relation shows that the medians from B and C are perpendicular, as desired. 


Problem 27. Denoting by a lowercase letter the coordinates of a point with an upper- 


case letter, we obtain 


, b-kc , c-—ka , a-—kb 
a= , b= y 0 
ik ] lt 
and 
» kb (Ka — k(b 4 c) 
1—k (1 — k)? , 
"- a —kc! — (kx k*)b—k(a 4 c) 
— l-k E (=k) i 
, bka — (Ex Kc — k(b a) 
^ lk E (1 — k)? 
Then £ 


= 


c—a" (01-E)(c-Ra)-k(a-c) c-a 


b"—a"  (»01-2-K2)(b ca) —k(a—b) b-a’ 
oO 
which proves that triangles ABC and A" B" C" are similar. 


Problem 28. Consider the complex plane with origin at the circumcircle of triangle 


ABC and let z1, z2, z3 be the coordinates of points A, B, C. 
R 
The inequality — > = is equivalent to 
2r he 


; K 2K 
2rmy < Rhe, i.e., 2—my, x R—. 
s a 


Hence amy < Rs. 
Using complex numbers, we have 


22 + 23 
2 


2amMy = 2|22 — za| |Z1 = |(z2 — 23)(2z1 — z2 — z3)l 


= |z2(z1 — z2) + 21 (z2 — za) + za(z3 — Z1)I 
< |zallzi — z2| + lzillz2 — zal + Izallzs — zi| = R(æ + + y) = 2Rs. 


Hence amg < Rs, as desired. 
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Problem 29. Consider the complex plane with origin at the circumcenter O and let 
a, b, c, d be the coordinates of points A, B, C, D. 
The midpoints E and F of the diagonals AC and B D have the coordinates == 


b 
and PT4 
2 


Using the real product the complex numbers we have 
AB? + BC? + CD? + DA? = 8R? if and only if 
(b —a)-(b—a)-F(c—b)-(c—b)--(d—c)-(d—c)-F(a—d)-(a—d) = 8R?, Le 
2a-b 42b. c4 2c: d - 2d: a — 0. 
The last relation is equivalent to 


b-(a-- c) d- (a - c) 40, ie, (b - d) - (a c) — 0. 


We find Tm E 
— LLL ie, OE L OF 
| 


or E — Oor F — O. 
That is, AC L BD or one of the diagonals AC and BD is a diameter of the circle 
C. 


Problem 30. Denote by a lowercase lett the coordinate of a point denoted by an 


am.r 


uppercase letter and let T 


e = cos 120° + i sin 120°. 


Since triangles ABM, BCN, COP and DAQ are equilateral we have 
m+ be +ae? = 0, n+ ce + be? = 0, p+de+ce* =0, q +as +de? = 0. 
Summing these equalities yields 
(m -- n 4- p 4 q) *- (a - b - c 4- d)(e - e?) — 0, 


and since ¢ + £? = —1 it follows that m +n + p +q = a + b + c + d. Therefore the 
quadrilaterals A BC D and MN P Q have the same centroid. 


Problem 31. Denote by a lowercase letter the coordinate of a point denoted by an 


uppercase letter. Using the rotation formula, we obtain 
m=b+(a-—bje, n-c-c(b—c), p-d-d(c—d), q-—a-d(d—a)e, 


where € = cosa + i sino. 
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Let E, F, G, H be the midpoints of the diagonals BD, AC, MP, NQ 
respectively; then 


b+d a+c b+d+(a+c—b-—d)e 
g= 


dE RE X 2 


a+c+(b+d-—a-c)e 
2 f 
Since e + f = g + h, then EG FH is a parallelogram, as desired. 


and h = 


Problem 32. Consider the points E, F, G, H such that 


OE 1 AB, OE=CD, OF LBC, OF=AD, 


OG LCD, OG=AB, OH LAD, OH = BC, 


where O is the circumcenter of ABC D. 
We prove that EFGH is a parallelogram. Since OE = CD, OF = AD and 
EOF = 180° — ABC = ADC follows that triangles EOF and ADC are congruent, 
hence EF = GH. Likewise FG = EH and the claim is proved. 
Consider the complex plane with origin at O such that F is on the positive real axis. 
Denote by a lowercase letter the coordinate of a point denoted by an uppercase letter. 
We have 


le| =CD, |f| — AD, |g| = AB, |h| = BC. 


Furthermore, 


hence 
f=\f|=AD, g= |g|(cos A + isin A)= AD(cos A + i sin A), 
h = |h|[cos(A + B) + i sin(A + B)] = BC[cos(A + B) + i sin(A + B)], 
e = Jel[cos(A + B + C) + i sin(A + B + C)] 2 CD(cos D — i sin D). 
Since e + g = f + h, we obtain 
AD + BC cos(A + B)+iBC sin(A + B) 
= CD(cos D — i sin D) + AB(cos A + i sin A) 


and the conclusion follows. 
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Problem 33. Consider the complex plane with origin at the circumcenter O of the 
triangle. Let a, b, c, w, 2, z; be the coordinates of the points A, B, C, Oo, G, I, re- 
spectively. 
Without loss of generality, we may assume that the circumradius of the triangle 
ABC is equal to 1, hence |a| = |b| = |c| = 1. 
We have 
uc bec _a+b+c _ ajb — c| + bla — c| + cla — b| 


gs 3 * dab bec 


Using the properties of the real product of complex numbers, we have 


OoG L AI if and only if (œ — g) - (a — zr) = 0, i.e., 


adt b-4c (0a epiac eu -bl n 
6 la—bl+|b—cl|+la—c| — — 


This is equivalent to 
(a+b 4- c)* [(a — b)|a — d- (a — c)|a — b|] = 0, i.e., 


Re((a +b + eG — Dla & c| + (1 — &)la — bl] = 0. 


We find that B 
Re{|a — c|(aa + ba $ ca — ab — bb — cb) 
+ |a — b|(aa + ba + cá — ac — bc — cc)) = 0. (1) 
[5] 
Observe that 9 


aa=bb=ct=1 and Re(ba — ab) = Re(ca — ac) = 0, 
hence the relation (1) is equivalent to 
Re{|a — c|(ca — cb) + |a — b|(ba — bc)) = 0, i.e., 
la — c|(ca + ca — cb — cb) + |a — b|(ab + ab — bc — bc) = 0. 


It follows that 


la — c|[(bb — bc — cb + cc) — (aa — ca — ca + cc)] 


+ |a — b|[(bb — bc — cb + cc) — (aa — ab — ab + bb)] = 0, i.e., 
la — ci(Ib — cl? — la — cl?) + la — b| (lb — cl? — la — b?) = 0. 


This is equivalent to 


AC- BC? — AC? + AB- BC? — AB? =0. 
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The last relation can be written as 
BC?(AC + AB) = (AC + AB)(AC* — AC- AB + AB?), 


so AC- AB = AC? + AB? — BC’. 


We obtain 


as desired. 
Problem 34. (a) Let a lowercase letter denote the complex number associated with 


the point labeled by the corresponding uppercase letter. Let M’, M and O denote 
the midpoints of segments [M) M3], [MM2] and [0102], respectively. Also let 


mı — 01 m» — 02 en " i : me 
[3 E Ee , so that multiplication by z is a rotation about the origin 
m, —0| m» — 02 
itm 
through some angle. Then m — equals 
^ g 
1 l E Sd ; 
5 (91 + z(mi = 01)) + 5 (02 #z(m, — 02) = 0 + zm. — o), 


i.e., the locus of M is the circle centered atO with radius O M'. 


(b) We shall use directed angles modulo. Observe that 


m 


OPO2 = QO10». 


am 


|j 


OM,M2 = QPM? 


op 


eleg 


Similarly, OMM; = 00201, implying that triangles QM, M» and QO; Op are 
similar with the same orientations. Hence, 
q—001 q-m| 
q—0) q-—mj 


or equivalently 


q—-0|1 (q—-mi-(q—-o) _ oi-m, 0-m| 
q-—02 (q—m;)—(q—02  02—m» o-m, 


Because lines O M{ and O5 M; meet, o1 — m' 4 02 — m^, and we can solve this 


equation to find a unique value for q. 


Problem 35. Without loss of generality, assume that triangle A, A2 A3 is oriented coun- 
terclockwise (i.e., angle A; A2A3 is oriented clockwise). Let P be the reflection of O; 
across T. 

We use the complex numbers with origin O1, where each point denoted by an up- 


percase letter is represented by the complex number with the corresponding lowercase 
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letter. Let ¿g = ay/p fork = 1,2, so that z > f(z — zo) is a similarity through angle 
POLA with ratio O1 A3/ 01 P about the point corresponding to zo. 

Because O and A, lie on opposite sides of line A2A35, angles A243 O1 and A2A3A1 
have opposite orientations, i.e., the former is oriented counterclockwise. Thus, an- 
gles PA30, and A2034A1, are both oriented counterclockwise. Because PASO; = 
242A30» = AOT: it follows that isosceles triangles PA30 and A2034; are 
similar and have the same orientation. Hence, 03 = a; + £3(a2 — a1). 


Similarly, o? = a, + £2(a3 — a1). Hence, 
03 — 02 = (£2 — £3)a1 + £3a2 — £203 
= £5(a2 — a3) + %3 (2p) — &a(£3 p) = (ao — a3), 


or (recalling that o; = 0 and t = 2p) 


03 — 02 t a2 — a3 lao» — a3 
= Į = — 3 
aj — 01 p—oi 2t—0 


Thus, the angle between [O; A1] and [Os O3] equals the angle between [O1T'] and 
[A3A2], which is 7/2. Furthermore, O5 03/01A1 = z^342/01T, or O141/0503— 
201T/A24A3. This completes the proof. E 


nat 


Problem 36. Assume that the origin O ofthe coordinate system in the complex plane 
is the center of the circumscribed circle. Then, the vertices A1, A2, A3 are represented 
by complex numbers w1, w2, w3 such that, 

O 


|wi| = [wo [ws| = R. 


27 .. 2m 2 3 
Let € = cos — + i sin a Then £^ + e + 1 = 0 and e? = I. Suppose that Po 
is represented by the complex number zo. The point P| is represented by the complex 
number 


zı = zoe + (1 — £e)uj. (1) 


The point P is represented by 
z2 = zoe + (1 — e)wie + (1 — e)un, 


and P3 by 
z3 = zo&? + (1 — e)uie? + (1 — e)wze + (1 — &)wa 
= zo + (1 — £) (w1£? + woe + w3). 
An easy induction on n shows that after n cycles of three such rotations, we obtain 


that P5, is represented by 


Z3n = zo + n(1 — &)(w1&? + we + w3). 
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In our case, for n — 662 we obtain 
21996 = zo + 662(1 — e) (wis? + wre + w3) = zo. 
Thus, we have the equality 
wie* + we + ws — 0. (2) 
This can be written under the equivalent form 
w3 = wi(l + £) + (—e)w2. (3) 


Taking into account that 1 + £ = cos = +i sin T the equality (3) can be translated, 
using the lemma on p. 218, into the following: the point A5 is obtained under the 
rotation of point A; about center A» through the angle 3 This proved that A; A243 is 
an equilateral triangle. 


Problem 37. Let B(b,0), C(c, 0) be the centers of the given circles and let 
A(0, a), X(0, —a) be their intersection points. The complex numbers associated to 


these point are zg = b, zc = c, z4 = ia and zy = —ia, respectively. After rotating A 
through angle t about B we obtain a point:M and after rotating A about C we obtain 
the point N. Their corresponding complex-numbers are given by formulas: 


— iac + (1— o)b 


ATA . IY 


zm = (ia — b)o + 


2s 
e 


and 


telegra 


ZN =law+(1—a)c. 


Figure 6.3. 


The required result is equivalent to the following: the bisector lines /jy of the seg- 
ments M N pass through a fixed point P (xo, yo). Let R be the midpoint of the segment 
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1 
MN. Then zg = =(zy + zw). A point Z of the plane is a point of lmn if and only if 
the lines RZ and MN are orthogonal. By using the real product of complex numbers 
we obtain 


z— £M EN 
2 


J@n- =0. 


This is equivalent to 


1 2 2 
z- (ZN — ZM) = 5 lew! — |zml^). 


By noting that z = x + iy we obtain 


1 
x(c — b)(1 — cost) — y(c — b) sint = 5 (ev — zu. 
After an easy computation we obtain 


Izul? = 25? + a? — 2b? cost — 2ab sint 


S 


wd 

and = 
5 

Iz? 220844 -2c cost — 2ac sin f. 

Thus, the orthogonality condition yields = 
3 

g 

x(1— cost) — y sint = (bc) — (b + c) cost — a sint. 

This can be written in the form E 
[5| 


(x — b — cYX(1 — cost) = (y — a) sint. 


This equation shows that the point P (xo, yo) where xo = b+ c, yo = a is a fixed point 
of the family of lines /y y. 

The point P belong to the line through A parallel to BC and it is the symmetrical 
point of X with respect to the midpoint of the segment BC. This follows from the 
equality 
b+c 

7E 
Problem 38. Let A(1--i), B(—1+i), C(—1— i), D(1— i) be the vertices of the square. 
Using the symmetry of the configuration of points, with respect to the axes and center 


zp +Zx= 


O of the square, we will do computations for the points lying in the first quadrant. 

Then L, M are represented by the complex numbers L(4/3 — 1), M((/3 — 1)i). The 
3-1 3-1 

va + em ) Since K is represented by 


2 
1 2— 43 
K (-i(V3 — 1)), the midpoint of AK is o(; +i n 


midpoint of the segment LM is P( 


) In the same way, the 
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B(-1-4 i) i AC +i) 
M 
SRN P 

1 + Q 1 
N L 

K 

C(-1- i) -i D(1- i) 

Figure 6.4. 


- 3 -2443 i 
zc 
2 Sa 2 2 
is sufficient to prove that SR = RP = PQ and SRP = RPO = Pre For any point 
X we denote by Zx the corresponding ope number. We have 


2 INE M l 
midpoint of AN is R( + =) and tbe midpoint of BL is S ( 


= |Zs — Za? = (-24- V3)? = — 4/3, 


a 
= 


Won 8-1 2-43 i 
| 2 


2 


RP?2|Zp-Z +i 


95 2 2 
2 
2/3-3 | 43-2 Q4/3 — 3)? + 24/3 — 2)? 
— +1 = 
2 2 4 
28—1 
Lm 4 4/3. 


Using reflection in O A, we also have PQ? = RP? = 7 — 44/3. 


For angles we have 


= = 


zlii EN daos -0 
7 — 445 

|02-743)0 443) v3 
204445. 2 


cos SRP = 


: ——~ Sr —— V3 —— Sr 
This proves that SRP = y In the same way, cos RP Q = = and RPQ = rE 
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Problem 39. Let 1, e, a, be the coordinates of points A, B, C, M, respectively, where 
e = cos 120? + i sin 120°. 


math Woks ^. 
[= ` * 
Un 


Consider point V such that M EV D is aparallelogram. If d, e, v are the coordinates 
of points D, E, V, respectively, then 


[sd 
Il 
& 
telegram.n 
<£ 
l 
3 


Using the rotation formula, we obtain 
d=m+(e—m)e and e=m + (e? — me, 


hence 


v—m-& —me-m-4&* — me)? m 


=mt+e+e—m(e*+e)=m—1l+m=2m-1. 
This relation shows that M is the midpoint of the segment [AV] and the conclusion 


follows. 


Problem 40. Consider the complex plane with origin at the center of the parallelogram 
ABCD. Let a, b, c, d, m be the coordinates of points A, B, C, D, M, respectively. 

It follows that c = —a and d = —b. 

It suffices to prove that 


[m — a|- |m - a| + |m — b||m + b| > |a — b|Ja + b], 


6.2. Solutions to the Olympiad-Caliber Problems 285 


Or 
Im? — a?| + |m? — b*| > |a? — b? |. 

This follows immediately from the triangle inequality. 

Problem 41. Let the coordinates of A, B, C, H and O bea, b, c, h and o, respectively. 

Consequently, aa = bb = cc = R? and h = a + b + c. Since D is symmetric to A 


with respect to line BC, the coordinates d and a satisfy 


d—b a—b ER lu B =. & 
= , or (b—od-(bc-c)a- (bc — bc) = 0. (1) 
c—b c—b 
Since . T , 
= R*(b — = — 
b—c-— ( c) and bc -— bc = K S ) 
bc bc 


by inserting these expressions in (1), we obtain that 


= —bc-ca-kab  k—2bc 


d » , 
a 3 a 
J- Ri-a-cb4&) — R?(h— 2a) 
i bc = B bc i 
where k = bc + c + ab. Similarly, we have 
o 
k-2 R2(h—2b) E k-—2ab _ Rh-2 
"m ca QR 0590 f= a d eS ( c) 
b ca S ab 
OL 
Since D 
B 
d d 1 ty hee 
E e—d e-—d 
^A^—le e l|-— f-d f i 
f fl 
(b — a)(k — 2ab) R?(a — b)(h — 2c) 
ab abc 
(c— a)(k —2ca)  R?(a — cY(h — 2b) 
ca abc 


R?(c — a)(a — b) —(ck —2abc) | (h — 2c) 
a2p2c? (bk —2abc) |—(h — 2b) 
R2(b c)(c — a)(a — b)(hk — 4abc) 
a?b?c? 


and h = R?k/abc, it follows that D, E and F are collinear if and only if A = 0. 
This is equivalent to hk — 4abc = 0, i.e., hh = 4R2. From the last relation we obtain 
OH —2R. 
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Problem 42. Let the coordinates of A, B, C, D and E bea, b, c, d and e, respectively. 
Then d = (2b + c)/3 and e = 2d — a. Since ACB = 2ABC, the ratio 


geb _b-c 
c-b} a-c 
is real and positive. It is equal to (AB? - AC)/ BC?. On the other hand, a direct com- 


putation shows that the ratio 


is equal to 


1 (cet 2 A(b — a) — (c — a) 
pup 3 3 


(b—af(c-a) 4  AB?.AC 
27 (b—c QZ 27 BC3 


z 


, 


which is a real number. Hence the arguments of (e — c)/(b — c) and (c — by /(e — by, 
namely, EC ECB and 2EBC BC, differ by an in integer multiple of 180°. We easily infer that 
either ECB = 2EBC or ECB = 2EBC — 180°, according to whether the ratio is 
positive or negative. To prove that the latterholds, we have to show that AB?-AC/ BC? 
is greater than 4/27. Choose a point F on the ray AC such that CF = CB. 


A 


telegr 


Figure 6.6. 


Since ACBF is isosceles and ACB = 2ABC, we have CFB = ABC. Thus 
AABF and AACB are similar and AB : AF = AC: AB. Since AF = AC + BC, 
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AB? = AC(AC + BC). Let AC = i? and AC + BC = v*. Then AB = uv and 
BC = v? — u?. From AB + AC > BC, we obtain u/v > 1/2. Thus 


AB*-AC u? — (pf (1/2)* | 4 


BC? Ghia Coven dl zT 


and the conclusion follows. 


6.2.5 Solving trigonometric problems (p. 220) 


Problem 11. (i) Consider the complex number 


1 
Z= (cos 0 + i sin). 
cos Ó 
From the identity v 
n—1 e 
= 1 = z^ 
245. (1) 
k=0 w * 
p 
we derive H 
n-l 1 — ——— (cos n0 + i sinn) 
l Pei cos” 0 
». pp CSK? + i sin kO) = 1 
ko COS i (cos 0 + i sinQ) 
cos 0 
cos — cos’-! 6 (cos n0 + i sinn6) sin nO . cos" 0 — cos n0 
= = i . 
—i sin sin 0 cos"—! 6 sin 8 cos?-1 9 
It follows that 
Y coskO — sinn 
cosk@ ^ sinÓ cos"-! 0 


k=0 


and we just have to substitute 0 = 30°. 
(ii) We proceed in an analogous way by considering the complex number z = 
cos 0 (cos 0 + i sin 0). Using identity (1) we obtain 
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Hence 


n 
A cos* 0(cos k0 + i sink0) 
k=1 
cos (cos 0 + i sin 0) — cos"*! 6(cos(n + 1)0 + i sin(n + 1)0) 
sin? 0 — i cos 0 sin 8 
.cos 0(cosÓ + i sin@) — cos'*! @(cos(n + 1)0 + i sin(n + 1)0) 
d sin 6 (cos 0 + i sin) 
cos”+! 0 (cos nO + i sin ny 


=i |cotane - 
sin Ó 
sinnücos" 18  . 
= —— + i(cotand 
sind 


cos”+! 0 cos nO ) 
sin Ó 


It follows that 


n k sin nO cos”t! 0 
X cos 0 cos kü = —— 
= sin Ó 


Finally, we let 0 = 30° in the above sum. 


Problem 12. Let 


ath_books 


2% |. 2x 
w = cos —= + 1 sın — 
n 


for some integer n. Consider the sum 


2 am.me? 


Sn — 4" + el +o)” + el 522" + "m + el +o”, 


cb 


tel 


For all k = 1,...,n — 1, we have 
k 2kz .. 2kr kr kr .. kx 
1+ o* = 1+ cos —— + i sin —— = 2cos — | cos — + isin — 
n n n n n 
and i " 
(Lp y = 2” cos” 2T tees 2kz +i sin2kz) = 4" cos?" SEA 
n n 


Hence 


n—l 
Sn 24 + Y'a co 
k=1 


2. -1 
= 4" | + cos?" (=) + cos?" (=) +- + cos?” (=>) . 
n n n 


On the other hand, using the binomial expansion, we have 


Een)» 
n= Di to” =Y o) ^ VO Je 


k=0 
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2n\ ok 2nY ak 2n (2n— Dk 2n 
«(2o T +(e They 4)? uU 


2n 2n 2n SU uda decl T 
Ge) tan) + C ER 
j=! k=0 
izn 
ond 2n y 2n lew 25 4 2n (2) 
=2n a A j ao i 
izn 


The relations (1) and (2) give the desired identity. 


Problem 13. For p = 0, take ao = 1. If p > 1, let z = cosa +i sino and observe that 


2p 


z^" = cos2pa + i sin2pa, 
z ?? = cos2pa — i sin2pa 
and 5 
2p —2p 1 = 
Z z ; ve 
cos 2pa = EE = 7 [cos d i sina)? + (cosa — i sino)??]. 
Using the binomial expansion we obtain E 
2 2 = 2 
cos 2pa = P \ cos o — (^? cos??? æ sin? æ + --- + (—1)? P \ sin?? o. 
0 2 D 2p 
g 
Hence cos 2po is a polynomial of degree p in sin? œ, so there are ag, a1, ..., ap € R 
such that 
cos 2pa = ao +a, sin? æ +--+ ap sin’? o for alla € R, 
with 


2 2 u 2 i 2 
TA (2) 1)? e (em Hes (em 
ORO 


6.2.6 More on the n™ roots of unity (pp. 228-229) 
Problem 11. Let p = 1,2, ..., m and let z € Up. Then z?” = 1. 


Note that n — m + 1, n — m +2, ..., n are m consecutive integers, and, since p < m, 
there is an integer k € (n — m + 1, n — m + 2, ..., n) such that p divides k. 
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Let k = K' p. It follows that z* = (z?)* = 1, soz € Ut C Un—m41 U Un—m42 U 
--- U Un, as claimed. 


Remark. An alternative solution can be obtained by using the fact that 


(a" — D(a"-1 — 1) --- (a^ -* — 1) 
(ak — 1)(a*-1 — 1)... (a — 1) 


is an integer for all positive integers a > 1 and n > k. 


Problem 12. Rewrite the equation as 
bx +aa\" _d 
ax+ba) c 


d . 
Since |c| = |d|, we have d — ] and consider 
c 


d 
—=cost+isint, t € [0, 27). 
c : 


It follows that fe 


= Uk, (1) 


where = 
t+%knr | .o 
i 


+ 
Ie 
ram.ffig 
+ 
Sn 
2v 
B3 
oo 
| 
e 
E 
| 
ia 


Uk = cos 


The relation (1) implies that 


eg 


> 
Q 
= 
= 

l 
Q 
e 


Se 
A 
| 
2v 
Il 
e 
E 
l 
= 


b — auk 
To prove that the roots xy, k = 0,n — 1 are real numbers, it suffices to show that 
Xy = Xy for all k =0,n — 1. 
Denote |a| = |b| = r. Then 


r? 1 r? 
rt — “a . — — — > o 
— baug — aa b uk a 
k= — = 
b — aug rog 
b a uk 
aa — bauk 
= —— =x, k-0,n-1, 
au, — b 


as desired. 


Problem 13. Differentiating the familiar identity 
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with respect to x, we get 


Sok k-11 nx”t! — (n+ Dx" +1 
k-l um (c - D* 


Multiplying both sides by x and differentiating again, we arrive at 


n 
dst! = go), 
k=1 


where 


xe — (2n? ee Ta + (n+ re axe 
(xD l 


Taking x = z and using |z| = 1 (which we were given), we obtain 


g(x) = 


ll s eat = MEF emt o " 
k=1 


un 
On the other side, taking into account that z” = 1, z Æ 1, we get 
Ó 


n(nz? — 2(n + Dz En +2) n(nz—(n+2)) 


Z) = = => a 2 
ge) c CIE Q) 
From (1) and (2) we therefore conclude that 
n& DOn41 
ng ey) c X dig 11°. 
oO 6 
9, 
Problem 14. Setting x = y € M yields 1 = — € M. For x = 1 and y € M we obtain 
y 
1 -1 
-=y eM. 
» 
If x and y are arbitrary elements of M, then x, y^! € M and consequently 
x 
mI = xy € M. 
y 
Let x1, x2, ..., Xn be the elements of set M and take at random an element x, € M, 
k = 1, n. Since x, Æ 0 for all k = 1, n, the numbers xyxj, XyX2, ... , Xyxj are distinct 
and belong to the set M, hence 
{xkxX1, XkX2, EET XkXn] = bx. X2, RR: Xn}. 


Therefore xx, © xyX2 - -- XkXn = x1x2--- Xn, hence Xp = 1, that is, x; is an n™ root 
of 1. 

The number xg was chosen arbitrary, hence M is the set of the n'"-roots of 1, as 
claimed. 
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Problem 15. a) We will denote by S(X) the sum of the elements of a finite set X. 
Suppose 0 Z z € A. Since A is finite, there exists positive integers m < n such that 
z" = z”, whence z"^" = 1. Let d be the smallest positive integer k such that z% € 1. 


Then 1, z, ZO... ; z^! are different, and the dth power of each is equal to 1; therefore 


m 
these numbers are the dth roots of unity. This shows that A V {0} = U Un,, where 


k=1 
Up = {z € C| zz = 1}. Since S(U,) = 0 for p > 2, S(U1) = Land U, YU, = U(p,y 
we get 


S(A) = 35 Sn) — Y 1 S(Us, N Un) 
k 


k«l 


+ b» Sn, O Un, O Un,) +++: = an integer. 


k«l«s 


m 
b) Suppose that for some integer k there exists A = U Un, such that S(A) = k. 


k=1 
Let pi, p2,-.-, po be the distinct primes which are not divisors of any ng. Then 


O 


S(AU Upi) = S(A) + Sp) 7 S(AQ Up) =k — SU) =k — 1. 


Also 


me/mat 


a 


S(A U Up, pops U Up; paps U Up; paps U Ops ps po) 


4 
oD 


= S(A) + SU py p ps) + SU pr paps) + SU ps pip) + S(U ps pspo) 
— S(AN Up: pops) mih + S(A n Up, pops N U pi paps) 
Pe = SAN Upi pps N U pı paps N U p; pape N U pi ps ps) 
6 
=k+4-0—4S(U;) — p» S(Up,) + 1085(U1) — 58(U1) + S(U1) 
k=1 
=k—4+4+10-—5+4+1=k+2. 


Hence, if there exists A such that S(A) = k, then there exist B and C such that 
S(B) =k — 1 and S(C) = k + 2. The conclusion now follows easily. 


6.2.7 Problems involving polygons (p. 237) 


Problem 12. Suppose that such a 1990-gon exists and let AQA] - -- A19g9 be its ver- 
tices. The sides Ag Ag41, k = 0, 1,..., 1989 define the vectors Ag Ag+, which can be 
represented in the complex plane by the numbers 


zp =npwk, k=0,1,..., 1989 
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27 
where w = cos + i sin ——. Here A = Ag and nọ, n1,..., represents 
1990 1990 1990 0 0. 711 1989 Tep 
a permutation of the numbers 1?, 22. Li 19902. 
1989 
Because AzAg+1 = 0, the problem can be restated as follows: find a permuta- 
k=0 
tion (nọ, 21, ..., 1989) of the numbers 12, 27,..., 1990? such that 
1989 
x nk wk =0. 
k=0 


Observe that 1990 = 2-5. 199. The strategy is to add vectors after suitable grouping 
of 2, 5, 199 vectors such that these partial sums can be directed toward the suitable 
result. 

To begin, let consider the pairing of numbers 


(17, 2°), (37, 47), ..., (19887, 19897) 


wd 
and assign these lengths to pairs of opposite vectors respectively: 


II 
e 


.., 994. 


4 
(wk, Wk+995), Ek 
— 
oO 
a 
~ 


By adding the obtained vectors, we obtain 905 vectors of lengths 


i] 


5l 
2? 17 =3; 4-3? = 7; 6 —S8= 11;...; 1989? — 1988? = 3979 
which divide the unit circle of the coordinate plane into 995 equal arcs. 
Let Bo = 1, Bi,..., Boog be the vertices of the regular 995-gon inscribed in 
the unit circle. We intend to assign the lengths 3,7,11, ... ,3979 to the unit vectors 
O Bo, OB 152353 O Bead such that the sum of the obtained vectors is zero, 


We divide 995 lengths into 199 groups of size 5: 


(3, 7, 11, 15, 19), (23, 27, 31, 35, 39), ..., (3963, 3967, 3971, 3975, 3979). 


Let Ta Tir bethepusitve spo OPER 
et ¢ = cos — +i sin —, w = cos — +i sin — be the primitive roots of uni 
i 5 5 199 199 P X 
of order 5 and 199, respectively. Let P; be the pentagon with vertices 1, ¢, ¢7, ¢3, c^. 


k 
Then we rotate P, about the origin O with coordinates through angles 0; = EE k= 


1,..., 198, to obtain new pentagons P2,..., P1og, respectively. The vertices of Pr+1 
are of, okt, wk C?, wok ¢3, eres k =0,..., 198. We assign to unit vectors defined by 


the vertices P, of the respective lengths: 
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A 


. Z 


Figure 6.7. 


2k +3, 2k +7, 2k + 11, 2k +45, 2k + 19 (k=0,..., 198). 


Ü 


Thus, we have to evaluate the sum: 


198 c 
NOIK + 3)o% + Qk + Toke + Qk F3)o t? + Qk + 15)o t? + 2k + 19) c^] 


nath bo 


k=0 = 
198 E 198 
2 2ko* Q - C Ci C 00) RR 7C 11g? + 150 1909 5 ^ f. 
k=0 D k=0 


Since 1 + t +¢? + £? +t’ = 0 and 1 +o 4- o +--+ ol = 0, it follows that 
the sum equals zero. 
Problem 13. It is convenient to take a regular octagon inscribed in a circle and note its 


vertices as follows: 
A = Ao, Aj, A2, A3, Aq = E, A-3, A-2, A-1. 


We imagine a step in the path like a rotation of angle a = = about the center O 
of the circumscribed circle of the octagon. In this way, a path is a sequence of such 
rotations, submitted to some conditions. If the rotation is counterclockwise we add the 
angle T. if the rotation is clockwise we add the angle — un The starting point is Ao, 


which is represented by the complex number zo = cosO + i sin O0. Any vertex A, of 


. 2kz . 22km .. : 
the octagon is represented by zz = cos "e +i sin a It is convenient to work only 


2k 
with the angles E —4 < k x 4. But these k’s are integers considered mod 8, such 


that za = z_4 and A4 = A. 4. 
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y4 A5 
1 

Ao 
x 
A4 O x 

A3 A4 
A» i 
Figure 6.8. 


We may associate to a path of length”, say (PoP; --- Pa), an ordered sequence 


(u,u2, ..., Un) of integers which satisfy the following conditions: 
a) ug = +1 for any k = 1,2,...,n; more precisely u; = +1 if the arc(Pķ—1 Pk) is 
T and ug = —1 if the arc( Py_y Px) is -73 


b) ui +u2 +--+ + ug € {—3, —2, —1, @, 1, 2, 3} for all k = 1, 2,...,n — 1; 


[s 


EN 


oN 


y 


C) uj +u +--+ Un = +4. 


e 


For example, the sequence associated with the path (Ao, A1, Ao, A1, A2, A3, A4) 
is (—1, 1, 1, 1, 1, 1). From now on we consider only sequences that satisfy a), b), c). It 
is obvious that conditions a), b), c) define a bijective function between the set of paths 
and the set of sequences. 

For any sequence u1, u2,...,u, and any k, 1 < k < n, we call the sum s, = 
uy +u2+---+ uy a partial sum of the sequence. It is easy to see that for any k, s; 
is an even number if and only if k is even. Thus, a2,-; = 0. Thus we have to prove 
the formula for even numbers. For small n we have az = 0, a4 = 2; for example, only 
sequences (1, 1, 1, 1) and (—1, —1, —1, —1) of length 4 satisfy conditions a)-c). 


In the following we will prove a recurrence relation between the numbers an, n 


even. The first step is to observe that if s, = +4, then sy,_2 = +2. Moreover, 


if (u1, u2, ..., u&—2) is a sequence that satisfies a), b) and s,» = +2 there are 
only two ways to extend it to a sequence that satisfy c) as well: either the sequence 


(u1, u2, ..., Un—2, +1, +1) or the sequence (u1, u2, ..., Un—2, —1, —1). So if we de- 


note by x, the number of sequences that satisfy a), b) and s, = +2, then n is even and 


An = Xn—2. 
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Let y, denote the number of sequences which satisfy a), b) and s, — 0. Then n is 
even and we have the equality 


Yn = Xg-2 + 2Yn—2. (1) 


This equality comes from the following constructions. A sequence (u1,..., un—2) 
for which s, 52 = +2 gives rise to a unique sequence of length n with s, = 
O by extending it either to (uj,..., us 2, 1, 1) or (uy, uo, ..., ug, —1, —1). 
Also, a sequence (uj,...,u5—2) With s,-2 = O gives rise either to sequence 
(u1, ..., Un—2, 1, —1) or (uj, ..., Un—2, —1, 1). Finally, every sequence of length n 
with s, = 0 ends in one of the following “terminations”: (—1, —1), (1, 1), (1, —1), 
(—1, 1). 

The following equality is also verified: 


Xn = 2xn-2 + 2yn-2. (2) 


This corresponds to the property that any sequence of length n for which s, = +2 
can be obtained either from a similar sequence of length n—2 by adding the termination 
(1, —1) or the termination (—1, 1), or from a sequence of length n — 2 for which 
Sn—2 = 0 by adding the termination (1,1) Ot the termination (—1, — 1). 

Now, the problem is to derive a, = C from relations (1) and (2). By subtracting 
(1) from (2) we obtain x,» = x,— yn, for all n > 4,neven. Thus, y, 2 = X4 2—Xg 4. 
Substituting the last equality in (2) we obtain the recurrent relation: x, = 4x4» — 
2xy—4, for all n > 4, n even. Taking into account that x, = an+2, we obtain the linear 
recurrent relation 

An42 = 4an — 2an—2, n x4, (3) 


with the initial values a? = 0, a4 = 2. 

The sequence (a), n > 2, n even is uniquely defined by az = 0, a4 = 2 and 
relation (3). Therefore, to answer the question, it is sufficient to prove that the sequence 
(Can)n>1, C2n = ze ef Dit dat obeys the same conditions. This is 
a straightforward computation. 


Problem 14. Consider the complex plane with origin at the center of the polygon. 
Without loss of generality we may assume that the coordinates of A, B, C are 1, e, e, 
respectively, where £ = cos = + isin e 

Let zy = cost ci sint, t é [0, 27) be the coordinate of point M. From the hypoth- 


; . T 
esis we derive that t > —. Then 
n 


t 
MA = |zm- l| = V (cost — 1)? + sin? t = 4/2 — 2 cos = 2sin 5; 
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2x . t T 
MB = |zm — £| = ,/2 — 2cos | t — — | =2sin| ~ —-—}; 
n 2 n 
2 4r t 2x 
MC-l|zu—e&|—,[2—2cos|t— — | = 2sin{ ~ — — ]; 
n 2 n 
2x .mX 
AB = |e — 1| = ,/2 — 2 cos — —2sin —. 
n n 


We have 
t 
MB? AB? = Asin? ( =) 4 sin? 
2 n 
( a. 
2 | cos cos { t 
n 
27 ( =) 2x (: =) 
= —2-2sin n sin i n 
2 2 
.(t2n 
= 2sin~-2sin{ - = —])=MA- MC, 
20 n 
as desired. = 


Problem 15. Rotate the polygon A, A2 - - "A, so that the coordinates of its vertices are 
the complex roots of unity of order n, £1, Bo, ...,€n- Let z be the coordinate of point 
P located on the circumcircle of the polygon and note that |z| = 1. 

bN 


The equality D 
z-l1- [[« — £j) 
j=l 


yields 


n n 
ie” - 1 2 [[1iz- si 2 | [ P4; 
j=l j=l 


n 
Since |z” — 1| < |z|” +1 = 2, it follows that the maximal value of lI PA; is 2 and 
j=l 

is attained for z” = —1, i.e., for the midpoints of arcs AjAj+i, j = 1,...,n, where 
Anti = A}. 
Problem 16. Without loss of generality, assume that points Aj have coordinates £^! 
fork = 1,..., 2n, where 

au |, T 

€ = cos — + 1 sin —. 
n n 


Let o be the coordinate of the point P, |o| = 1. We have 


k 
PAg+1 = |a —€| 
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and 
P Anyk = la — e"**| = Jæ + e*], 


fork =0,...,n — 1. Then 


n—l n—l 

2 2 k2 k2 
XO PAR PAg e £P erg 
k=0 k=0 


n—1 
= la — £x — e*t + e) 4 85] 
k=0 
n—1l 


= E — a& — ue") (2 + az + ue") 


k=0 
52n 2n 
E” —]. g?" —] 
= 2n 7 2 M ow 5 = 2n, 
g^—]19 g^ —] 


as desired. 


6.2.8 Complex numbers and combinatorics (p. 245) 


Problem 11. Let us consider the complex number z = cost + i sint and the sum 
n 


2 
th = PS (1) sin kt. Observe that 


k=0 


n 2 n 2 
Sn + if, = > (3) (cos kt + i sin kt) = 5 a (cost +i sin /)*. 


k=0 k=0 


e 


telegran 


In the product (1 + X)" (1 + zX)” = (1 + (z + D)X + zX?)" we set the coefficient 
of X" equal to obtain 


2. (Os - 2. sly meget D'e z”. (1) 


O<k,s<n Oxk,s,rxn 
k+s=n k+s+r=n 
s+2r=n 


The above relation is equivalent to 


£O Een s 
k=0 k k=0 2k 


The trigonometric form of the complex number | + z is given by 


t t t t t t 
L+ eost + isinr = 20 5 + 2i sin 5 cos 5 = 2e0s 5 (cos 5 +i sin), 
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since t € [0, x]. From (2) it follows that 


ve EG 93" (nt) 
Sp tity = cos = cos — +isin— |], 
fag \2k/ \ k 2 2 2 


[5] n—2k 
2k t t 
s=) (oe) ) (26085) cos —, 
pm) 2k) \ k 2 2 
[3] n 2k pok nt 
m= >of X ) (26085) sin —. 
i 2k/Nk 2 2 


Remark. Here we have a few particular cases of (2). 


1) If z = 1, then 
gn—2k = 2n 
" . 


hence 


ll 
o 
Lans 
a S 
M 
N 
ll 
> — 
[» E 
S i 
AL 
Dom 
E 
nN 
N 
7 > 


2) If z = —1, then 5 
0, = if n is odd, 
n 2 = 
Deoh) =; £ 
k=0 cq - Jj if n is even. 
> \n/2 


e 


1 
3) If z= ——,th 
) If z 5 en 


— telegram 


n 2 z] 
EEE 
per k = 2k k 


Problem 12. 1) In Problem 4 consider p = 4 to obtain 


oe ea 


1 ü n nm 
= — 234 “*) i 
2l + cos z 


2) Let us consider p = 5 in Problem 4. We find that 


n " n r n x 2^ E | nu «x =); 2nz 
eO = — cos — ) cos — cos —} cos —- |. 
0 4 8 5 5 5 5 5 


Using the well-known relations 


x 4541 2m 5-1 


cos — = and cos — = 
5 4 5 4 


the desired identity follows. 
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Problem 13. 1) Let £ be a cube root of unity different from 1. We have 

(1 — 8)" = An + Bre + Cne’, (1 — 8°)" = An + Bue? + Cne 
hence 


A? F B? C An Bn — By Ci — ChAn=(An + Brne + Cné?)(An + B,e? + Cne) 


= (1—«)"(1— 2)" = (1 — e — e +1)" =3". 
2) It is obvious that A, + Ba + Cn = 0. Replacing C, = — (An + Bn) in the previous 
identity we get A? + AnBn + Cc Lg 
Problem 14. For any k € (0,1,..., p — 1}, consider x, = Xa +++Cm, the sum of 


m 
all products c, --- Cm such that c; € (1,2, ..., n} and 3.8 =k (mod p). 
i-l 


2x 2. 20 
If £ = cos — +i sin —, then 
p 


MM books 


p-1 
(e + 2g? Te cr ng" )" — C)» Cmecit tem — > xper. 
k=0 


2 
D 
m 

eg 
E 
= 


Taking into account the relation 


— (nest +e _ ne 


e 28? E ne" = i = 
CENTS gas 


E 
tele&ram.m 


(see Problem 9 in Section 5.4 or Problem 13 in Section 5.5) it follows that 

n” p-1 k 
Au m . 1 
ete 2s (1) 
On the other hand, from ¢?~! + --- + £ + 1 = 0 we obtain that 


1 
e£—1 


1 
mn ee a lr 1), 


hence 


m 
n 
r xi 3 (£^? + 26? E (p-2) +p- D". 


Put 


(X? 7? 2X? 3 4... 4 (p-2)X + p—1)™ = bo biX ++  byo 2X" 07, 
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and find 
n" n m -i 
GoD -( z) Out yie +- + yp-1E”™ ), (2) 
where yj = > by. 
k=j (mod p) 


From (1) and (2) we get 
Ag — ryo + Qu — ryi)e +- + @p-1 — ryp-1)e? | = 0, 

n m 
where r = (-5) . From Proposition 4 in Subsection 2.2.2, it follows that xo —ryo = 

P 
X1 —ryp =+" =Xp-1 — ryp-1 = k. Now it is sufficient to show that r |k. But 

pk = xo ++: + xXp-1 — ro +--+: yp) 
= (142+: +n)” — r(bo +: + batp-2) 


=(1+2+: +n)" -1+2 +p- D)", 


and we obtain ay 
n(n + 1) V"- pp- 1)" 
pk = g—r ; 
2 £ 2 


Since the right-hand side is divisible by pr, it follows that r|k. 


na 


Problem 15. Expanding (1-- i /a)" by binomial theorem and then separating the even 


and odd terms we find D 


(1 ia)" 2 s, + i ats. (1) 
Passing to conjugates in (1) we get 
(= iya)” = Sn — iv ata. (2) 


From (1) and (2) it follows that 
1 
Sn = 3I + iva)" +0 - iar. (3) 


The quadratic equation with roots zı = 1+i./a and z2 = 1 —i/ais z?—2z--(a--1) = 


O. It is easy to see that for any positive integer n the following relation holds: 
Snt2 = 28n41 — (1 + a)sn. (4) 


Now, we proceed by induction by step 2. We have sı = 1 and s2 = 1 — a = 2 — 4k = 
2(1 — 2k), hence the desired property holds. Assume that 2”~!|s, and 2” |sn+1. From 
(4) it follows that 2"*! |s, ,», since 1 + a = 4k and 2"*! |(1 + a)sn. 
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6.2.0 Miscellaneous problems (p. 252) 


Problem 12. Using the triangle inequality, we have 
21z? = |xlyl + ylxll < Ixllyl + Iyllxl, 
so |z|? < |x| - |y]. Likewise, 
I» < |xļ- lz] and. [z^ < lyllxl. 
Summing these inequality yields 
Ix? + Iy? + lel? < Exllyl + Lyllel + [ella 


This implies that 


lx] = |y] = Iz] =a. 


Subtracting the last two equations gives 


2,5 "m 2 
p-yeco — x^), i.e., (y — x) Pa = 0. 


2 
Case 1. If x = y, then x = y= The last equation implies 
a 


2 4 

Z Z 
TE 

a a~ 


This is equivalent to 


zi) z 
Quien 
a a 
hence . 
z Z —l] i 
-=] o -= 
a a 2 


If z =a, then x = y = z = a is a solution of the system. 
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z —l i 
If — = ———., then 
a 2 
1=|2|= -1+i|_ v2 
E | 2 | 2? 
which is a contradiction. 
2 2 2 
Case 2. If x + y = —4, then — = —z?. We obtain z = +i anda = |z| = 1. 
a a 


Consider z = i; then 
x-(c-y-(o-c-2-4z:222-2x)422-24i-2x? 


or equivalently, 


2x*+x+2-i=0. 
1 
Then x =i or x = 75 — i. Since |x| = a = 1, we have x = i. Then y = 2x* — z = 
—2 — i and |y| = /5 Æ a = 1, so the system has no solution. The case z = —i had 
the same conclusion. m 


"d 
Therefore, the solutions are x = y = z =a, where a > 0 is areal number. 


Problem 13. In any solution (x, y, z) we have x #0, y #0,z # 0andx Ay, y £z, 
z Æ x. We can divide each equation by others and obtain new equations: 


2 22 
xl + yl E yz + 2x, 
y +z xy + zx, (1) 
zZ +x? =xy +yz. 


By adding them one obtains the eai? 
xX Hy tz = xy H yz +z. (2) 
After subtracting equations (1), the second from the first, one obtains x + y +z = 0. 
By squaring this identity one obtains an improvement of (2): 
x° EY +z = xy +yz + zx =0. (3) 
Using (3) in (1) one obtains 
aa. y Sag cae (4) 


and also 
Pepa Sem 
It follows that x, y, z are distinct roots of the same complex number a = xyz. From 


x) = y? = g = xyz =a we obtain 


x= 4a, tesa, ze a, (5) 
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where &? + ¢ + 1 = 0, e£? = 1. When introduce relations (5) in the first equation 
of the original system, one obtains a*(1— &e)1— e?) = 3. Taking into account the 
computation 
(l—e)\1—62) =1—e—67 +153, 

we have a? = 1. Hence, we obtain using (5) that (x, y, z) is a permutation of the set 
(1,5, €7}. 

Problem 14. Suppose that the triangles OXY and OZT are counterclockwise ori- 
ented, and let x, y, z, t be the coordinates of the points X, Y, Z, T and let m be the 


coordinate of O. As these are right isosceles triangles we have x — m — i(y — m), 


z—m = i(t—m). It follows that m(1—i) = x—iy = z—it. We deduce x —z = i(y—t). 
iy 


Reciprocally, if x —iy = z— it, the coordinate of O is m = f , and the triangles 
OXY and OZT are right and isosceles. i 

Let a, b, c, d, e, f be the coordinates of the given hexagon in that order. We can 
writea — ib —c—ie,b—id =e — if. n i thata +d = c + f, i.e., ACDF is 


a parallelogram. 


Multiplying the first equality by i, we btain b—ic-e-—ia,ie., BC and AE are 


math Jooks 


connected. 
Problem 15. By standard computations, we find that on the circumscribed circle the 
sides of the pentagon subtend the following arcs: AB- 80°, BC= 40°, CI D= 80°, 


DE= 20° and E A= 140°. It is then natural to consider all these measures as multiples 
2x 

18 

We thus assign, to each vertex, starting from A(1), the corresponding root of unity: 
B(w*), C(@®), D(c9), E(w!'). We shall use the following properties of œw: 


D 2 
of 20° that correspond to the primitive 18" roots of unity, say w = cos = +isin 


o =1, œ =-1, paw, qma +1=0. (A) 


We need to prove that the coordinate coordinate of the common point of the lines 
BD and CE is a real number. 
The equation of the line B D is 


Zz z 1 
e* of 1|-20, (1) 
10 æl 1 
and the equation of the line CE is 
Z z 1 
o w$ 1|=0 (2) 
11 1 1 
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Bo) 
Co) ; 


A(0) 


Figure 6.9. 


The equation (1) can be written as follows: 


Ad 
Gp!) da iyd 
JL 
- 


z(w!4 — 95) — z(o* 


or 


e 


za (e — 1) + zo (o6 1) + 6 (u$ — 1) = 0. 
[5 
Using the properties of w we derive a simplified version of (1): 


zo zd o? — 0. a^ 


te 


In the same way, equation (2) becomes 
> 3, 4 _ / 
z0dz—o(o —1)=0. (2’) 


From (1^) and (2’) we obtain the following expression for z: 


2 -of + a — o o—1 
— w w [ 


—o! a? — o 
Zz = 
wt 


To prove that z is real, it will suffice to prove that it coincides with its conjugate. It 


is easy to see that 
o-—1 


is equivalent to 


D -D =o - ew, 


i.e., «l^ — w = wt — w°, which is true by the properties of w given in (A). 


Glossary 


books 


Antipedal triangle of point M: The triangle determined by perpendicular lines from 
vertices A, B, C of triangle ABC to MA M B, MC, respectively. 
Area of a triangle: The area of triangle with vertices with coordinates z1, z2, z3 is the 


absolute value of the determinant 


> 
I 
| 
È legra 
&| Sl 5| 
= 


N 
W 


Area of pedal triangle of point X with respect to the triangle A BC: 
area[ ABC] 
4R? 
Argument of a complex number: If the polar representation of complex number z is 

z = r (cos t* + i sin t*), then arg(z) = t*. 


Barycenter of set {A1, ..., An} with respect to weights m, ..., mn: The point G 


area[P QR] — Ixx — R?|. 


with coordinate zg = —(mi1z1 +---+myZn), where m = mı --- mg. 
m 
Barycentric coordinates: Consider triangle ABC. The unique real number Ha, Hb, 


Hec Such that 


Zp = Mad + pb + Mec, where Ha + Ub + Me = I. 


Basic invariants of triangle: s, r, R 
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Binomial equation: An algebraic equation of the form Z" + a = 0, where a € C*. 


Ceva's theorem: Let AD, BE, CF be three cevians of triangle ABC. Then, lines 
AD, BE, CF are concurrent if and only if 


Cevian of a triangle: any segment joining a vertex to a point on the opposite side. 
Concyclicity condition: If points Mz (zi), k = 1,2,3,4, are not collinear, then they 


are concyclic if and only if 


23722 23724 ge 


Z| —Z2 21-24 


Z3 — Z1 


Collinearity condition: Mı (z1), M2 (z2), M3 (z3) are collinear if and only if 
R*. 


Complex coordinate of point A of cartesian coordinates (x, y): The complex num- 


Z2 — Z1 


ber z = x + yi. We use the notation A()2 


| 

c +b 

Complex coordinate of the midpoint of segment [AB]: zm = — where A(a) 
and B(b). E 


o 
Complex coordinates of important centers of a triangle: Consider the triangle ABC 


/t 


with vertices with coordinates a, b, c. If the origin of complex plane is in the circum- 
bb 


center of triangle ABC, then: 


J tele 


e the centroid G has coordinate zg = 34 +b+c); 


b 
e the incenter J has coordinate z; = aer Boye where o, P, y are the sides 
a+Bt+y 
length of triangle ABC; 


e the orthocenter H has coordinate zy = a + b + c; 


. : raa 4- rgb 4- ryc 
e the Gergonne point J has coordinate z; — eM SLE: cal Au where ry, rg, ry 
ra trpt+ry 
are the radii of the three excircles of triangle; 
2 2 2 
; ; : a^a + B^b t y^c 
e the Lemoine point K has coordinate zy — LX uS E ARBLAUA 
at +p +y 


e the Nagel point N has coordinate zy = (1 = =) a+ (1 — 27 + (1 — -) C: 
s s s 


1 
e the center Oo of point circle has coordinate zo, = j +b+c). 
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Complex number: A number z of the form z = a + bi, where a, b are real numbers 
andi = —1. 
1 = 
Complex product of complex numbers a and b: a x b = 5 (ab — ab). 
Conjugate of a complex number: The complex number z = a — bi, where z = a+Di. 


Cyclic sum: Let n be a positive integer. Given a function f of n variables, define the 


cyclic sum of variables (x1, x2, ..., Xn) as 


y Fus dace) = f Once ug Xn) + fF Odo suis X1) 
cyc 


dece f&n, X1, X2,- Xn—1) 
De Moivre’s formula: For any angle o and for any integer n, 
(cosa + i sino)" = cosna + i sinna. 
Distance between points Mı (z1) and M2(z2): Mı M2 = |z2 — zıl. 
Equation of a circle: z ‘Eta-z+a-THh = 0, where o € C and £ € R. 


Equation of a line: à - Z + az + B = 0, Where a € C*, 8 € R and z = x + iy € C. 


Equation of a line determined by two points: If Pj (z1) and P»(z2) are distinct points, 


then the equation of line Pj P» is 9 
g 
—dà 
z zl 
75 OL = 
z2 y 1 0 
z z81 


Euler’s formula: Let O and J be the circumcenter and incenter, respectively, of a 


triangle with circumradius R and inradius r. Then 
OI? =R —ÓRr. 
Euler line of triangle: The line determined by the circumcenter O, the centroid G, 


and the orthocenter H. 


Extend law of sines: In a triangle ABC with circumradius R and sides a, 6, y the 
following relations hold: 


glo WW uo Y: 
sin A sin B sin C 


2R. 


Heron's formula: The area of triangle ABC with sides o, f, y is equal to 


area[A BC] = Vs(s —a)(s — B)(s — y), 


1 
where s = rhs + B+ y) is the semiperimeter of the triangle. 
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Isometric transformation: A mapping f : C — C preserving the distance. 


Lagrange’s theorem: Consider the points A1, ..., An and the nonzero real numbers 
mj,...,mg such that m = mı +---+ m, Æ 0. For any point M in the plane the 


following relation holds: 


n n 
X mjMA? = mMG? x Y mjGA5, 
j=l j=l 
where G is the barycenter of set (A1, ..., Ay} with respect to weights m1, ..., mg. 
Modulus of a complex number: The real number |z| = Va? + b?, where z = a + bi. 


Morley's theorem: The three points of adjacent trisectors of angles form an equilateral 


triangle. 
Nagel line of triangle: The line 7, G, N. 
n™ roots of complex number zo: Any solution Z of the equation Z” — zo = 0. 


N 
n™ roots of unity: The complex numbers 


Q 


2kr |. , 2km 
£y = cos —— + i sin —, k €(0,1,...,n— 1}. 
n D 


The set of all these complex numbers is denoted by Un. 
Orthogonality condition: If Mj (zi). k £, 2,3, 4, then lines Mı M2 and M3 M4 are 
orthogonal if and only if E 
Es. € iR*. 
Z3 — 24 
Orthopolar triangles: Consider triangle ABC and points X, Y, Z situated on its cir- 


cumcircle. Triangles ABC and XYZ are orthopolar (or S-triangles) if the Simson- 
Wallance line of point X with respect to triangle ABC is orthogonal to line Y Z. 


Pedal triangle of point X: The triangle determined by projections of X on sides of 
triangle ABC. 


Polar representation of complex number z = x + yi: The representation z = 
r (cos t* + i sint*), where r € [0, oo) and ¢* € [0, 27). 
Primitive n' root of unity: An n™ root e € U, such that e” Æ 1 for all positive 


integers m « n. 

Quadratic equation: The algebraic equation ax? + bx +c = 0, a, b, c € C, a z 0. 
Real product of complex numbers a and b: a - b = ; ab + ab). 

Reflection across a point: The mapping sz : C > C, s,,(z) = 2zo — z. 


Reflection across the real axis: The mapping s : C — C, s(z) — z. 
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Rotation: The mapping ra : C > C, r4(z) = az, where a is a given complex number. 
Rotation formula: Suppose that A(a), B(b), C(c) and C is the rotation of B with 
respect to A by the angle a. Then c = a + (b — a)e, where e = cosa +i sino. 

Similar triangles: Triangles A; A2A3 and B, B2 B5 of the same orientation are similar 


if and only if 
a — ay bz — bı 


3 — 40] i b3 — by 
Simson Line: For any point M on the circumcircle of triangle ABC, the projections 
of M on lines BC, CA, AB are collinear. 


Translation: The mapping t,, : C — C, t, (z) = z+ zo. 


Trigonometric identities 
2 
x=1, 


1+ cot? x = csc?x, 


sin? x + cos 


[e| 

sin(a + b) = sinacos b + cosa sinb, 
em 
= 


a : ] 
cos(a + b) = cos &cos b F sina sin b, 


g 
“tana + tan b 


tan(a + b) = ———————, 
( dc tana tan b 
Bot cotb F 1 
cot(a + b) = ica P 
cota + cot b 
double-angle formulas: 
: . 2tana 
sin2a = 2sina cosa = ————_, 
1 + tan? a 
2 22 1 — tan? a 
cos2a = 2 cosa — 1 = 1 — 2 sinf a = ————, 
1 + tan? a 
2 tan 
tan2a = Id 
1 — tan? a 


triple-angle formulas: 
sin 3a = 3 sina — 4 sin? a, 


cos 3a = 4 cos? a — 3 cosa, 


3 tana — tan? a 


tan 3a = 
1 — 3 tan? 
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half-angle formulas: 
2234 1 — cosa 
sin* — = ————, 
2 2 
2a 1+ cosa 
cos* — = —————, 
2 2 
a ] — cosa sina 
tan — — E 
2 sina 1+cosa 
sum-to-product formulas: 
. : . a+b a—b 
sina 4- sinb — 2sin cos 2^ 
a+b a—b 
cosa + cos b = 2cos cos 2^ 
sin(a 4- b 
tana + tan b = WEE 
cosa cos b 
difference-to-product formulas: 
. : .a—-b a+b 
sina — sin b = 2 sm cos ; 
5 2 
6 
5 a—b a+b 
cosa — cosb = 2 sin sin , 
c= 2 2 
= sin(a — b) 
tana — tan bz —————-; 
= cosacosb 
product-to-sum formulas: c 


a 


— 


2sina cosb = sin(@+ b) + sin(a — b), 
o 
2cosa cos b = cos(a + b) + cos(a — b), 
2sina sin b = — cos(a + b) + cos(a — b). 


Vieta’s theorem: Let x1, x2, ..., Xn be the roots of polynomial 


P (x) = anx” + ag x" +--+ + ax + ao, 


where an zz 0 and ao, a1, ..., a, € C. Let s; be the sum of the products of the x; taken 
k at a time. Then 
ün—k 
s = (-D——, 
an 
that is, 
an-1 


Xi Hx tT Xn = : 
n 
n—2 
X1X2 o c: T xiXj + Xn—1Xn = cd 
n 


a 
eee ey 
n 
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